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Other definite integrals between 0 and oo may be obtained from the Laplace transform with 
suitable numerical value@for s. 
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Preface 


TO THE STUDENT 


Applied Circuit Analysis is written to help you in your study of basic electrical circuits 
and systems. Although the expert guidance of an instructor is very beneficial, you, and 
only you, are the master of your own fate. On a smaller and more immediate scale, it 
means that you are responsible for successful progress in your studies. 

Use this book daily. Start with Chapter 0 (no laughing matter) a day or two before 
classes begin; you'll be ready then. As you progress through the material, you'll find 
certain repetitions. There is no waste in them; they serve a useful purpose. They tie 
together several topics and improve your understanding from different but related 
points of view. 

A few sections and problems are marked with an asterisk (*). These are slightly 
more advanced topics and they may be skipped at first. Be sure to get back to them 
at the end of the chapter—if not sooner. 

Each topic is followed by solved examples. Do yourself a favor—solve each 
example on your own, then compare results. This is an invaluable method to check on 
your progress. If you don't quite get the example, go back and study again the previous 
topic. 

The same goes for problems. They are listed by their numbers within the text, 
at the appropriate place for the particular topic (usually, but not always, after an 
example). Do them as assigned, or even beyond a class assignment. Some problems are 
solved in a later chapter. This is part of the learning process mentioned earlier, exposing 
several aspects of some topic. If you decide to read ahead to discover the solution, you 
are learning. Other problems are “leading.” They take you one small step beyond the 
material that you've just learned and make you think about it. 


xiii 


xiv PREFACE 


TO THE INSTRUCTOR 


Everyone agrees that the model undergraduate curriculum does not exist—and for very 
good reasons, indeed. On the other hand, several possible model curricula have been, 
and continue to be, developed. As a foundation in practically all such curricula, we find 
two semesters (or their equivalent) of “electrical circuits," “‘basic circuit analysis," 
“network analysis," or a similar synonymous topic. This foundation serves the more 
advanced topics, such as electronic circuits and devices, control systems, electric ma- 
chinery, and nonlinear systems. 

The scope of this book is aimed at the coverage of such a two-semester sequence. 
Let me make a few relevant remarks: 


State Variables The naturalness of capacitive voltages and inductive currents is easily 
accepted by students at an early stage. It is pedagogically sound and quite helpful to 
use, for instance, vc(t) as the unknown in the very first simple RC series circuit. An 
immediate beneficial “‘side effect" is the absence of ungainly integrals. These aspects 
become even more pronounced in the more general circuits, where integro-differential 
equations appear in both node analysis and loop analysis. Add to this the physical 
insights gained by state variables, and you have excellent reasons to present all three 
methods from an early start. 


Computer Use The use of computers by students depended in the past, as it does now 
and will depend in the future, on two main factors: (1) the availability of programs, 
from those in hand-held calculators to some inexpensive packages for personal comput- 
ers, to the vast libraries at the computer center,T and (2) the active role played by the 
instructor in integrating such usage into the course. The instructor must be particularly 
careful here, or else the student is liable to lose sight of the forest for the trees. Perhaps 
a better metaphor is *'to lose sight of who is wagging whom—the dog or the tail." The 
dog is always the analysis of circuits, and the tail is the computer that helps us in this 
analysis. 

In addition to introducing certain standard programs (for example, the Gauss- 
Jordan elimination, a root finder, parts of CORNAP, etc.), the instructor should 
encourage, better yet, require, individual efforts from students to write short programs 
and to use PCs. Several problems throughout this text are formulated with this aspect 
in mind. Students, in general, are glad to be initiated into the mysteries of larger circuit 
analysis programs by this approach, and the learning benefits are rewarding. 


Minimal Memorization Memorization is antonymous to true learning. Students 
quickly develop fear and resentment of “cookbook” formulas. On the other hand, a 
simple logical explanation can make all the difference in the world. Even such a 
relatively difficult subject as convolution can be made palatable if we explain the idea 


{Two typical examples are the Micro-Cap II (Microcomputer Circuit Analysis Program) by 
Spectrum Software, Sunnyvale, CA, an interactive program for the HP 150 or the IBM PC: and 
the I-G SPICE by AB Associates, Tampa, FL, for larger mainframe computers (CRAY, CDC, 
IBM) and some minicomputers. 
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of adding (superposition) of individual responses in order to get the total response. 
Similarly, the limits on the convolution integral are easily explained, not memorized. 
Or, consider the various parameters of two-port networks. Here, the cookbook for- 
mulas are disagreeable, at the very least. With a simple explanation (again, superposi- 
tion) all the formulas and their derivations become natural and easy. This book is 
dedicated to the idea that a good explanation of the why makes the how much easier 
to understand. 


Material, Majors, Nonmajors, etc. As you examine this book, you’ll undoubtedly 
recognize the best way to use the material for your particular class. Broadly speaking, 
selected material from the first twelve or thirteen chapters belongs in the first of the 
two semesters of circuit analysis; the rest is suitable for the second semester. Variations, 
of course, are possible: Chapter 3 on topology may be postponed until later, as well as 
the preliminary discussion of two-ports (Section 5-7) and of mutual inductance (Section 
6-3). 

With a few additional notes, this material can serve for the concurrent labs. 
Special effort has been made to phrase the suitable parts and problems in this way (“‘if 
we connect . . .", or “such an experiment... ," etc.) 

For nonmajors, a one-semester (or its equivalent) selection can be made, deleting 
topics in Chapters 3, 5, 8, 13, 16, 18, 19, and 21. Here, again, your own dexterity and 
judgment will be guided by the course's requirements. Supplemental material may also 
be needed. 

Finally, if you find an error, or a better way to solve a problem, please let me 
know. We are all students in the broad sense of the word. 


ACKNOWLEDGMENTS 


Valuable comments on the manuscript were received from several colleagues, among 
them Professors Carl Zimmer, Arizona State University; Gary Ford, University of 
California, Davis; Edward White, University of Virginia; D. F. Hunt, Polytechnic 
Institute of New York; Eugene Denman, University of Houston; Yogendra Kakad, 
University of North Carolina, Charlotte; Eddie Fowler, Kansas State University; James 
Holte, University of Minnesota; James Delansky, Pennsylvania State University; and 
Stewart Stanton, Montana State University. Special thanks go to my good friends, 
Professor Peter Dorato, University of New Mexico, and Professor Ben Leon, Univer- 
sity of Kentucky. 


SHLOMO KARNI 


» 
in”, , i 
: ? i 


dip th 


Di 


Applied Circuit Analysis 


' "v i.t 7 
~ Pa 


Chapter O 


Preliminaries 


Don't let the number of this chapter fool you. The importance of the topics reviewed 
here is paramount. In addition to the usual prerequisites for this class (sophomore- 
junior standing with the associated courses in mathematics and physics), these topics 
are an absolute must. Your instructor will assume rightfully that you know them 
thoroughly, without the need of a review in class. 

So, the burden of proof is on your shoulders. Go through each topic carefully. 
Solve all the listed problems to your complete satisfaction. Then check the given 
answers, and if you have any doubts or mistakes, review the topic in your favorite text. 
Be honest with yourself! 


0-1 UNITS AND DIMENSIONS 


The accepted International System of units (SI) adopted the following base and 
supplementary units: 


Quantity Unit name Unit symbol 


SI base units 


Length meter m 
Mass kilogram kg 
Time second S 
Electric current ampere A 
Thermodynamic 

temperature kelvin K 
Amount of 

substance mole mol 
Luminous intensity candela cd 
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SI supplementary units 


Plane angle radian rad 
Solid angle steradian sr 


Derived units with special names include, for instance, 


Force newton N 
Energy, work joule J 
Power watt W 


and others to be studied in this book. 


The dimensions (units) of force are mass x acceleration, or 


[N] = [m - kg/s?] (0-1) 
Similarly, work is force x distance or 
[J] = [N-m] = [m?-kg/s?] (0-2) 


A basic check on the correctness of an equation is the balance of dimensions (units) on 
both sides of the equality. For example, if someone “derives” the following equation 
for pressure: 


p e 


where f is force, m mass, A area, and v velocity, the dimensions do not agree: 
[N/m?] z [N-kg-m?/m?.s ?] 


and therefore this equation is wrong. 
In our studies throughout this book, many new equations will be derived. Check 
units often, even if they are given. 


0-2 FUNCTIONS AND PLOTTING 


Forget for a moment that you may have access to a printer-plotter, capable of plotting 
functions. In all engineering disciplines, and certainly in electrical engineering, you 
must be able to visualize and sketch fairly accurately many common functions. The 
independent variable (abscissa) will be usually time, t, although at times a multiple of 
t, such as at, will be used. Another independent variable in our studies will be angular 
frequency. 


0-3 COMPLEX NUMBERS 


This topic should be an old friend from your high school days. If you feel that you are 
a bit hazy, dust off your math book. A brief review is also provided in Appendix B at 
the end of this book. Whatever you do, don't neglect your fluency (nothing less!) in 
complex numbers. 


Probs. 0-1 
through 0-7 


Probs. 0-8 
through 0-12 


Probs. 0-13 
through 0-20 


0-4 L'HÓPITAL'S RULE 3 


0-4 L'HOPITAL'S RULE 
This rule (often misspelled l'Hospital's) allows us to calculate limits of the form 0/0. It 
states that if 

lim f(t) = 0, lim g(t) = 0 (0-3) 


ta ta 


then 


iiti cs PE 
lim — = lim — 

ioa I(t) i>a JE) 
provided the latter limit exists (finite or infinite). A similar rule holds if t > oo in these 


limits. It may be necessary sometimes to repeat this process if f’/g’ is, again, of the 
indeterminate form 0/0. For example, 


(0-4) 


. Ub eeDEf.-L SNE oos CORE 2 | 
wo t o 20 ro 2 2 
It is important to remember that: (1) This rule does not apply if only one function 
goes to zero while the other does not. (2) The differentiation of f (t)/g(t) is not done as 
a quotient — we simply differentiate numerator and denominator separately. (3) The 
same rule applies to the indeterminate form oo/oo, that is, if 


lim J(1) = o0, lim g(t) — oo (0-5) 


ta ta 
then 


Oye... FD 
m RÉEL. 


(0-6) 


provided the latter limit exists. 

Other indeterminate forms, such as oo — oo, or 0- oo, or 0°, or oo9, or 0%, must 
be reduced to one of the forms 0/0 or oo/oo before l'Hópital's rule is applied. For 
instance, to calculate 

lim te~ =? 


t— oo 


we recognize that this is of the form oo-0, so we write it as 


which is of the form oo/oo. Now we can apply l'Hópital's rule and obtain 


Oud PL e 
lim — = lim | = lim ~ = 0 
t>% € t>% € t>% € 
and say, commonly, that the exponential e~' decreases faster than the increase ofthe probs. 0-21 
quadratic t?. through 0-26 
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PROBLEMS 


0-1 
0-2 
0-3 


0-5 


0-7 


0-9 


What are the dimensions (units) of e = 2.71828...? Of x = 3.14159...? 


—kt 


What are the units of k in e", where t is time? 


The wavelength 4 of a particle is given by 
h 
~ mv 
where m is the particle’s mass and v its velocity. Show that h has the units [J - s]. 


The displacement x(t) of a certain mass m is given as 


x = Asin( [r+ B) 
m 


What are the units of A? Of B? Of ./k/m? Of k? 

The unit of angular velocity is rad/s. Relate it to rpm, revolutions per minute. 
The density of water is 1 g/cm?. What is it in kg/m?? 

The acceleration of a car is given as 


a = 3 —0.2t? 


What are the units of 3? Of 0.2? 


Plot accurately on the same graph sheet, and for t > 0: 
(a) fi(t) = 20 9f (b) f,(t) = 20e^! 
(c) ft) = 20e ?' (d) fat) = 20e !?' 


You may use a calculator for repeated numerical evaluations, but no plotter-printer. Show 
points of intersection, asymptotes, etc. 


Plot each function as indicated. Show important points. 

(a) g(t) = 10 cos St, —oo«t« oo 

(b) h(t) = 10 sin 20t versus (20t) as abscissa, —oo «t« oo 
(c) i(t) = 3 cos [4t + (x/12)] versus (4t) 

(d) k(t) = 200e~‘ cos 5t versus t, t>0 


Hint: Use the two curves in Problems 0-8(b) and 0-9(a). 


0-10 Calculate the first derivative, d/dt, of f,(t) in Problem 0-8(a), of g(t) in Problem 0-9(a), and 


of k(t) in Problem 0-9(d). Plot accurately each derivative versus t. 


0-11 Calculate 


E a(x) dx 


where f,(t) is in Problem 0-8(b). Plot the result for t > 0. Repeat for 


t 
| i(x) dx 
‘ 0 
for i(t) in Problem 0-9(c). 


0-12 Plot g(t) versus h(t) of Problem 0-9. Your abscissa (horizontal axis) here is h, and your 


ordinate (vertical axis) is g. Such a plot is called parametric. 


Hint: For a chosen value of t = t,, calculate h(t,) and g(t,). Plot this point (h(t,), g(t,)) in 
the g-h plane. Repeat for t = t,, t = ts,.... 


PROBLEMS 5 
Note: In Problems 0-13 through 0-20 you may not use the rectangular — polar buttons on your 
calculator. 
0-13 Given the four complex numbers 
A= —3 + j2 B = 4710 
C = 1.6 — j24 D -3e P 
with j? = —1. Plot each complex number on the complex plane. 
0-14 Calculate 
(a) |A| œ) |B] (914:B| (4)|AI-1B| 
0-15 Calculate 
E-A-—-B-D 


and express it in its rectangular and its exponential forms. Plot E on the complex plane. 
0-16 Calculate 


G= B-D 


in rectangular and exponential forms. Plot G. 
0-17 Calculate 


in rectangular and exponential forms. Plot H. 
0-18 Calculate C? and plot it. 
0-19 Calculate |C|? and plot it. 
0-20 Calculate |C?| and plot it. 
0-21 Calculate 


lim t In t 
t^0 
0-22 Calculate 
. sme 
lim 
0t 
0-23 Calculate 
imren”, a » 0, et oe 


t> oo 


0-24 What's wrong with the following result? 


0-25 Calculate 
2008" + as"! + bs"? ee 
Enkel lu II. 
iu 4 NC Ra ^ pen 
where K, a, b, p, q are real coefficients and m and n are positive integers. Distinguish three 
cases: m > n, m = n, and m < n. 
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0-26 Calculate 


lime “ cos bt, a>0,b>0 


t— oo 


and comment on your approach. 


SOLUTIONS TO PROBLEMS 


0-1 
0-2 
0-3 
0-4 
0-5 


0-6 
0-7 
0-8 


Both are pure, dimensionless numbers.T 


Since e and its powers are dimensionless, k has the units of s^ !. 


[h] = [m- kg. m.s ^ *] = [J-s] 
[A] = [m], [B] = [rad], [./ k/m] = [s *], [k] = [kg:s ?] 


1 rev/s = 2r rad/s 
60 rev/min = 2r rad/s 


TT 
1 rpm = 30 rad/s 


1 g/cm? = 10^? kg/(0.01)? m? = 1000 kg/m? = 1 ton/m? 
[3] = [m.s ?], [0.2] = [m.s ^] 
See Prob. Fig. 0-8. 


20 


15 


| fico) 


| — Oat pa 
5 


fa) 
fa f?) 


Problem 0-8 


TOne student dubbed them “non-dimensionalist!” 


t(s) 
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0-9 See Prob. Fig. 0-9. For (d), multiply the two curves point by point. 


g(t) h(t) 


20t 


Envelope = 200e^' 
E 

ie 

5 


Problem 0-9 
0-10 f(t) = —20e™' g(t) = —50 sin 5t 


dg R 
— =-50 5t 
di sin 


Problem 0-10 

0-11 [520e * dx = 20(1 — e). 
The dummy variable x is needed because t is the upper limit on the integral. 
20(1 — e~) 


Asymptote 
20 


Problem 0-11 
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0-13 


Im 


4 
1/10 


Re 


Problem 0-13 


0-14 |A| = /(—3Y + (2)? = ./13 = 3.606 
|B| - 4 
|AB| =|A|-|B] = 4/13 = 14.424 
TT 


CHR T EM. 
0-15 E= —3 e - (es io Hsin gg) ~ 3(c08 cin A 


—3 + j2 — 4(0.951 + j0.309) — 3(0.866 — j0.5) 
= —3 — 3.804 — 2.598 + j(2 — 1.236 + 1.5) 
— 9.402 + j2.264 in rectangular form. 


E = ./(—9.402)? + (2.264 6^, — $ = tan~ 1(2.264/—9.402) = 2.904 rad 
0-16 G = BD = (3.804 + j1.236)(2.598 — j1.5) 
= (3.804)(2.598) + j(1.236)(2.598) — j(1.5)(3.804) 
+ j(1.236)( —j1.5) = 9.883 + j3.211 — j5.706 + 1.854 


= 11.737 — j2.50 
—3 + j2 — (2.598 —j1.5) | —5.598 + j3.5 
0-17 H = Ba i UR e HR ~ za es 
1.6 — j2.4 1.6 — j2.4 
_ — 5.5981 + j3.5 1.6 + j2.4 — —17.357 — 77.835 
|. 16—j24 16+j24 (1.6)? --(—24y 
— 17.357 — j7.835 
Sees — 2.086 — j0.942 in rectangular form 
—0.942 
H = 4/(—2.086)? + (—0.942)? ej*, tan d = 


— 2.086 
0-18 C? = C-C = (1.6 — j2.4)? = 1.6? — 2(1.6)( j2.4) + (j2.4)? 
= 2.56 — j7.68 — 5.76 = —3.2 — j7.68 


0-19 |C]? = (1.6)? + (—2.4)? = 8.32, always a real, positive number 
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0-20 |C?| = | 3:2 — j7.68| = ./(—3.2)? + (—7.68)? = 8.32 (ditto) 


0-21 Since it is of the form 0-(— oo), write it first as 


1 
aT; TAM t à 
lim — = lim — = lim (—t) = 0 
t>0 1 "T t>0 
t - 


0-22 Apply l'Hópital's rule immediately, since it is of the form 0/0. Answer — 1. 
0-23 Of the form 0- oo Write as 
"ad M alle or M 


lim — = lim —— =-:-= lim —, = 0 
at ae™ a"e 


t>o € t— oo t — oo 


0-24 The first step is O.K., since then we have 0/0. The second step is wrong, since 


. 8-2 (8 (D-2 6 
lim ——— = —————2—-- 
»125—1 -QXD)—1. 1 
is not an indeterminate form. 
0-25 Use l'Hópital's in all three cases, since all are indeterminate, 00/00. Answers: 


mn lim = oo 
m=n lim = K 
m<n lim = 0 


0-26 Can't use l'Hópital's rule, since cos bt never exceeds unity in magnitude. Therefore, with 
Ip| < 1, 


lim e ^ cos bt = (0)-(p) = 0 


t— oo 


Chapter 1 


Basic Units and Variables 


1-1 INTRODUCTION 


In the entire field of electrical engineering, circuit analysis is one of the most common 
and widely used disciplines. From microelectric devices to communication satellites to 
cross-country electric power distribution lines— circuit analysis is a major tool for 
electrical engineers. Many of the methods and models of circuit analysis are used in 
related fields, such as biomedical engineering. Finally, circuit analysis is an essential 
step in the design of circuits. We must master analysis before doing design. 

What is circuit analysis? First, let us define an electric circuit (or network) as a 
specific connection of components. Circuit analysis asks and answers the question, 
“What happens in this particular circuit?" To be a little more precise, let the box N in 
Figure 1-1 represent a certain circuit. To this circuit we apply an input (or excitation) 
and we are asked to calculate the output (response). Or, if we'd like to think of it in yet 
another way, this is a “cause-and-effect” problem: Given the circuit N and the cause 
(input), what is the effect (output)? 

In our first discussion, we are going to use some helpful analogies from other 
fields in order to make some points clearer. As a simple analogy here, consider a 
mechanical system (or network) consisting of a mass, m. The input to this system is a 
force, f, and the output is the acceleration a of the mass, found from the relationship 
T =m-a. 


Input N Output = ? 
(excitation) (response) 


Figure 1-1 The problem of circuit analysis. 
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Prob. 1-1 
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One comment is appropriate here. In mentioning the *cause-effect" explanation 
and in the example of the mass, we assume that the spatial dimensions of the mass are 
negligible: The mass is a point mass, a lumped element, and the same effect 
(acceleration) happens instantly throughout the entire mass. By contrast, consider a 
long chain, attached at one end to the wall. If we hold its free end and excite it with a 
jerk, the response will be a wavy motion which will not be instantaneous through the 
entire chain; it will travel down the length of the chain. The chain is not a lumped 
element, because of its distributed mass along its length. 

In our studies of circuit analysis here we will deal only with lumped elements. 


1-2 SI SYSTEM OF UNITS 


As mentioned in the previous chapter, it is an accepted practice, in scientific and 
engineering disciplines, to use the international system of units. This system, known 
by its French name, Le Systéme International d'Unités (SI), includes six base units: 
length (meter), mass (kilogram), time (second), electric current (ampere), temperature 
(kelvin), and luminous intensity (candela). The SI system also provides names and 
prefixes for decimal multiples and submultiples, as well as other derived and 
supplementary units. 

For convenience, Table 1-1 lists the common SI decimal prefixes. This table 
appears also on the inside cover of this book, so that you don't have to tear out this 
page when you'll need to refer to it frequently. Boldface entries are the most common 
ones in electrical engineering. 

Table 1-2 gives a listing of SI base units and derived units which are useful in our 
studies of circuit analysis. Do not worry if you don't recognize some of those units: 
you are here to learn them! 


1-3 ELECTRIC CHARGE AND CURRENT 


Electric charge is a quantity of electricity, and many phenomena in circuit analysis are 
related to electric charges, either in motion or stationary. It is an observable fact that 
electric charges are of two kinds, called positive and negative. The unit of 
measurement for electric charges is the coulomb (C). To get an idea of this unit, 


TABLE 1-1 SI PREFIXES 


Factor Prefix Symbol Factor Prefix Symbol | 


E d 
P c 
T m 
G u 
M n 
10? kilo k 107? pico p 
10? hecto h i Bio femto f 
10! deka da f0- ** atto a 


Prob. 1-2 
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TABLE 1-2 SI BASE UNITS AND DERIVED UNITS 


Name Symbol 
Base unit: 
Length meter m 
Mass kilogram kg 
Time second S 
Electric current ampere A 
Derived unit: 
Frequency hertz Hz 
Force newton N 
Energy, work joule J 
Power watt W 
Electric charge coulomb C 
Voltage volt V 
Capacitance farad F 
Resistance ohm Q 
Conductance siemens, mho S,0 
Magentic flux weber Wb 
Inductance henry H 


consider the fact that one electron has a negative charge of 1.602 x 107+? coulombs. 


In other words, 6.28 x 10!? electrons constitute one (negative) coulomb. By way of a 
simple analogy to coulombs, think of a quantity of water, say 1 cm?. Be careful, 
though, not to get carried away too far with such analogies: we can hold 1 cm? of 
water in a cup (or in our hand), but there is no way of actually seeing one coulomb or 
one electron. We can only measure and describe observable effects of electric charges. 

The symbol for eléctric charge is q(t), where the lowercase letter indicates, in 
general, a function of time. The parenthetical (t) will emphasize this time dependence. 


EXAMPLE 1-1 
A car battery, when freshly charged, has a charge of 108 kC. It begins to discharge according to 


-- 3 2 t 
q(t) = 108 x 10 (1 559) 


Plot q(t) vs. t and find the time at which the charge is one third of its original value. 


Solution. The plot of q(t) is shown in Figure 1-2 from which we conclude that the 
battery will discharge to one-third its charge in 24 x 10? s — 62 hours. 
q(C) 


108 X 103 


36 X 10? 


24 X 10? 36 X 10? FON 


Figure 1-2 Example 1-1. x 


Prob. 1-3 


1-3 ELECTRIC CHARGE AND CURRENT 13 


We will be mostly interested in the flow of charges. For this purpose, we measure 
and define the electric current as 


d 
w=? (1-1) 


that is, the rate of change of charge with time. The current i(t) is measured in amperes 
(A), often abbreviated as amps, and its units are coulombs/second (C/s). 

When a suitable path is provided between the positive and the negative 
terminals of the battery in Example 1-1, an electric current will result. From physics, 
we can visualize this flow of charge as either negative charge flow towards the positive 
terminal, or positive charge flow towards the negative terminal. A positive charge flow 
in one direction is equivalent to a negative charge flow in the opposite direction. In 
electrical engineering, it is an accepted convention to measure current as the rate of 
flow of positive charges. (The convenient analogy here is the rate of flow of water, say 
in a pipe, in cm?/s.) 


EXAMPLE 1-2 


In an electric conductor (analogous to a pipe of water), a hypothetical observer at point * X" 
counts a flow of 6 coulombs of positive charge per second from left to right and 4 coulombs of 
negative charge per second from right to left. See Figure 1-3. What is the current in the 
conductor? 


Solution. The net flow of positive charges is 10 C/s from left to right, i.e., i(t) = 10 A, as 
shown. We can also say that the current is — 10 A in the opposite direction. 


Eye of observer Figure 1-3 Example 1-2. Bj 


This example brings to our attention two important aspects of the current i(t). 
First, current is a “through” variable. We measure it at a point in the conductor, and 
since we have agreed to deal only with lumped elements (“point” elements without 
spatial variations), it is very convenient and brief to state that the current (in the 
particular element of the previous example) is 10 A. 

The second important feature of i(t) is the arrow showing its reference direction. 
Consider the following situation. 


EXAMPLE 1-3 
In a given element, as shown in Figure 1-4, the current is given by 
i(t) = 10 sin 100t 


and is plotted versus time. It reaches its first maximum (10 A) at t, = 2/200 a: 0.016 s, and its 
first minimum (— 10 A) at t, = 32/200 ~ 0.048 s. Try now to answer this question: Without the 
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reference arrow for i(t), in which direction do 10 positive coulombs per second flow at t — t,? 
And at t = t,? We cannot answer without the reference arrow. We know that, at t,, 10 A flow in 
the opposite direction to the 10 A at t; —but without the arrow there is no way to tell. The 
arrow defines the positive direction. 


i(t) 


is um 7 aie 


Figure 1-4 Example 1-3. R 


The reference arrow for i(t) is essential and must be given, or is assumed, with the 
following agreement: If the value of i(t) at some time t, is positive, i(t,) > 0, then the 
flow of positive charges at that time is in the direction shown. If i(t,) < 0, then, at 
t = t,, positive charges flow in the opposite direction. 

In summary, then, the current i(t) is fully specified by its time function and by a 
reference direction. 


1-4 VOLTAGE OR POTENTIAL DIFFERENCES 


Let us use a familiar analogy in order to introduce the idea of voltage (potential) 
difference. In our common gravitational field, let point B be at a height of 1000 meters 
above sea level, and point A at 1500 meters. See Figure 1-5. If we let a unit mass fall 
from A to B it will lose potential energy. On the other hand, if the unit mass is 
originally at B, then, in order to raise it to 4, we must do work against the 
gravitational field. Such work is then stored as potential energy in m at point A. 

In other words: in going from one point to another one in the gravitational field, 
energy is either stored in m or recovered from m. The two points are then at different 


jT Sea level 
if. 


Figure 1-5 Analog to voltage difference. 


Prob. 1-4 
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Ae @—— eB 


NS + gor Figure 1-6 Voltage between A and B. 


heights. In both cases, the amount of work depends on the difference of height between 
A and B (500 m here). The work recovered from m is equal in magnitude and opposite 
in sign to the work stored in m. If there is no height difference between points A and B, 
no work is done in going between these points (neglecting friction). Finally, keep in 
mind that the height difference between A and B exists regardless of whether the mass 
m is actually there, falling, or being raised. 

We are ready now to translate these ideas into the electrical field. We replace the 
gravitational force field with an electric force field, and the mass m with an electric 
charge q. The potential difference, or voltage, between two points A and B in such a 
field is the amount of work (energy) per unit charge in moving it from A to B. More 
precisely, 


dw 

b (1-2) 
where w is work (energy) in joules (J), q is charge in coulombs (C), and v, the voltage, is 
in volts (V). All quantities may be functions of time, as indicated by lowercase letters. 

There is a voltage drop from point A to point B if work is recovered from the 
positive charge while moving from A to B. Conversely, there is a voltage rise from B to 
A if energy (work) is required to move the positive charge from B to A. The voltage 
rise is the negative of the voltage drop, and the energies are the negative of each other. 
Such a voltage can exist betwen the two points whether or not a charge is actually 
moved. 

As in the case of current, the voltage is completely defined by its time function 
v(t) and by a reference mark (+). This reference mark has the same purpose: if, at 
t = t,, v(t,) is positive, then at t = t,, there is a voltage drop from A to B, i.e., point A is 
at a higher potential than B. If, at t = t;,v(t;) < 0 then, at t = t,, there is a voltage rise 
from A to B, i.e., point B is at a higher potential than A. 

The voltage is across (or between) two points, whereas a current is through an 
element. It is sometimes convenient to use double subscripts as in Figure 1-6: by 
convention, v,, means the voltage drop from A to B. 


EXAMPLE 1-4 


An electron moves from point C to point D, and vep = 6 V. Determine the amount of energy, 
and whether spent or acquired by it. 


Solution. From Equation 1-2 we have (6)(—1.602 x 10^ !?) = —9.612 x 10^ !? J; in 
other words, the electron acquires 0.9612 attojoule (aJ). E 


Probs. 1-5, 
1-6, 1-7 
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v(t) i(t) v i 


(a) (b) (c) (d) 
Figure 1-7 Voltage and current sources. 


1-5 SOURCES 


The input (excitation) applied to a circuit must come from a source of electric energy. 
We have two types of these sources: 


A Voltage Source A voltage source has a symbol shown in Figure 1-7(a). It is defined 
by the voltage v(t) maintained always across the two terminals, together with its 
reference, no matter what is connected to those terminals. 


EXAMPLE 1-5 
A car battery is a voltage source, where v(t) = 12 V. See Figure 1-8(a). This is a constant 
voltage, sometimes called a dc (direct current) voltage. uil 
EXAMPLE 1-6 


The usual household voltage supply at the wall outlets in the U.S. is v(t) = 170 sin 377t, as 
shown in Figure 1-8(b). We will discuss later the meanings of the numbers 170 and 377. At the 
moment, we note that this is a sinusoidal waveform, alternating between positive half cycles and 
negative half cycles. This voltage is called ac (alternating current). The terms “dc” and “ac” 
here have nothing to do with current; some terms simply become traditional, even if they are 
not quite accurate. 

It is interesting to note the crossing points on the t axis of this sinusoidal voltage. Two 
such points are shown, at 2/377 ~ 4135s and at 4s. Since it takes 45s for one complete cycle of 
the sinusoidal voltage, there are 60 cycles per second. Each second our household voltage 
source goes through 60 such cycles. 


v(t) 
12V 


(a) (b) 
Figure 1-8 dc and ac voltages. B Prob. 1-8 
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i in = gvi vs in = ai, 
@ 
` 4 
T" 2 d É 
/ ” s 
/ \ ~ 
! 
(a) (b) 
gant: 
N 9" 
= a © v = ku, P 
/ l Ü 
/ 1 a P ^ 
/ / 
"d e C » S Ted ah 
v = ri, f am 


(c) (d) 
Figure 1-9 Dependent sources. 


A Current Source. This source has a symbol shown in Figure 1-7(b), and is always 
defined by the specified waveform i(t) and its reference direction, no matter what is 
connected to it. An electric welding machine and certain transistor circuits (some of 
which will be studied later) are examples of current sources. The terms dc and ac apply 
also to current sources. 

Another distinction is important among sources. If a source (voltage or current) 
depends only on time, such a source is independent. For example, the two voltage 
sources in Figure 1-8 are independent. In some cases the waveform of a source 
depends on another current or voltage in the circuit. This is a dependent (controlled) 
source. À fairly common symbol for dependent sources is the diamond shape shown in 
Figure 1-7(c) and (d). Whether a circle or a diamond, there is no room for mistakes: 
The given expressions for v or i will tell us at once if the sources are independent or 
dependent. 

In Figure 1-9 we see the four types of dependent sources: (a) a voltage- 
controlled current source, (b) a current-controlled current source, (c) a current- 
controlled voltage source and (d) a voltage-controlled voltage source. The constants 
g, &, r, and k are appropriate multipliers that will be discussed later. 

Finally, let us make the observation that a voltage source (independent or 
dependent) has, by definition, a specified voltage across its two terminals regardless of 
the current through it. The current through it will be whatever is imposed by the 
circuit connected to that voltage source. In Figure 1-10(a), we show a given v(t) 
unconnected to any circuit. It is obvious that i = 0 here. After we close the switch we 
will expect i # 0, and finding i(t) will be part of our problem in circuit analysis. 

By definition, a current source maintains a specified i(t) through it regardless of 
the voltage across it. An unconnected source i,(t) is shown in Figure 1-10(c), and the 


Prob. 1-9 
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Open switch Closed switch 
DT 


(a) (b) 


Closed switch Open switch 


ý T : xr 


(c) (d) 
Figure 1-10 Unconnected and connected sources. 


voltage across i,(t) is zero. When i,t) excites a circuit, Figure 1-10(d), the voltage 
across i,(t) will be determined by the specific circuit N. 
Two additional terms are introduced here and are illustrated in Figure 1-10: 


1. An open circuit (0.c.) exists between two points if no conducting path exists 
between the points. In an open circuit the current is zero, i = 0. An open 
switch causes an open circuit in Figure 1-10. 

2. A short circuit (s.c.) exists between two points if a perfect conducting path 
exists between the points. In a short circuit the voltage between them is zero, 
v = 0. These two points are electrically one point. A closed switch causes a 
short circuit in Figure 1-10. 


1-6 POWER 


If we take the product of voltage and current, Equations 1-1 and 1-2, we obtain the 
rate of change with time of work 
dw dq dw 
d-————-— 1-3 
MT ab a us 
This rate of change is power, measured in watts (W), i.e., joules per second. We use the 
letter p for power which may vary with time 


p(t) = v(t) (t) (1-4) 
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i 


| y 
v + 


(a) (b) Figure 1-11 Associated references for voltage and current. 


Let a two-terminal circuit N have a voltage v(t) across it and a current i(t) 
through it. The reference directions for v and i are arbitrary, and therefore we have 
four possible combinations. It is customary to adopt the following convention: if p(t) 
is positive 


p(t) = v(t)i(t) > 0 (1-5) 


then the circuit N receives power as a consumer, or a load. If p(t) is negative 


p(t) = vit) < 0 (1-6) 


the circuit N delivers power as a source, or a supply. The references of v(t) and i(t) 
associated with this convention are shown in Figure 1-11: The (+) sign of v(t) is at the 
tail of the arrow of i(t). These will be called the associated references for v and i. These 
associated references define power received or power delivered according to 
Equations 1-5 and 1-6. 


EXAMPLE 1-7 


(a) A 12-V car battery (a dc voltage source) is connected to a network N,, as shown in Figure 
1-12(a). With the associated references given, the calculation shows that i = 6 A. What is the 
power in N,, and is N, delivering or receiving it? 


Solution. With the reference as shown, we have 
p = (12)(6) = 72W 


and N, is receiving 72 W (from the battery). 


e+ 


N, 


Figure 1-12 Example 1-7. 
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(b) In Figure 1-12(b), we are given, for t > 0, 

i(t) = 10e 
and 

v(t) = 2 sin 4t 


Calculate the power at t, = 7/8 s and at t, = 27/5 s, and determine if delivered or received by 
N,. 


Solution. Here we have the opposite of the associated references for N,. Therefore 
p(t) = —vi = —20e ' sin 4t, t>0 


and at t — t, 
OU 
p(t) = —20e "5 sins = — 13.50 W 
so 13.50 W is delivered by N,. Att = t, 
x . 8n 
p(t.) = —20e 27/5 ain = 5.41 W 
received by N,. a 


The principle of conservation of energy implies that, in an entire network, the 
algebraic sum of all the powers in all the elements is zero, 


2 Px = 0 (1-7) 
k 
as illustrated in the following example. 


EXAMPLE 1-8 


In the network shown in Figure 1-13, the various elements (components) are symbolized by 
boxes. It is known that p, = —100W, p, = 30W, p, =40W, p= —20W, p; = 60 W. 
Calculate the power p, and determine if element 6 delivers or receives power. 


Figure 1-13 Example 1-8. 


Solution. Using Equation 1-7, we write 


— 100 + 30 + 40 — 20 + 60+ p; =0 
and therefore 


and element 6 is delivering 10 W. (So are elements 1 and 4.) i 


Probs. 1-10, 
1-11, 1-12, 
1-13, 1-14, 
1-15 


Probs. 1-16, 
1-17 
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1-7 IDEAL ELEMENTS AND MODELS 


In studying elementary motion, we use Newton’s law f = ma (force = mass x 
acceleration). The mass is assumed to be lumped at one point; an analogous 
assumption is made for circuit elements. Such an assumption is valid under certain 
conditions, as we saw previously. 

Another assumption made for the mass, in a particular problem, may be that it 
moves without friction. Again, such an assumption may be valid under certain 
conditions, and can be verified by actual observations (measurements or tests). If these 
tests confirm the predicted acceleration within an accepted accuracy, we say that our 
model of the mass is good. If not, we must modify the ideal model of the mass by 
introducing friction, for example. 

The situation is similar with electrical elements. We assume ideal elements, 
calculate the response, and compare it with predicted or measured values. If the 
comparison is reasonable (within allowed engineering tolerances), the model of our 
circuit is good. Otherwise, we have to change the model and use nonideal elements. 

For example, we use an ideal model for a dc source of 6 V; it maintains a 
constant voltage of 6 V across its terminals. In real life (e.g., a 6-V battery) such an 
ideal element does not exist — but it is useful for many calculations and applications. 
Another example of an ideal element is the switch, shown in Figure 1-10; ideally, it 
opens or closes instantly (in no time at all). Real life switches can be very fast, closing 
or opening in nanoseconds, but taking a finite amount of time. The use of ideal 
switches is justified by the simplified calculations which give correct results. 

In our studies of circuit analysis, and, in fact, in the entire practice of electrical 
engineering, ideal elements are used, and modified as necessary. 


PROBLEMS 


1-1 Draw a block diagram, as in Figure 1-1 of the text, to describe as specifically as you can: 
(a) The headlights of a car 
(b) An electric toaster 
(c) A hi-fi record player 
In each case identify the input and the output. 

1-2 The assumption of lumped elements is valid when the physical dimension of the element d 
is much smaller than the wavelength of the input signal A. The wavelength is given by 


eg 
where c is the velocity of electrical signals, approximately equal to the velocity of light, 
c = 3 x 10? meters per second. The frequency f is the rate of repetition of the signal, 
measured in hertz (Hz) or cycles per second (cps). 
(a) Check the validity of assuming lumped elements for audio signals, where the 
frequencies range from 20 Hz to 20 kHz. 
(b) Repeat for household electricity where f = 60 Hz and where some transmission lines 
are 5000 km long. 
(c) Repeat for computer circuits, where a typical signal has f = 300 MHz. 


1-3 


1-4 


1-5 


1-6 


1-7 
1-8 
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(d) Repeat for microwave signals, where, typically, f = 10 GHz, and components may 
have a dimension of a few centimeters. 


In the atmosphere above the ocean, there are ions (charge carriers) with an average 
density of n, = 860/cm? and n. = 700/cm?. Each ion has a charge (+ or —) of 
1.602 x 10^ !? C. Find the average charge density in C/m?. 


In a certain electric conductor, shown in the accompanying figure, the positive charge 
measured at A—A’ varies with time as 


q(t) = 10e ?' C, t>0 


Calculate and plot the current i(t). 


|A 

| 

| 

| 

| 

| 

| 

|A' Problem 1-4 


In an electric field, 3 x 10° electrons are moving from point X to point Y, and the work 
done on them is 1.8 nJ. Find the voltage between X and Y, with its reference polarity. (This 
situation is typical of electronic devices using beams of electrons, as, for example, in a TV 
picture tube.) 


A common notation for voltage uses double subscript: v ,5 is the voltage drop from A to B, 
with A having the (+) reference mark. Show that 


Ug4 = —UAB 


What is vy, if 5 coulombs (positive charge) do work of 10 J in moving from Y to X? 


Plot accurately vs. t the waveform of 
v(t) = 170e 'sin 377t 


and compare it with the household ac voltage shown in Figure 1-8 (maxima, points of 
intersection with the t axis). 


Derive fully the units of the constant multipliers g, o, r, and k in the dependent sources 
(Figure 1-9). These units should be in terms of volts (V) and amperes (A). 

In physics we often use the unit electron-volt (eV) for energy received or delivered by 1 
electron as it moves through 1 volt of potential difference. How many eV are there in 1 J? 
An electric heater of 2 kW is connected to a 110-V dc source. What current does it draw? 


A dc motor delivers 5 hp at 90 percent efficiency and draws 18.84 A when connected to a 
dc voltage source. What is the voltage? 


Household electric energy costs approximately 7 cents/kWh (kWh = kilowatthour). 
Calculate the cost of running a TV set, rated at 75 W, for 7 hours a day, for one week. 
Compare with a nightlight (5 W) burning continuously for 1 month. 
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1-14 A certain electrical element N is shown with its associated voltage and current references 
in Figure 1-11(a). It is known that 
v(t) = 10 sin 100t, t>0 
i(t) = 2 cos 100t, t>0 


Calculate and plot vs. t the power p(t). For the various ranges of time, state whether N 
receives or delivers power. 


1-15 Repeat Problem 1-14 with v(t) = 10 sin 100t and i(t) = 2 sin (100t — 7/3). 
1-16 Since power is the rate of change of energy, 


nur 
p( TU 


we can calculate the total energy between two times t, and t, as 


t2 t2 
| = | p(t) dt 
t1 t1 
Calculate the energy in the element in Problem 1-14 for: 
(c) t, = 0 and t, = 7/100s 
1-17 Repeat Problem 1-16 for the data in Problem 1-15. 


Chapter 2 


Resistance, Kirchhoff's Laws. 
Node and Loop Analysis 


2-1 THE RESISTOR. OHM'S LAW 


The next element that we introduce is the resistor. The symbol for a resistor is shown 
in Figure 2-1(a). Some common examples of resistors are the heating element in an 
electric toaster and the filament in an incandescent light bulb, as well, of course, as the 
numerous resistors in electronic devices. 

As a result of laboratory experiments, Georg Simon Ohm formulated (1827) the 
law relating voltage and current in a resistor. With the references for v and i as shown 
in Figure 2-1(a), Ohm's law is 


v(t) = Ri(t) (2-1) 


where R is a positive constant, R > 0; it is called the resistance of the resistor and is 
measured in ohms.T The capital Greek letter Q is used to denote ohms. The units in 


(a) (b) 
Figure 2-1 (a) Resistor. (b) Its v-i characteristic. 


T Certain devices have the characteristics of a negative resistance, R < 0. We'll have a chance to 
study some of these later. 
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Equation 2-1 are [V] = [O][A]. Ohm’s law, then, states that voltage and current are 
proportional in a resistor, as shown by the v-i plot in Figure 2-1(b). 


This v-i characteristic curve is a straight line passing through the origin. A . 


resistor with such a characteristic is called linear. 


EXAMPLE 2-1 


A 6-V voltage source is connected at t = 0 to a resistor R = 100 Q. 
(a) Determine and plot versus time the voltage v(t) across R. 
(b) Determine and plot versus time the current i(t) through R. 
Solution. The voltage v(t) is given by 
v(t) = 0, r0 
v(t) — 6, t0 
and is plotted in Figure 2-2(b). The current is determined by Ohm's law, Equation 2-1, as 


HwO +<0 
i(t) = 755 = 0.06 A = 60mA,  t»0 


and is plotted in Figure 2-2(c). 


(b) 


(c) 


~- 


(a) 


Figure 2-2 Example 2-1. b 


The model of a resistor (Figure 2-1) is ideal. It is also a lumped model (no spatial 
variations of v or i). The justification for using such a model is the fact that most “real 
life" resistors behave very closely to this model. 

A good analogy to a resistor is the friction (a dashpot) in a mechanical system. 
There, force is proportional to velocity, in a relation similar to Equation 2-1. 

We assumed that R is positive, R > 0. Again, this is a physical reality for many 
resistors. Another assumption is that R is constant with time. In some cases, there are 
time-varying resistors, denoted by R(t), but in this book we will not discuss them. 

The resistor is also bilateral, meaning that it obeys the same relation (Equation 
2-1) if it is turned end for end. Certain other elements are not bilateral; their v-i 
relations are not the same if the element is turned. We will study some of them later. 

In many cases, we will need to express i(t) in terms of v(t). For the resistor, we 
obtain from Equation 2-1 


i(t) = z v(t) = Gw(t) (2-2) 


Probs. 2-1, 
2-2, 2-3, 2-4 
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where G is the conductance of the resistor, measured in siemens (S) or, more 
commonly, in mhos (©). The word “mho” is the reverse spelling of “ohm” and its 
symbol, O, is an inverted Q. Who said that electrical engineers don't have a sense of 
humor? 


2-2 POWER AND ENERGY. PASSIVITY 


Let us calculate the power in a given resistor. With the associated reference directions 
as shown in Figure 2-1, we write 


p(t) = v(t)i(t) = ERi(t)]i(t) = RAJ (2-3) 
or, using Equation 2-2, 
P(t) = v(t)i(t) = OEA] = GAI? (2-4) 


Since R (or G) is positive, we see that, at every instant, the power in the resistor is 
positive. Consequently, a resistor always receives power, never delivers. For this 
reason, the resistor is called a passive element (as contrasted with active). The power in 
the resistor is dissipated in the form of heat and light. 


EXAMPLE ‘2-2 


The current i(t) through a resistor R = 10 kQ is shown in Figure 2-3(a). 
(a) Calculate and plot the instantaneous power p(t). 
(b) Calculate the total energy between 0 € t < 5 s. 


Solution. (a) The current i(t) is given by the following expressions, for each interval of 
time: 
0 mA t «0 
10t mA O<t<1l 
i(t) = 10 mA 1<t<3 
(40—10t1) mA 3<t<5 
0 mA t5 


Figure 2-3 Example 2-2. 


Probs. 2-5, 
2-6 
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Be sure that you agree with these expressions! (Derive them if necessary—they are 
equations of straight lines.) 
Consequently, p(t) = Ri*(t) yields 


0 W t —0 

PW Ox<ts!1 

p(t) = I W 1SfTe3 
(16—8t+t?7) W 3<t<5 

0 W ios 


and its plot is shown in Figure 2-3(b). 
(b) The total energy over the interval 0 < t < Ss is obtained as the integral of p(t). 
Specifically, here we have three integrals, since p(t) has three different expressions over 


this interval 


t=5 1 3 5 
J = | eas f d+ | a6- 8e Pd) E 
1 3 


t=0 0 
EXAMPLE 2-3 
The voltage across a given resistor R is 


v(t) — 170 sin 377t V 


(This is the household voltage in the U.S., mentioned in Chapter 1.) 
(a) Calculate the total energy over one cycle of the voltage. 
(b) Calculate the average power over one cycle. 
Solution. (a) As shown in Chapter 1, a full cycle of v(t) occurs between 
3TTt, = () Ed ty = 0s 
and 
37T7t, = 2n So tf0,—ds 


see Figure 2-4. Using Equation 2-4, we get 


p(t) = G(170? sin? 377) W 


v(t) = 170 sin 377t 


Figure 2-4 Example 2-3. 
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and 


1/6 


t2 1/60 0 
»| = | 170?G sin? 377t dt = mes | sin? 377t dt 


0 0 
170? 
~ (2)(60) 
where we have used the integral 
= x 1. 
| sin ax dx = 5 — gg sin 2ax 


(Go ahead, check it out in your favorite integral tables!) 
(b) The average power is 
1 170G 170? 
P= — 


EET T) es — — am W 
e"5-h — QU) 2 


As a final question, consider here the following one: If we had a constant voltage, say 
v(t) — V, instead of the sinusoidal one, what value of V would produce the same average 
power? The answer is very simple: since the instantaneous power in this case is 
p(t) = GV”, a constant, it is also the average power P,,. Therefore 


GV? = 170? G 
"9 
and 
170 
V =—— = 120 V 


Ja 


This is called the effective value or the RMS (root-mean-square) value, and it is the one 
listed on the outlet (“120 volts"). m 


We are ready now to consider our first problem in network analysis. Let us do it 
with an example. 


EXAMPLE 2-4 


In Figure 2-5 we show the circuit model of a light bulb connected to a voltage outlet. In this 
circuit we recognize points where two (or more) elements are connected together. Such a point 
is called a node. The voltage source v,(t) is between nodes 1 and 5. To these nodes we connect the 
plug of the cord. The cord can be modeled as a resistor R,. The on-off switch is between nodes 2 
and 3. The bulb R, is between nodes 3 and 4. There is no resistance (R — 0) between nodes 4 and 
5; it is a short circuit. 

The general problem of network analysis is: Calculate the voltage and the current in every 
element of the given network. Since this is our first “big” example, let us proceed slowly and 
methodically. As we learn more, we will be able to take some shortcuts. 


Solution. We count the number of elements— the voltage source, R,, the switch, R,, and 
the short circuit 4—5. Altogether we have five elements. Our final solution will have to 
show, therefore, five voltages and five currents—altogether 10 unknowns. We need, 
therefore, 10 equations to solve for these 10 unknowns. 

The next step is to show these 10 variables on the circuit diagram. Each element 
has a voltage across and a current through it. Each voltage and current must have a name 


Prob. 2-7 
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l 2 


(a) 


u,(t) = 170 sin 377t 


Figure 2-5 Example 2-4. 


and a reference. The reference is either given, or we choose it arbitrarily. Let us discuss 
each element. 


The voltage source: The voltage v,(t) is given by the function (170 sin 377t) and by 
the reference shown. It is, then, known. Its current, however, is unknown. Let us assign to 
it the variable i,(t) and the arbitrary reference shown. 


The resistor R,: The voltage and current are unknown. Let us assign the names 
v(t) and i, (t), and the associated references as shown: The (+) of the voltage is at the tail 
of the arrow of the current. 


The switch: The voltage v,,,, after closing, is zero (short circuit). The current, after 
closing, is shown with its arbitrarily chosen reference. 

The resistor R,: v,(t) and i,(t) are unknown. We choose (arbitrarily) the associated 
references as shown. 

The short circuit 4—5: The voltage across any short circuit is zero by definition, 
v, , (t) = 0. The current i, , (t) is unknown and is shown with a chosen reference. 

Our problem is, then, reduced to seven unknowns: i(t), v(t), i (t), i, (t), vj(t), i,(0), 
and i, , (t). Let us see how many equations we can write. Ohm's law yields two: 


v(t) = Rit) 


v(t) = Ryiy(t) 


and 


30 2/RESISTANCE, KIRCHHOFF'S LAWS. NODE AND LOOP ANALYSIS 


Note that these two equations define the two resistors R, and R,, regardless of how they 
are connected in the circuit. We need five additional equations which will have to be 
related to the specific connections of all the elements in this particular circuit. We'll 
discuss these next, and return to complete this example later. Ly 


2-3 KIRCHHOFF'S CURRENT LAW 


In 1848, Gustav Kirchhoff formulated two laws related to circuits. These are called 
Kirchhoff's current law (KCL) and Kirchhoffs voltage law (KVL). 

Kirchhoff's current law is a direct result of the principle of conservation of 
electric charge. Consider any node in a circuit, as shown in Figure 2-6. Reference 
directions for the currents are also shown. Since charge cannot accumulate or be 
destroyed at this node, the total rate of charge flow into the node must equal the total 
rate of charge flow out of the node. In other words, 


i,(t) + i4(t) + is(t) = i5(t) + i4(t) 
Or 
i,(t) — i,(t) — i,(t) + i4(t) + i;(t) = 0 
that is, 
> iH=0 at a node (2-5) 


This is Kirchhoff’s current law (KCL): at every node, the instantaneous algebraic sum 
of all the currents is zero. By algebraic we mean that a (+) sign is assigned to currents 
entering the node and a (—) sign is assigned to currents leaving the node. 

A convenient analogy here is a pipe system with water flowing in the pipes. The 
rate of flow of water, in cm?/s, is analogous to i(t). 

Three important features are inherent to KCL, Equation 2-5: 


1. It holds at every instant of time. 

2. It holds regardless of the specific nature of the elements (resistors, sources, 
etc.) connected to the node. 

3. Since multiplication by (—1) keeps Equation 2-5 valid, we don’t have to 
memorize the convention of signs for it. We could have chosen (+) for 
currents leaving and (—) for currents entering. The important thing is to state 
the convention clearly and to stick with it. 


EXAMPLE 2-5 
In Figure 2-6, at t — t,, we are given that: 
i, =2A, i, = —3 A, Lh 21A, i, = —6A 
(a) What is the actual direction of the currents (flow of positive charges) at t = t,? 
(b) What is i5(t,)? 


Solution. (a) Since i,(t,) > 0 and i,(t,) > 0, these two currents are actually flowing at 
t, in the direction of their reference arrows. On the other hand, i,(t,) « 0, and its actual 
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Figure 2-6 Kirchhoff's current law (KCL). 


flow is opposite to its reference arrow. Similarly i,(t,) < 0 and flows opposite to its 
reference at t,. 
(b) Apply KCL at t = t,, with the given references. We have 


T2-41—3)-14((-5) FLU e 
or 
is(t,) =2A 


It is important to recognize, and stick to, the signs (+ or —) when writing KCL. Currents 
entering a node, as shown by their given references, are assigned a (+) sign; currents 
referenced as leaving the node get a (—) sign. The value of each current, as in our 
example, may be positive or negative on its own; in the term +(— 6), the + sign indicates 
that the current is entering the node, and the — 6 indicates that the value of this current is 
— 6 A; that is, the current is actually leaving the node and has a value of 6 A. g 


An extended concept of KCL at a node is KCL for a cut set. Consider a network 
N which can be separated (cut) into two parts N, and N,, as shown in Figure 2-7. The 
two parts are connected by elements a, b, c, d whose currents are designated i,(t), i,(t), 
i(t), i(t). Imagine a plane P-P' perpendicular to the elements, “cutting” these 
elements. Since charge must be conserved on this imaginary plane, the total flow of 


Figure 2-7 KCL for a cut set. 


32 2/RESISTANCE, KIRCHHOFF'S LAWS. NODE AND LOOP ANALYSIS 


charge into the plane (from left to right) must equal that flowing out (from right to 
left). Here we have, then,t 
i, t+ig—i, —i, = 0 (2-6) 


with the same convention of signs: (+ ) for currents going into the plane one way, (—) 
for those going the other way. Again, no memorization is needed: We choose a positive 
direction for a given problem. 

This result is most amazing: Elements a, b, c, d need not be connected to a single 
common node—yet the algebraic sum of their currents is zero! The only restriction on 
these elements is: They must form a set which, if “cut” (by a closed surface, a plane, or 
with a pair of pliers), will cause the original network to separate into two parts N, and 
N,. Such a set of elements is called (what else?) a cut set, and KCL reads 


Y, i(t) =0 at a cut set (2-7) 
EXAMPLE 2-6 


In order to build up our confidence in cut sets, consider the network shown in Figure 2-8, where 
all the nodes are labeled by numbers 1,..., 8. The cut set currents are, as before, i, ip, i., and iz. 
The other currents are as shown i,,..., i, with arbitrarily chosen references. Using (+) for 
currents leaving and (—) for currents entering, write KCL at every node. 


Figure 2-8 Example 2-6. 


Solution. 
At node 1: i, + ig =0 
Átnode2: —i,—i,—i,+i,=0 
At node 3: —i, +i, =0 
At node 4: ir —i, =0 
At node 5: i, +i, =0 
At node 6: i, +i; —i, —i, =0 
At node 7: —i,+i,=0 
At node 8: —i; —iy=0 


Now add the first four equations (a valid mathematical operation!) to get 
ij — i—i +i=0 


+ Don't forget: lowercase letters are functions of time, i = i(t). 


Prob. 2-8 
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which is precisely KCL for the cut set a-b-c-d. This addition forms the part N, of the 
entire network. Why did i,, i, and i, disappear in this addition? Because each one appears 
twice, entering a node and (obviously) leaving a node inside N,. 

If we add the last four equations, we'll get 


—i,TijTi,—i;20 


the same equation (within a multiplier of — 1) for the same cut set. This addition forms 
the part N, of the total network. 

Finally, let us observe that a node is just a special case of a cut set. This cut set 
consists of all the elements connected to that node, and one part (N, or N,) of the 
network is just that node. See Figure 2-9. 


Figure 2-9 A special case of a cut set. a 


2-4 KIRCHHOFF’S VOLTAGE LAW 


Kirchhoff’s voltage law is a statement of the principle of conservation of energy. Let us 
remember that a voltage between two points A and B is the work (energy) per unit of 
positive charge, acquired by the charge or expended by the charge in moving from A 
to B. If work is stored by the charge (the charge acquires energy) then B is positive 
with respect to A; there is a voltage rise from A to B or, alternatively, a voltage drop 
from B to A. Let us remember and review here the useful analogy of a unit of (positive) 
mass moving between two points of different heights: If point B is higher than A (B is 
positive with respect to A), the mass will acquire energy as it moves from A to B, and 
we say that there is a rise from A to B, or a drop from B to A. 

Consider now a unit of positive charge (+ 1 coulomb) moving from A to B, then 
from B to C, from C to D, and from D back to A. See Figure 2-10. This trip starts at A 
and ends at A. Let us also assume that there is a voltage drop from A to B, called v,(t) 
with its shown reference; a voltage rise from B to C, called v,(t); a voltage rise from C 
to D, called v4(t); and a voltage drop from D to A, called v4(t). The total energy 
acquired by the charge is therefore v,(t) + v4(t). The total energy spent by the charge 
is v,(t) + v4(t). Since the charge ended up where it started, we must have 


v,(t) + v4(t) = v(t) + vs(t) (2-8) 
or 


v,(t) — vX(t) — v3(t) + v4(t) = 0 (2-9) 
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Figure 2-10 Kirchhoff’s voltage law (KVL). 


More compactly: Around a closed path, called a loop, the algebraic sum of all the 
voltages is zero, 


v0) 20 around a loop (2-10) 


where a voltage drop is given a (+) sign and a voltage rise a (—) sign. This is 
Kirchhoff's voltage law (KVL). 

To continue the analogy used earlier: In going around a closed path, the 
algebraic sum of energy differences is zero; energy drops are counted as (+), energy 
rises as (—). 

Three important features relate to KVL, Equation 2-10: 


1. It holds at every instant of time. 

2. It holds regardless of the specific nature of the elements around the loop. In 
fact, there may be no element between, say, C and D; it can be an open circuit. 

3. Since multiplication by —1 is valid in Equation 2-10, we are free to choose 
(+) for a voltage drop and ( — ) for a voltage rise, or vice versa. The important 
thing is to state our choice in advance and stay with it. 


Finally, let us turn our attention to the striking resemblance between KCL and 
KVL, repeated here 


Y i(t) = 0 (2-5) 
3 v(t) = 0 (2-10) 


What is true (mathematically) in one equation for i holds true in the other for v. Such a 
resemblance runs throughout circuit analysis (and design) and is called duality. We 
say that KVL is dual to KCL, and a loop is dual to a cut set. We will have many 
opportunities in our future studies to explore duality and to benefit from it. 
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EXAMPLE 2-4 (concluded) 


Recall (turn back a couple of pages, please) that we had the following equations, defining the 
various elements: 


Voltage source: v(t) = 170 sin 377t, PD 
Switch: o, (t) = 0, t 2 0, 
Wire 4-5: v, (t) = 0, t> 0, 
Resistor R,: v(t) = Rit) 
Resistor R,: v,(t) = R,i(t) 


We need now the equations that describe the connections of these elements, i.e., KCL and KVL. 
First, KCL with + for currents leaving, — for entering: 


At node 1: i, +i, =0 
At node 2: —i, + i,, = 0 
At-node 3: —i,, —i, =0 
At node 4: i, + ie = 0 
At node 5: —i,—i,, = 0 


From these equations we see that 


i(t) = i, (t) = —i,(t) = i...) —— i(t) 


and a single unknown, i,(t), will do. 
Next, apply KVL around the single loop defined by 1 > 2 > 3 > 4 > 5 > 1; it reads, with 
(—) for a voltage rise, (+) for a voltage drop: 


v(t) an Vew(t) E . vy(t) T REOS ss v(t) =0 
In this KVL equation, substitute the proper expressions for each voltage 


R,i, + 0 — Ry(— ij) + 0 — 170 sin 377t = 0 
i.e., 
(R. + R,)i(t) = 170 sin 377t 


: 170 sin 377t 


ya 
it) R.+ R, 


With i(t) known, every current in every element is known (the equations of KCL) and the two 
resistive voltages are known (Ohm’s law). 

In hindsight, we could have solved this circuit faster —but that's what hindsight is. We 
took carefully each step, namely: 


1. Assign current and voltage variables, as needed. 
2. Apply KCL and KVL. 
3. Apply the equations which define each element. 


As we progress, we will always take these steps, with some accelerated pace. EU] 


2-5 NODE VOLTAGES AND NODE ANALYSIS 


From the previous examples, it appears that we need a systematic method to solve 
networks, i.e., to find all the voltages, currents (and, therefore, power and energy) in all 
the elements. Such a method should be not only systematic but also efficient, and with 
a minimum number of unknowns and equations to solve. 


Prob. 2-9 
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Indeed, we will learn three such methods of solution, two of them in this chapter 
and the third one later on. Each method has its own advantages, and we will be able to 
make an intelligent choice among them for the particular problem at hand. Let us 
start with the method called node analysis, and consider a specific (though quite 
general) example. 


EXAMPLE 2-7 


Solve the network shown in Figure 2-11. For simplicity, we omitted the specific switches which 
accompany, as usual, the two sources, a dc (constant) current source, and a dc voltage source. 
Do not worry about the *unrealistic" values of the resistors: they are conveniently scaled 
values, pretty much like scaled distances on a map.T 


Element values in ohms (Q) 


Figure 2-11 Example 2-7. 


Solution. Let us do an initial counting of variables: There are six elements; therefore, we 
are looking for 12 unknowns (one voltage and one current per element). The two sources, 
voltage v,(t) and current i(t), are known—so we have 10 unknowns. This is still a huge 
number of unknowns (and equations) for such a simple network. We ought to be able to 
do better! 

The first reduction will happen if we agree that, for a resistor, only the current or 
the voltage is needed, but not both. The other variable (voltage or current) is immediately 
available from Ohm’s law, v = Ri or i = Gv. Therefore, we have now six unknowns: four 
voltages across the resistors, the current in v,(t), and the voltage across i,(t). 

Next, we introduce more convenient variables. Remember that a voltage between 
two points is a relative quantity, that is, point A is at a higher (or lower) voltage than 
point B. A good analogy here, we saw, is a geographical height, where we take the sea 
level as a convenient reference point (0 meter). Any other point is at a height above (+) 
or below (—) this reference. Also, the height difference between any two points can be 
calculated easily in terms of their heights with respect to sea level. 

The same idea is used with node voltages. We choose (arbitrarily!) one node, and 
call it a reference node (or a datum node). In our example, let it be the node numbered “0.” 
The reference node is usually marked by the symbol 7777. Next, we seek out all the other 
nodes in the network, n — 1 in number if n is the total number of nodes. For each node, 
we ask the question: “Is the voltage of this node with respect to the reference node known 
or unknown?" If known, we do nothing (except note that it is known); if unknown, we 
assign to it a variable with a chosen reference. 


1 For full details on scaling, study Appendix C. 
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In our example, let us use the double subscript notation, v,, = voltage drop from x 
to y, and seek out the n — 1 nodes: 


Node 1: 0,97 0,—22V known 
Node 2: Uj9 = V2 unknown 
Node 3: V39 = V3 unknown 


Thus, the only two unknowns in this network are the node voltages v,(t) and v,(t), as 
shown. Are they sufficient to solve the entire network? Yes, because if we calculate them, 
then the voltage drop across the 1-O resistor is v, = v, — v4; across the 4-Q resistor, the 
voltage drop is v), = v,; across the 1-Q resistor the voltage drop is v,, = v, — v3, which 
is also the voltage drop across the current source i,; finally, the voltage drop across the 
0.1-Q resistor is 049 = v3. 

Now we have a reasonable number of unknowns, namely, two. We need two 
simultaneous equations for them. For node voltages as unknowns, we write KCL at every 
unknown node. Here, let us use the convention 


+ for a current leaving a node 
— for a current entering a node 


then we write 


KCL at node 2: 4(v, — 2) + 5v, + 10 + 1(0; — v3) = O 
KCL at node 3: — 10 + 10v, — 1(v, — v3) = 0 
Rearrange these two equations as 
10v, — v3 = —2 
—v, + 11v, = 10 


In matrix notation}, these equations are 


EL usd] 


It is not a bad idea to review now an efficient method for solving these equations, 
called Gauss's elimination method (see Appendix A). Here it applies as follows: 


1. Divide the first equation by 10 to get 
v, —0.104 = —02 
2. Add this equation to the second one, to get rid of v, 
Ov, + 10.9», = 9.8 
This last equation yields immediately 


" 9.8 

10.9 
Substitute back v, into the first equation to get v; 
v, — (0.1)(0.9) = —0.2 

v, = —011V 


v3 = 0.9 V 


T Study Appendix A if necessary 
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After v, and v, are found, the complete solution of the network is (see Figure 2-12): 


0,-72—(-01) 2211 V .. i424(211) = 844A 
vo = —01llVorvg, — 011 V — .. ing 5(0.11) = 0.55 A 

v, = —0.11 — 0.9 = —1.01 V orv, =1.01V .. i4,2101A 
049704209 V — .. i49210(09) 29A 


At node 1, KCL yields the current through the voltage source, 8.44 A, as shown. 


i, 7 10A 
0.11 V 8.99 A | 
$ 


Figure 2-12 Example 2-7 (continued). 


It would be interesting and instructive to check the power balance in this network. 
Since all voltages and currents are constant, the instantaneous powers will be constant. 
We remember that p(t) = v(t)i(t), with the associated references of v and i dictating the 
sign and meaning of the power. 


The voltage source: p = —(2)(9.44) = — 16.88 W delivered to the network 
The 1-Q resistor: p= +(21 1)(8.44) = +17.81 W received 

The 4-Q resistor: p = +(0.11)(0.55) = +0.061 W received 

The current source: p = —(1.01)(10) = —10.1 W delivered 

The 1-Q resistor: p = +(1.01)(1.01) = +1.02 W received 

The 0.1-Q resistor: p = +(0.9)(8.99) = +8.09 W received 


As expected, Xp = 0; that is, the total power delivered (by the sources) is equal to 
that received (dissipated) by the resistors. E 


To summarize the general method of node analysis, let us repeat: 


1. Choose one node as reference. The choice is arbitrary, although it is efficient 
to choose a node of one voltage source. 

2. The remaining (n — 1) node voltages are either known voltages or unknown 
voltages. Label the unknowns with variables v,,v2,...,v, and with 
references. The number of these unknowns is (n — 1) or less. 
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3. Write KCL at each unknown node, obtaining as many equations as 
unknowns. These equations, in matrix form, read 


914 Giz Jia es Giz | Vy jı 
921 922 923 we g2p 72 E Ja (2-11a) 
Ipi Sp2 dps ` Ipp| |V? j, 
that is, 
Gv =j (2-11b) 


Here, p € n — 1 is the number of unknowns and the number of equations; v is 
the matrix of the unknown node voltages; G is the matrix of the coefficients of 
v, called the node conductance matrix; and j is the matrix of the known 
quantities on the right-hand side. Equation 2-11 resembles Ohm’s law in 
matrix form for the entire network. Solve Equation 2-11 for the unknowns in 
v. 

4. Since each element is connected between two nodes and all node voltages are 
known now, express the voltage across each element as a difference of two 
node voltages. 

5. For a resistor, use Ohm’s law (i = Gv) to find the current. For a voltage 
source, use KCL to find its current. This completes the solution of the 
network. 


2-6 LOOP CURRENTS AND LOOP ANALYSIS 
The second systematic and efficient method for solving networks is by loop analysis. It 


is a dual method to node analysis. To outline its steps, let us go back to the network in 
Example 2-7 and solve it by loop analysis in the following example. See Figure 2-13. 


(2) 


Figure 2-13 Example 2-8. 


Probs. 2-10, 
2-11, 2-12, 
2-13 
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EXAMPLE 2-8 


Do quickly the initial count: six elements, therefore, six unknown element currents; less one 
known current (the current source — 10 A), for a total of five unknowns. We can do better! Let 
us define new unknown variables, called loop currents. A loop is a closed path, and we use here 
the three “obvious” loops, the window panes of the network.T The three loop currents i,(t), i,(t), 
and i(t) are convenient new variables (just as node voltages were). Each is chosen with a name, 
i,» ij, and i,, and with an arbitrary reference; in this case we chose them all clockwise (just as 
node voltages were chosen all + with respect to reference). 

As in the case of node voltages, where their sum or difference gave us the actual voltage 
across each element, so here the sum or difference of loop currents will yield the current in each 
element. Specifically, 


In U,: i, = lg; = b. 
1 , P EM" 

In 10: ha = ha 

In 1-0: ing = h — ly 

In H-Q: i49 = i; 

In 1-O: i45 = =h 


We have, at first count, three unknown loop currents, but the current source reduces this 
number further, because 
in, = 10 =i, — i, 
or 
i, = i, — 10 
In a dual fashion, a voltage source between two nodes reduce the number of unknown node 
voltages. 

We have, then, only two unknowns, i, and i,—not bad! What shall we use to get two 
equations in i, and i,? We already used KCL when we wrote the previous expressions for the 
current in each element. What remains? Of course, KVL (again, by duality to node analysis, 
where the final equations are KCL). 

Let us write one KVL equation around the loop traced by i,, and a second KVL equation 
around the loop formed by the 3-, 1-, and 7-0 resistors. Why this loop and not the loop traced 
by i, or i,? For the dual reason that, in node analysis, we prefer not to write KCL at a node 
where a voltage source is connected: the current in the voltage source is unknown, on one hand, 
and, on the other, we don’t need a KCL equation there. Here, in loop analysis, the voltage 
across the current source is unknown, but, at the same time, we don’t need a third KVL 
equation. 

The two KVL loop equations are, with (+) for a voltage drop and (—) for a voltage rise, 


—2 + ti, + H(i, = iy) =0 
for the first loop (0 > 1 > 2 — 0), and 


for the second loop (0 > 2 > 3 > 0). 
Collect terms and arrange: 
0.45i, — 02i, = 2 
— 02i, + 1.3i, = 10 


In matrix form, these equations read 


-02 as] sl- e] 


T Such a window pane is sometimes called a mesh and the current a mesh current. 
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Solve to get 


i,=844A i,=899A 


as before in Example 2-7. Iu] 
The steps involved in loop analysis are: 


1. Assign a loop current (arbitrary reference —clockwise or counterclockwise) 
in each window pane. 

2. A current source can serve as a loop current, or can be the sum or difference 
of loop currents. Label the unknown loop currents by i,, i,,.... There will be l 
(or less) such unknowns, if / is the number of window panes. 

3. Write KVL around each loop. (Do not include a current source in KVL.) 
Obtain as many equations as unknowns. These equations, in matrix form, are 


ii Fyz Fiq la €1 
Pa f230 "* Fag th PT s 163 (2-12a) 
Fai "q2 Faq Iq eq 
or, in matrix notation, 
Ri=e (2-12b) 


Here q < lis the number of unknowns; i is the matrix of unknown loop currents; R is 
the matrix of the coefficients, called the loop resistance matrix; and e is the matrix of 
the known quantities on the right-hand side. Equation 2-12 resembles Ohm's law in 
matrix form for the entire network. 

These are, then, the two methods for network analysis. For a given network, we 
will choose the one with the fewer equations: it makes sense to opt for solving, say, 
four equations with four unknowns instead of seven equations with seven unknowns, 
right? Such an intelligent choice must be done first for every problem, unless, for some 
reason, the specific method of analysis is dictated to us (e.g., on a test, or by the 
availability of a particular computer program). 

Another striking feature of these two methods is their duality. Review them 
carefully to recognize this duality: A node voltage is dual to a loop current; element 
voltages, as sums or differences of node voltages, are dual to element currents, as sums 
or differences of loop currents; all node voltages referenced (+) with respect to 
ground are dual to all loop currents being clockwise; Equations 2-11 and 2-12 are 
dual of each other. 

Keep in mind that the steps involved in node analysis and loop analysis, studied 
here, are quite general. They will apply later also, when we introduce other elements. 

Finally, if you have just a slight, lingering, uneasy feeling about one aspect of 
loop analysis, speak up! You are undoubtedly saying, “The identification and choice 
of node voltages is straightforward and ironclad. One node is datum, and the 
remaining nodes are clearly visible (with thick dots) in all cases. However, I am not so 
sure about loop currents. What if those window panes are not so obvious, as in the 


Probs. 2-16, 
2-17, 2-18 


Probs. 2-14, 
2-15 


Probs. 2-19, 
2-20, 2-21 
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(a) (b) 


Figure 2-14 Where are the loops? 


network in Figure 2-14(a)? Worse yet, what loops do I choose in Figure 2-14(b)?" 
(The small semicircular hooks in these circuits indicate wires that cross each other but 
without a node connection.) These are very valid questions, and, in fact, they will be 
studied in the next chapter. 


*2-7 RECIPROCITY AND RECIPROCAL NETWORKS 


Let us study an interesting property of certain linear circuits. Consider again loop 
analysis, applied to the network in Figure 2-15(a). Let v,(t) be the only voltage source 
applied, and let us write the loop equations (Equation 2-12) for this network 


Fix Tiz Fiq l4 0 
Fox T22 up l2 0 
$m © 5&4. 659656594 DOO ROE 589 Dv: 
= |7 (2-13) 
Ve, k2 l'ka lk P 
Foy Ea 5 ee A 0 


Here the column matrix e contains a single nonzero entry in the jth loop, v;. Don't let 
the picture fool you: loop k is not one big short circuit. It is partly hidden inside the 
box, and only a part of a wire is shown to identify i,. Let us solve for the output, the 
kth loop current i,, using Cramer's rulet 


l'ii | 0 Fiq 
Pas : 0 : lj 
1 IE 
* ^ detR Lx oy 
uoc dt]. 


TSee Appendix A. 
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(a) (b) 
Figure 2-15 Reciprocity. 


The denominator in Equation 2-14 is det R, the determinant of the loop resistance 
matrix, that is, the determinant of the coefficients of the left-hand side in Equation 
2-13. The numerator determinant is obtained by replacing the kth column of det R by 
the right-hand side of Equation 2-13. 

If we expand Equation 2-14 by the kth column, we obtain a single term 


aee 
* ^ detR 


v; (2-15) 


where A, is the (j, k) cofactor; it is the smaller determinant obtained from det R by 
removing row j and column k, then multiplying the result by ( — 1)/** 


Ap — (—1)/** (2-16) 


Now consider the same network in Figure 2-15(b), but with two changes: we 
remove v; from loop j and insert v, in loop k. When v; is removed, it is replaced by a 
short circuit. When v, is placed in loop k, we cut the wire in loop k and connect v, to 
the two terminals of the cut. Calculate now the output i; by Cramer's rule 


l1; = Ax 
J detR 


v, (2-17) 


where A,; is the (k, j) cofactor. 
If the network contains only linear resistors and no dependent sources, then R, 
the loop resistance matrix, is symmetric, meaning that 


(2-18) 


This is easy to understand, because r,,, is the resistance in loop m common to loop n, 
and r,,, is the resistance in loop n common to loop m. Any dependent source may 
destroy this symmetry, r,, Æ fnm- 

With R symmetric, we have 
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and, consequently, we can write from Equations 2-15 and 2-17 
DE ie (2.20) 


This equation expresses the principle of reciprocity, which may be stated as follows: If 
v(t) = v,(t), then i,(t) will be equal to i;(f) no matter what the structure and the 
element values are inside the box in Figure 2-15. A dual theorem holds for a single 
current input and measurement of a voltage output in a reciprocal network. 
Reciprocal networks, then, obey reciprocity. A network with dependent sources is not 
reciprocal, in general. 


EXAMPLE 2-9 


For the network in Figure 2-16, the loop equations are (derive them in full!) 


cu s asa 


and the network is not reciprocal since R is not symmetric. With k = 0 it becomes reciprocal. 


(2) 


Figure 2-16 Example 2-9. P1 


It is important to recognize that the reciprocity principle applies only to a 
voltage input-current output or to a current input-voltage output. It does not apply 
to a voltage input-voltage output or to a current input-current output. Explain why 
not. Hint: Are the inner connections of the network—and hence det R and 
A,,— unchanged with voltage input-voltage output? 


PROBLEMS 


2-1 The resistance, at a fixed temperature, is directly proportional to the length (/) of the 
resistor and inversely proportional to its cross section area (A) 


l 
R=p F 
where p (rho) is the resistivity, in ohm meters (Q-m), of the particular material of the 
resistor, and depends on the manufacturing process, the purity of the material, and 
temperature. Find the resistance of a copper-wound resistor (p = 1.7 x 1078) of length 
1 m and circular diameter of 1 mm. Copper, silver, and aluminum are examples of 
conductors, with p relatively small. 


Probs. 2-22, 
2-23 
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2-2 


2-3 


2-4 


Materials with resistivity 10 ^ < p < 10^" Q-m are called semiconductors, and they 
provide the material for building transistors. Materials with very large resistivities 
(p > 10'°Q-m) are call insulators. Justify this name in terms of a current flowing in 
insulators. Mica, glass, and quartz are examples of insulators. 


The voltage across a resistor R = 50 Q is given by 
v(t) = 0, t «0 
v(t) = 100e^ 7, t0 


Plot v(t) and i(t) for this resistor. 


The current i(t) in a resistor R — 10 kO is shown. Sketch v(t), the voltage across this 
resistor. Be sure to show all relevant values! 


Problem 2-4 


*2-5 (a) A constant voltage source is claimed to be a nonlinear resistor. Plot the v-i 


2-6 


2-7 Calculate the effective value of the current i(t) as shown. 


characteristic of such a voltage source (v = Vs, const.) and justify this claim. 
(b) A constant current source (i = I), const.) is also a nonlinear resistor. Justify! 
(c) An open circuit (o.c.) is considered a resistor. What is R, ,.? 
(d) A short circuit (s.c.) is considered a resistor. What is R, , ? 


An electronic circuit element, called a tunnel diode, has a v-i characteristic as shown. 
Explain why, between the peak value of the current (/,) and the valley current (/,), the 
tunnel diode behaves like a negative resistor. 


Q 
v Problem 2-6 va 


Problem 2-7 
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*2-8 In the figure we show a simple power transmission network, as found commonly. It is 
known that 


i(t) = 140 sin 377t 
i,(t) = 140 sin (377t — 120°) 


(a) Calculate i,(t) in the form A sin (377t + $). 
(b) Plot all three currents vs. (377t) on the same graph. 


iC) 
——— 


Generating 
plant ———— Customers 
(power (load) 


station) 


Problem 2-8 


2-9 In the network shown, assign voltage and current variables (with references) to all the 
elements. Write KVL, KCL, Ohm's law, and reduce these equations to a single one in one 
unknown. Solve for this unknown. Compare with Example 2-4. (Hint: Duality!) 


i,(t) = 20A R, 


Element values 
in ohms (Q) 


Switch opens at t =0 


Problem 2-9 


2-10 (a) Use node analysis in Example 2-7 when v (t) = 2e ' V, and all other elements are the 
same. 
(b) Calculate the total energy (from t = 0 to t = oo) delivered (or received) by v,(t). 


2-11 For the network shown, with a reference node chosen, there is one unknown node voltage, 

v,. The other node voltage then is (v, + 12). Verify this fact. 

(a) What difficulty arises when you try to write a KCL equation at node v,? 

(b) To overcome this difficulty, write also KCL at the second node. Add these two 
equations. 

(c) Show that step (b) is equivalent to writing KCL for the cut set consisting of the two 
current sources and the two resistors, shown in a dotted line. 

(d) Solve completely and calculate the power in each element. 


+ v, =12V + 
(v, + 12) 


i, =6A (Q) 


Cut set 
Problem 2-11 
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2-12 Solve by node analysis the network shown. Notice the dependent current source. 
Calculate the power in every element, and verify that »' p = 0. 


($2) 


6 V 


Problem 2-12 


2-13 Solve by node analysis the network shown. Calculate and plot p,(t), the power of the 
source v,(t). 


l 


v, = 20 sin t 


Problem 2-13 


2-14 Let a network contain n nodes and n, voltage sources. What is, at most, the number of 
equations needed for node analysis? Give a couple of examples, using both independent 
and dependent voltage sources. 

2-15 Let a network contain / loops (window panes) and n; current sources. What is, at most, the 
number of equations needed for node analysis? Give a couple of examples. 

2-16 Solve Problem 2-9 by loop analysis and compare your results. 

2-17 Solve Problem 2-11 by loop analysis and compare your results. Hint: Here assume 
i, = 10 A as the loop current in the left loop, i, = 6 A in the right loop, and one unknown 
loop current in the center loop. 

2-18 Solve by loop analysis the network in Problem 2-13. This is a prime example of how an 
intelligent choice of the method (node analysis or loop analysis) can make all the 
difference in the world! 

2-19 A transistor circuit is shown in part (a) of the figure, and its so-called “small-signal” 
equivalent model is shown in (b). From the equivalent model, calculate the output voltage 
Vout in terms of the input voltage v;a. Note: One resistor is given in kilohms. 


48 2/RESISTANCE, KIRCHHOFF'S LAWS. NODE AND LOOP ANALYSIS 


100 


(22) 
(a) (b) 
Problem 2-19 


2-20 In the network shown, calculate v,,, in terms of in- 


Ra N (Q) 
ig (D Rs vent) 
/ 


Problem 2-20 


2-21 The network shown is known as a Wheatstone bridge. What must be the relation between 
R, R2, R3, and R, if i; = 0? The bridge is then said to be balanced. This circuit, with an 
ammeter in series with Rọ, can be used to measure an unknown resistance, say R,, if R3, 
R5, and R, are known. 


Problem 2-21 


2-22 Carry out in full detail, on paper, the two experiments for testing reciprocity in Example 
2-9 of Figure 2-16, showing that this network is not reciprocal. 
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2-23 Use the reciprocity theorem to calculate i, in the network shown. See Problem 2-21. Next, 
try to solve this problem directly, and see how much more difficult it is! 


9 © 


io Problem 2-23 


Chapter 3 


Graphs and Networks 


3-1 GRAPHS—DEFINITIONS AND PROPERTIES 


Why are the two examples of Figure 2-14 in the previous chapter more complicated? 
Certainly not because of the nature of their elements. After all, a voltage source is 
always defined by its waveform v(t), and its reference (+), no matter how simple or 
complicated the network is. Similarly, a current source is always specified by i(t) with 
its reference. A linear, constant resistor is always characterized by v,(t) = Ri,(t), 
Ohm's law, no matter where the resistor is connected. 

Yet these two networks, redrawn in Figure 3-1, are complicated because of their 
structure. Our previous *obvious" choice of loop currents may be adequate for simple 
networks, but it fails in more complicated networks. We want a systematic method for 
choosing and formulating loop equations and node equations. Furthermore, we want 
solid assurances that such equations can, indeed, be solved to yield unique answers. 

To accomplish these goals, we study the structure, or topology, of the network in 
order to see clearly what approach to take for solving it. 

Let us recognize the following important facts: 


1. As mentioned, the v-i characteristic for an element (such as a resistor or a 
source) is inherent to the element itself and not to the way it is connected in a 
particular network. We can think of this v-i characteristic as the tag which is 
attached to the element by the manufacturer. 

2. By contrast, Kirchhoff's laws do not depend on the types of elements; rather, 
they depend on the way that these elements are connected. For example, 
consider the networks shown in Figure 3-2(a) and (b). The “boxes” represent 
any type of element—a generalization of the two networks in Figure 3-1. 


50 
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(a) (b) 
Figure 3-1 Two complicated networks. 


With the current references shown in Figure 3-2(a), Kirchhoff's current law at 
node 2 reads: (4- leaving, — entering) 


i, (t) — i2(t) + i3(t) = 0 (3-1) 


regardless of the nature of the elements connected to that node. Similarly, 
with the voltage references shown in Figure 3-2(b), Kirchhoff's voltage law 


l 


iy 


(c) (d) 
Figure 3-2 Networks and their graphs. 
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around the loop 1 525 6 > 1 is (+ drop, — rise) 
—v,(t) — v(t) + v3(t) — v4(t) = 0 (3-2) 


no matter what those elements are. 


To simplify our discussion further, we will draw the graph of a network as a 
connection of branches. A branch is simply a line segment, with its two end nodes, 
representing a circuit element. The graph of the network in Figure 3-2(a) is shown in 
Figure 3-2(c), and the graph of the network in Figure 3-2(b)—in Figure 3-2(d). 
Branches are interconnected only at the nodes; overlapping branches without a node 
do not form a connection there. 

On each branch, let us show, for economy, only one reference arrow. It will be 
the reference for the current in the branch if it is a current source, or for the voltage 
drop if it is a voltage source, or (as in a resistor) for both current and voltage drop, in 
agreement with their associated references. The two graphs show these references. For 
all the resistors, arbitrary references were chosen, while the sources show their given 
references. A branch with a given reference is called oriented, and the graph with all 
references is also oriented. 

As long as the interconnections of the branches are not changed, we can redraw 
a graph by stretching or shrinking branches, thinking of them as rubber bands. For 
example, the graph in Figure 3-3(a) can be redrawn as illustrated in Figure 3-3(b), 
with all nodes numbered (1,..., 4) and all branches labeled (a, ..., f) for clarity. Quite 
obviously, the two graphs, Figure 3-3(a) and (b), are the same as far as KCL and 
KVL are concerned. Such graphs are called isomorphic—from the Greek, meaning “of 
the same structure." 

Why do we bother with isomorphic graphs? Again, to simplify matters: The 
graph in Figure 3-3(b) has no branch intersections except at nodes, while the one in 
Figure 3-3(a) has such an “unpleasant” intersection in its center, where branch a lies 
on top of branch b. A graph that can be drawn (or redrawn isomorphically) without 
such overlapping intersections of branches is called planar. In other words, it can be 
drawn as a flat graph on a plane, so that no branches intersect at a point that is not a 
node. By contrast, a nonplanar graph cannot be drawn so: Some of its branches will 
intersect without a node, no matter how we redraw it. Such a graph is three- 
dimensional. The graph in Figure 3-2(d) is nonplanar (try it!). 


(a) (b) 
Figure 3-3 Isomorphic graphs. 
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It is a simple matter now to recognize the obvious loops in Figure 3-3(b). They 
are] —5f—54—5a52e—1,1—5f—54—5c—53—5b—1,35c545a52do 
3, and 1 > e > 2 > d > 3 >b > 1. We are still in the dark about loops in nonplanar 
graphs, as in Figure 3-2(d). Before tackling this problem, we need a few additional 
definitions and properties. 

A branch and a node are incident to each other if the node is one of the two 
nodes of that branch. For example, in Figure 3-3, branches a, f, and c are incident to 
node 4, and branches b, c, and d are incident to node 3. The degree of a node is the 
number of branches incident to that node. So, in that figure, node 1 is of degree 3 (as it 
happens, every node in that graph has the same degree— but that’s only a 
coincidence!). A node of degree zero is isolated. 

A subgraph of a graph is a part (subset) of that graph. What's left after a 
subgraph has been picked is called its complement. Thus, a branch (with its two end 
nodes) is in the complement if, and only if, it is not in the subgraph. In Figure 3-4 we 
see a subgraph and its complement for the graph in Figure 3-3. In general, the choice 
of a subgraph (and, therefore, its complement) is not unique. 

A path between two nodes of a graph is a sequence of branches, starting at the 
first node and ending at the second node, without tracing any branch twice and 
without going through any node more than once. To use our precise definitions, a 
path from node k to p is a subgraph in which node k is of degree one, node p is of 
degree one, and all other nodes are of degree two (in that subgraph). For example, a 
path from node 3 to node 4 is shown in solid lines in Figure 3-4. Verify to your 
complete satisfaction that it fits the precise definition of a path. (This is one of the 
several advantages of graph theory: preciseness and conciseness.) Also, satisfy 
yourself completely as to why 3—5b—51—5f54—a—2— e—51f-4is nota 
path from node 3 to node 4. A graph is said to be connected if there is at least one path 
between every two nodes. Such a graph is, in less precise terms, in one piece. 

A loop, formerly used in an intuitive (“obvious”) way, can be now defined 
precisely as a closed path; that is, it is a subgraph in which every node is of degree two. 
Some of the loops in Figure 3-4 are: 1 > f —54—5a2e1;15f542ao 
25d3—5b1; 15e—52—5a—54—5c—53—b—1; 15b535c545a 
2—e- 1; and there are others. 

This is where our original dilemma appears again: How do we know for sure 
which loops to use for KVL? How many of them are needed? How do we know that 
we have a solvable set of KVL equations? 


N ph Figure 3-4 A subgraph (solid lines) and its com- 
P ° 
a plement (dotted lines). 


Prob. 3-1 


Prob. 3-2 


Prob. 3-3 
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(a) (b) (c) 
Figure 3-5 Trees for Figure 3-3. 


In order to settle these and related questions, we need another important 
concept in graph theory. A tree of a connected graph is a connected subgraph 
containing all the nodes but no loops. It is important to satisfy all these requirements 
for a tree: (1) It must be a connected subgraph; (2) it must contain all the nodes; and 
(3) it must not have any loops. To build a tree (in a given graph), we follow these steps: 


1. Draw all the original nodes (requirement 2). 

2. Place enough branches between the nodes, from those given in the graph, 
until all the nodes are connected (requirement 1), without forming any loops 
(requirement 3). 


Figure 3-5 shows three different trees for the graph in Figure 3-3 (there are more 
trees). The tree shown in Figure 3-5(a) “justifies” this name: With a bit of imagination, 
this subgraph looks like a tree (just add a trunk and some leaves!). 

The branches of a tree are called (what else?) tree branches, and we designate 
their number by b,. If n is the number of nodes in the graph or in the tree, we have 


b,-5—1 (3-3) 


The complement of a tree is called, briefly, the co-tree. The three co-trees for Figure 
3-5 are shown in Figure 3-6. The branches of the co-tree have also a special name: 
They are links, since they link the nodes of the tree. If the number of links is / and the 
number of the branches in the graph is b, 


l+b,=b (3-4) 
or, using Equation 3-3, we get 
l=b—n+1 (3-5) 


Equations 3-3 and 3-5 are simple and elegant. Moreover, they provide the basis for the 
systematic formulation of node equations and loop equations. 


Probs. 3-4, 
3-5, 3-6 


Prob. 3-7 
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(a) (b) (c) 
Figure 3-6  Co-trees for the trees in Figure 3-5. 


Graph theory, with its tree analysis, counting links, etc., provides us with useful 
and essential information needed for circuit analysis. Specifically, it answers these 
questions: 


1. Exactly how many loop equations are needed, and how to choose them so 
that they are guaranteed to have a solution. 

2. Exactly how many node equations are needed, and how to choose them so 
that they are guaranteed to have a solution. Our intelligent choice will be, of 
course, to write the smaller of these two sets of equations when solving a 
network. 


The emphasis here is on the words “exactly” and “guaranteed solution." Graph 
theory (topology) gives us absolute assurances for both. To illustrate these ideas, let us 
consider a simple example. 


EXAMPLE 3-1 


In the circuit of Figure 3-7(a), we see the “obvious” three loop currents i}, i;, and i4. However, 
there are three additional loops with their loop currents, labeled 4, 5, and 6. Why do we write 
three loop equations, and not four or five or six? Can we solve this network with two loop 
equations? We must have definitive answers to these questions before we embark on the actual 
writing of such equations. 


Solution. Suppose we write first the three *obvious" loop equations. They are 
25, — 1s 21 
around loop 1, 
—i, + 3i, —i, =0 
around loop 2, and 
-h + 3i, =0 


around loop 3. Their (correct) solution is i; = 0.615 A, i, = 0.231 A, i; = 0.077 A. 
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iv(*) © Q) G) 


(b) 


Figure 3-7 Example 3-1. 


Let us now try four loops, as shown in Figure 3-7(b). We get the four loop 
equations (do it slowly!) 


2i — i, + ig2l (KVL loop 1) 
—i + 3i — i + ig20 (KVL loop 2) 
— i, + 3i, + 2i; =0 (KVL loop 3) 

i + i, + 2i, + 41, 21 (KVL loop 6) 


If we try to solve for the four unknowns, we find that all the answers are of the 
indeterminate form 9. A second (or third) look at the four equations tells us that the 
fourth one is exactly the sum of the previous three— hence it is redundant, or, in more 
precise terms, it is linearly dependent on those three. Four (or more) loop equations for 
this network are, then, an overspecification. 

How about less than three loop equations? The two loops in Figure 3-7(c) look 
promising: All the elements of the network are included in them, and some are common 
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to both loops. Sounds good, right? Let us write these two loop equations as follows: 
3i, + i, = 1 (KVL loop 4) 
i, + 3i; = 1 (KVL loop 5) 


These two equations have a unique solution 


Do we have the correct solution to our network? No! Even though K VL is satisfied with 
these answers around loop 4 and loop 5, it is not satisfied around loop 1, for instance: 


(0 — (00 — 1 #0 
Nor is KVL satisfied around loops 2, 3, and 6. Here, two equations are an 
underspecification for this network. 


How do we guarantee the correct number of equations? Their solution? These 
questions are answered by the topological equations developed in this chapter. 3 


3-2 NODE ANALYSIS REVISITED 


At this stage, we can argue as follows: Even in the most complicated networks (or 
their graphs), the nodes are easily spotted. All that we need, then, is to do as in 
Chapter 2: Pick one node as a reference, and write KCL at the remaining (n — 1) 
nodes. Isn't this simple and systematic enough? 

The answer, if we are honest and critical, should be, “not quite.” We don’t know 
yet why the last nth KCL equation is not needed, or whether these (n — 1) equations 
are always solvable. 

To address the first question, consider again the graph in Figure 3-3, and write 
KCL for every node (+ leaving, — entering). We get n equations, 


Node 1: —i, +i, ti, =0 
Node 2: fa + la —i,=0 (3-6) 
Node 3: i, ti, —ig =0 
Node 4: enfe 


We notice that every branch current appears exactly twice in these equations, 
once with a (+) sign, once with a (—) sign. The reason? Every branch is incident to 
precisely two nodes and is oriented from one and into the other, no more and no less. 
Therefore, any one KCL equation (say at node 3) is the negative of the sum of the 
remaining equations (here nodes 1, 2, and 4). To check, we add KCL at nodes 1, 2, and 
4, with the result 


—i, = b + l4 — 0 (3-7) 


which is, indeed, the negative of KCL at node 3. It is, of course, the same as KCL at 
node 3, because a multiplication by —1 of Equation 3-7 yields KCL at node 3. 


T Remember: i, = i,(t), i, = i,(0),..., etc. 
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Cut set 


Figure 3-8 KCL at the nth node. 


The same conclusion can be reached by physical reasoning. In Figure 3-8, we 
have enclosed in G, any (n — 1) nodes, and in G, the nth node. All the branches 
connecting G, to G, form a cut set, which yields KCL at the nth node, looking at the 
cut set from the right of the cutting plane. See Figure 3-8. On the other hand, the sum 
of the currents in the cut set, on the left of the cutting plane, is equal to the sum of all 
KCL at the (n — 1) nodes inside G,: In all branches incident to nodes inside G,, each 
current appears twice— once entering a node (for example, node b), and once leaving a 
node (node a). Such currents will add up to zero when we add the KCL equations for 
the (n — 1) nodes in G,. The only currents that will remain, then, are for branches 
which form the cut set—from node p to n, from node r to n, etc. The sum of these 
currents, therefore, is zero. However, this is not new— we reached this conclusion from 
the right side of the cutting plane. In summary, then, KCL at the nth node is 
embedded already in KCL at the previous (n — 1) nodes; it is redundant. 

We have, therefore, verified to our satisfaction that (n — 1) KCL equations, with 
(n — 1) node voltages as unknowns, are adequate for solving the network. If voltage 
sources are present, they will further reduce the number of unknowns and equations, 
as illustrated in the following example. 


EXAMPLE 3-2 
In the graph of Figure 3-3, branch a is a current source i,(t) = 10 A; branch c is a voltage source 


v(t) = 6 V; all other branches are 1-Q resistors. 


Solution. In order to write the node equations, choose node 4 as reference. With respect 
to this node, v, and v, are the only unknowns, since v4 — 6. The two node equations are 
(+ leaving, — entering) 


v1 v —v, 6-—", 


At node 1: T4—— poo 
v — 6 v,-—Dd, 
At node 2: iH de i zz 
that is, 
3v, = U5 = 
— P + 2v, — —4 
yielding 


Probs. 3-8, 
3-9 
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The reason for choosing node 4 as reference in the previous example is obvious: 
Node 3 is at +6 V with respect to this reference. Node 3 is therefore known, and we 
don't need to write a KCL equation for it. Lucky us! If we had to write this equation, 
another unknown, the current in this voltage source, would be needed. We don't know 
this current, on one hand, and we don't need that equation, on the other. It is therefore 
convenient, although not mandatory, to make such a choice of reference. In the next 
example, we learn how to deal with a more complicated situation. 


EXAMPLE 3-3 


In the same graph of Figure 3-3, let branch c be a voltage source, v, — 6 V, and branch e also a 
voltage source, v, = 12 V. All the other branches are resistors, as shown in Figure 3-9(a). 


(2) 


(a) (b) 
Figure 3-9 Example 3-3. 


Solution. Here we can choose as reference either node 4 or node 2 (but obviously not 
both!). With node 4 as reference, node voltage v, is unknown; node voltage v, is then 
(v, — 12) because there is a voltage drop of 12 V from node 1 to node 2, v, = v, — v; = 
12, and hence v, — v, — 12. Node voltage v, — 6. 

It appears that there is one unknown, v,. Let us write one KCL equation at that 
node, with + for leaving, — for entering: 


3o, — 10(6 — v,) +i, =0 


But now we have i, as another unknown! How to get rid of it? Since branch e is also 
incident to node 2, i, will have, therefore, a minus sign there. Write KCL at node 2: 


2(v, — 6) + 4v, —i, = 0 
Adding these equations, the current i, cancels (that’s the whole idea!) 
13v, + 6v, —72=0 
and since v, = v, — 12, we get 


19v, = 144 
v, = 7.58 V m 
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Let us pause and review what we learned here: 


1. 


In 


The network has n = 4 nodes, so there are n — 1 = 3 node voltages. Two of 
these are known voltages (the sources), reducing the three node voltages to 
3 — 2 = 1, one unknown, v,. 


. In writing KCL at node 1, we are forced to introduce another unknown, i,, 


the current in a voltage source. 


. This voltage source is incident at node 2, where i, will have a sign (+ or —) 


opposite to its sign at node 1. 


. Write, therefore, the auxiliary KCL equation at node 2, just to be able to add 


it to the previous KCL in order to cancel the terms +i, and — i,. 


. From the graph's point of view, these two equations are: 


lebe 
and 
igt+i, —i, =0 
Their sum is 
i, —i, tig +i, =0 
a KCL equation for the cut set a — b — d — f. This cut set leaves the branches 
e and c, the voltage sources, in the two separate parts of the graph G, and G,, 


as shown in Figure 3-9(b); consequently, their currents, i, and i,, are of no 
concern to us. 


conclusion, then: The number of node equations (KCL) for node analysis is 


(n — 1) — n,, where n, is the number of the known voltage sources. Without voltage 


sources, 
sources, 


KCL is written at every one of the (n — 1) unknown nodes. With voltage 
cut set equations are written. 


EXAMPLE 3-4 


For the network shown in Figure 3-10(a), we draw its oriented graph in Fig. 3-10(b), labeling 
nodes and branches. 


Rie 


i (f) *6A 


l 


i, (t) = 2e* A 


(a) (b) 


Figure 3-10 Example 3-4. 


Probs. 3-10, 
3-11 
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Solution. Since n = 3 and n, = 0, we need n — 1 = 2 node equations. Choose node 3 as 
reference, and write KCL (-- leaving, — entering): 


At node 1: -2v, +6 + (v, —v;)) 20 
At node 2: —(v, — v2) — 6 — 3(0 — v) -2e'' 20 
Collect terms and rearrange: 
3», — v; = —6 
—v, *40;—6—2e" 


Solve by determinants: 


d -J 
ls 26 A „LEF 
v = yy a 1.04 — 0.18207! 
Tas 
$4 
i 6—2e"| 12—6e7* 
iip seme pep mH LEGO DOSE T 
E 4 


With these node voltages known, the entire circuit is solved. For example, the voltage 
across the current source i, is: 


Ua = Ui = U5 = — 2.734 + 0.368e ' 


and so on. id 


*9-3 FUNDAMENTAL CUT SETS 


As we just realized, it is to our advantage to write cut set KCL equations when voltage 
sources are present. Again, node voltages are fairly easy to recognize by inspection, 
without too much fuss with the graph. How do we proceed in a systematic way to 
write cut set equations? Here the graph is absolutely a must—and a delight. 

Recall how we build a tree: It has a maximum number of tree branches without 
forming any loops. The voltages of the tree branches are therefore linearly 
independent; review here Problem 3-8(e). In other words, since there are no loops in 
the tree, there is no relationship such as v, + v — v, + vg = 0 among the voltages of 
the tree branches. Why? Because such a relationship is KVL for a loop— but there are 
no loops in the tree. 

As a result, we can use tree branch voltages as unknowns for cut set analysis, and 
there are precisely n — 1 tree branches (unknowns) for this purpose. This is the same 
number of unknowns as in node analysis. Here, too, some of the tree branches may be 
n, voltage sources, and they will reduce the number of unknowns to n — 1 — n,, as in 
node analysis. 
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The systematic formulation of the cut set equations is, then, as follows: 


1. Draw a proper tree of the graph. A proper tree, as distinguished from any 
other tree, must contain all the voltage sources. 

2. Identify n — 1 fundamental cut sets, each such cut set consisting of exactly one 
tree branch and some links. 

3. Write KCL for each fundamental cut set, using the tree branch voltages as 
unknowns. 


The following example illustrates this method. 


EXAMPLE 3-5 


Let us rework Example 3-3 using fundamental cut sets. 


Solution. The proper tree rnust contain the voltage sources (tree branches c and e). The 
last tree branch can be any one of those remaining, say d. This proper tree is shown in 
Figure 3-11(a) in solid lines, while the links are shown in dashed lines. 

There are n — 1 = 4 — 1 = 3 tree branch voltages v,, v,, and v,. However, v, = 6 V, 
v, = 12 V, and so we have only one unknown, v4. 

The fundamental cut set for tree branch d is d-b-f-a, as shown in Figure 3-11(b). 
Remember: A fundamental cut set (not just any old cut set) contains one tree branch and 
several links. 


(a) (b) 
Figure 3-11 Example 3-5. 


KCL for this fundamental cut set is i, — i, + i; + i, = 0 where we gave a (+) sign 
to currents entering the cutting plane from one direction and a ( — ) sign to those entering 
it from the opposite direction. In terms of branch voltages, this KCL equation reads 


2v, — 10v, + 3v, + 4, = O 
But KVL says that 
Uy + Ve + 0, = 0 S Up = —0, — v4 = — 12 — vi 
also, 
Us — Ve — Va — Ve = 0 S0 0g =6 + v+ 12 = 18 + v 
and 


v, — 0, — v= 0 <. 7,—Ó6-tU 
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As a result, the fundamental cut set equation becomes 
2v, — 10(—12 — va) + 3(18 + va) + 4(6 + v) -0 
or, finally, 
vı = —10.42 V 


With v, known, the entire circuit is solved. T 


*3-4 FUNDAMENTAL LOOPS 


Let us now consider the problem of formulating systematically loop (KVL) equations. 
Granted, with planar graphs, the loops are obvious—as are the node voltages in node 
analysis. In nonplanar graphs, the loops are not obvious. 

We proceed in a dual manner to fundamental cut sets, starting with a proper 
tree. Here we will use the link currents as unknowns, and there will be | = b — n + 1 of 
them, as we proved in Equation 3-5. Links by themselves cannot form a cut set (one or 
more tree branches are needed). Therefore, there is no relationship of the form 
i, — i, + i, — iy = 0 among link currents, because such a relationship (KCL) requires 
that these links form a cut set. Hence, link currents are linearly independent. 

As a result, link currents are valid variables to be used as unknowns in writing 
loop equations. Naturally, if there are n; current sources, they will reduce the number 
of unknowns to (l — n;). 

The systematic formulation of fundamental loop equations is then: 


1. Draw a proper tree, saving all current sources to be links. 

2. Identify l fundamental loops, each being formed by exactly one link and some 
tree branches. 

3. Write KVL for each fundamental loop, using the link currents as unknowns. 


EXAMPLE 3-6 


Again, refer to the network in Example 3-3. Let us solve it now with fundamental loops. 


Solution. A proper tree (solid lines) and the links (dotted lines) are shown 
in Figure 3-12(a). There are l = b — n + 1 = 6 — 4 + 1 = 3 unknown link currents: i,, ip, 
and i,. Their corresponding fundamental loops are shown separately in Figure 3-12(b) 
for clarity. Remember: A fundamental loop (not just any old loop) consists of one link 
which creates it, and several tree branches. 


(a) (b) 
Figure 3-12 Example 3-6. 


Probs. 3-12, 
3-13 
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KVL for the first fundamental loop is 


for the second one, 
V, + v, T 0,—0 
and, for the third one, 
D;—U,—TD, — Tv, 0 


where each loop was given, as loop current, the current of the link that creates it. In terms 
of the chosen unknowns, i,, i,, and ip, we have 


v, = ii, £y = 0.13, va = $ia = (—i, + i, — ij) v, = li, 
Also, v, — 6 V, v, — 12 V. The three fundamental loop equations become 
ii, — 6 — (i, + i, —i,) =0 
0.1i, + 12 + (5i, + i, — ij) =0 
li,  6— 4(—i, +i, — ij) — 12-0 


Or 
0.75 —0.5 0.5 i, 6 
—0.5 0.6 —0.5 i, | = |—12 
05 —0.5 0.83] | i, 18 
The solution of which yields 
i, = —17.73A 
i, = —15.67A 
ip = 22.93 A 


As a quick check, we calculate here 
v, = 1i, = 1(17.73 — 15.67 — 22.93) = —10.43 V 


in agreement (third decimal roundoff error) with the answer obtained in Example 3-5. 
a 


EXAMPLE 3-7 


Let us turn our attention to one of the complicated networks in Figure 3-1(b), with its graph. 
They are repeated here for convenience. See Figure 3-13. Specific values are assigned here to the 
sources and to the resistors, so that we can solve this network. 


Solution. A quick count, first of all: 


n=6 n, =1 
Number of node (or cut set) equations needed isn —1—75,—-6—1—124. 


Number of (fundamental or not) loop equations is 


It’s that simple and definitive! This network can be solved with four KCL equations or 
with two KVL equations. Naturally, we opt for two equations. 


3-4 FUNDAMENTAL LOOPS 65 


v(t) » 10 V 
(+ 1 2 
XX 
im 6 3 
i (022 SN 2 
l 5 4 


(2) 


(a) (b) 


Tree branches (d) 


————— Links 
Figure 3-13 Example 3-7. 


The proper tree is chosen as in Figure 3-13(c): voltage sources in it, current sources 
not in it. In Figure 3-13(d), we show separately the fundamental loops with their loop 
(link) currents. Each link current gives the fundamental loop its loop current and its 
reference. 

KVL for the fundamental loop of i, is (+ drop, — rise): 


4i, + 1(i, — 2) + 2G, 2-3) + 3(, 2-3 i) —0 
and KVL for the fundamental loop of i, is 
5i, + 3(i, —2-- 3 ij) + 10 + 6(i, — 2) = 0 


These two equations are 


10i, + 3i, = —3 
3i, + 14i, = —1 
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and their solution is 
i, = —0.298 A i, = —0.0076A 
Probs. 3-14, 
With i, and i, known, the entire network is solved. B 3-15, 3-16 


To conclude our discussion, let us consider another example, this time with 
dependent sources. We will see that the treatment is the same. 
EXAMPLE 3-8 
In the network shown in Figure 3-14(a), we are given one independent source 
i(t) 2 3A 


and one dependent source 


v(t) = 2i (t) 


(d) 
Figure 3-14 Example 3-8. 
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Solution. Let us solve the network twice—by node equations, and by loop equations. 
(Such duplication is not needed, of course, in real life. We are doing it here for practice.) A 
proper tree, including the voltage source but not the current source, is shown in Figure 
3-14(b), together with the co-tree. 

The number of node equations needed is 


n—1—n,24—1—1-22 


Use node “0” as reference; then v, at node 2 and v, at node 3 are the unknowns. We 
know that 


v(t) = v(t) = 2i, (t) = 2v, 


KCL at node 2 reads (+ leaving, — entering) 


and at node 3, we write 


v2 
—+3=0 
2t 
20, 7 
gris 
Da = —6V 
v, = —1.71 V 


The number of unknown loop currents needed is 
b—n+1—n,=6—4+1-1=2 


The three fundamental loops are shown in Figure 3-14(c), i; = 3, and the two unknowns 
are i, and ij. Write KVL for each of these two loops (+ drop, — rise): 


li, — 2i, + 2(i, + 3) 0 
But i, = i,, and therefore the two equations become 


i, 4-620 
ij- —66A  i,-0428A 


To verify our answers, we calculate 


—6 V 
—1.71 V 


U3 = li, 


as before. 
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Do we have to be so "fancy," with proper trees, links, etc.? Not at all! The simple 
topological count can be done directly in the given circuit diagram, Figure 3-14(a), as 
follows: 


number of branches — 6 


n — number of nodes — 4 
n, — number of voltage sources — 1 
n; = number of current sources = 1 


Therefore, the number of node equations needed is 
n—i—n,-4—1—1-2 
and the number of loop equations needed is 
l—njib—(n—1)—n;j26—3—1z2 


For node analysis, the unknown node voltages v, and v, are chosen as before, 
Figure 3-14(b) since v, = 2v;. The two node equations are written as before. 
(Remember: We don't know the current through the voltage source—and we don't need 
KCL at node 1!) 

For loop analysis, since the network is planar, the three mesh currents i,, i,, and i, 
are shown in Figure 3-14(d). Again, the graph is not needed and we can draw them 
directly in Figure 3-14(a). Of these three, two are linearly dependent, since the current 
source is 


3 =i, -i, 
The two needed loop equations are written around any two loops which do not include 


the current source. (Remember: We don’t know the voltage across the current 
source—and we don’t need KVL around loop x or y!) Here, around loop z we write 


2l, + 4G, — 15) + 3, — i) =0 
Substitute for the controller i, 
i, = —i, = —3 -i, 
to get the first loop equation 
— 9i, + Ti, = 18 
The second loop equation is written around the outside loop 
—2i, + li, + 2i, =0 
or 
2i, —-3 —i, =0 
as the second loop equation, yielding immediately the answer 
i, =3 
Then 
i, = 6 i, = 6.43 
To check, we have here 
v, = l(—i,) = —6 
v3 = Ai, — i) = —1.71 d 


Probs. 3-17, 
3-18, 3-19, 3-20 
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As a final remark, let us mention that for a nonplanar network, node analysis 
follows the same steps as always. Loop analysis, however, requires fundamental loops, 
not just any loops, in order to guarantee the proper equations and the correct 
solution. 

In all cases, the first consideration must be economical: How many node 
equations (n — 1 — n,) versus how many loop equations (b — n + 1 — n;). The lesser 
set is to be chosen for the given network, formulated, and solved. A quick example will 
illustrate this important point again. 


EXAMPLE 3-9 
In the network shown in Figure 3-15, we count 


As a result, we need 6 — 4 + 1 = 3 loop equations, with the three “obvious” meshes. How many 
node equations? The answer is 4 — 1 — 3 — 0, no node equations at all! Surprised? Look 
again: The voltages of all three nodes with respect to a reference node are known; therefore, 
there is no need to solve any equations. The network is solved. 

(Equally surprising is the number of people who will rush in to write the three loop 
equations.) 


v, (1) 


Figure 3-15 Example 3-9. m 


PROBLEMS 


3-1 Draw the oriented graph and one of its isomorphic graphs for each network shown in the 
figure. Is each graph planar? Nonplanar? 


(a) (b) 
Problem 3-1 


70 
3-2 


3-3 


3-4 


3-7 


3-8 


3-9 


3-10 
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In some applications, we must count the total number of branches b in a graph. Devise a 
systematic, foolproof method for it. Note: Marking off each branch with a pencil while 
counting is not foolproof, especially in complicated graphs as shown in the figure. Hint: 
Every branch is incident to exactly two nodes. Illustrate your method for the graph shown. 


Problem 3-2 


Enumerate all the loops in Figure 3-2(c) and (d). 


Given that the graph in Figure 3-3 has a total of 16 trees, enumerate and draw them. Three 
are shown in Figure 3-5. 


Prove that the number of branches in a path is one less than the number of nodes. Hint: 
Follow the definition of a path. Prove heuristically. 


Prove Equation 3-3, relating the number of branches and nodes. Hint: Follow the 
construction of a tree. Prove heuristically or by mathematical induction. 


Compare the properties of a tree with those of the co-tree. In particular: (1) Must a co-tree 
be a connected subgraph? (2) Must it contain all the original nodes? (3) Must it not 
contain closed loops? Give examples and counterexamples. 


(a) Rewrite KCL for all the nodes, Equation 3-6, in matrix form as 
Ad, = 0 


where A, is of order (n x b)—a row for every node, a column for every branch — and is 
called the incidence matrix for the oriented graph. The matrix i, is the column matrix, 
of order (b x 1), of the branch currents. 

(b) What is typical of every column of A,? Explain why. 

(c) As a consequence of (b), what happens if you add any n — 1 rows to the nth row? 

(d) As a consequence of (b), can we delete any one row from A, without loss of 
information? How can we restore that row, if needed later? 

(e) In mathematical terms, we say that the KCL equation at the nth node is linearly 
dependent on the other n — 1 equations. Linear dependence means that such an 
equation is the sum, with some constant nonzero multipliers, of the other equations. 


With an example of your choice, explain why we cannot delete two rows from A,. What is 
the sum of the n — 2 rows? Draw a graph for your example to illustrate your answers. 


For the network shown: 

(a) Draw its oriented graph. How many node equations are needed? 
(b) Choose the unknown node voltages. 

(c) Write and solve the node equations. 

(d) From (c), calculate the current in the 1-O resistor. 
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4 0 v(t)=10V 
i(t) * 3A 


(Q2) Problem 3-10 


3-11 Repeat Problem 3-10 for the network shown. 


W È "(76V 


l 1 v(t) = 2e™ V 
i(f) - 1A 


Problem 3-11 


3-12 Solve Example 3-4 in the text by using fundamental cut sets. In drawing the proper tree, 
make sure that the current sources are links (and not tree branches). Why is this choice 
important? 

3-13 Solve Problem 3-11 by using fundamental cut sets. See the note in Problem 3-12 about 
making a current source a link. 


3-14 Consider the graph shown, with its tree (solid lines) and co-tree (dotted lines). 
(a) Draw separately the / fundamental loops. 
(b) For each fundamental loop, write KVL using branch voltages (v,, v;, .. . , Uy). 
(c) Rewrite these / equations in matrix form as 


B,v, = 0 


a 
EN 
o 


Problem 3-14 
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where B, is of order (l x b)—a row for every fundamental loop, a column for every 
branch — and is called the fundamental loop matrix for this graph. The matrix v, is the 
column matrix of the branch voltages. Note: In parts (b) and (c), write the entries in 
alphabetical order; i.e., matrix v, is 


(d) What is typical of the left (/ x I) submatrix in B,? Explain. 


3-15 In the graph of Problem 3-14, let branch c be a current source, i, — 10 A, and all the other 
branches resistors, 1 Q each. Set up and solve the fundamental loop equations. 


3-16 Repeat Problem 3-15, with one change: Branch d is a dependent current source, i, = 4i,. 
Remember: In the proper tree, current sources are links. 


3-17 For the network shown: 
(a) How many node equations are needed? 
(b) How many loop equations are needed? 
(c) Choose between (a) and (b), and write these equations. 
(d) Solve (c), then calculate i,. 


t3l- 


v(t) -3 V e? OLORES 


(22) 
Problem 3-17 


3-18 Repeat Problem 3-17 for the network shown. 


(22) 
Problem 3-18 
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3-19 Repeat Problem 3-17 for the network shown. 


4 


(*)wn-6v 


(Q2) Problem 3-19 


3-20 Use the fastest method of analysis (except copying!) to calculate the power of the current 
source i,. Is this source delivering or receiving power? 


1 


Tusi 


1 1 
2 3 
(2) 


Problem 3-20 


Chapter 4 


Some Basic Resistive Circuits 


4-1 SERIES CONNECTION 


In many circuits, there are several ways to simplify our calculations and to take 
shortcuts (provided, of course, that we do so carefully). The first one is the series 
connection. 

Elements (in particular, resistors) are connected in series if the same current flows 
through them. In Figure 4-1(a) we see a series connection of n resistors and a voltage 
source. Kirchhoff's current law (KCL) at each node verifies that 


i(t) = i, (t) = it) =--- = it) (4-1) 


and, therefore, all the elements are connected in series. 
On the other hand, Kirchhoff's voltage law (KVL) around the loop reads 


v(t) = v,(t) + v(t) + --- + v,(t) (4-2) 
Since we have Ohm's law for each resistor 
v(t) = R,i,(t) (4-3) 
we substitute it into Equation 4-2 and use Equation 4-1: 


v(t) = R,i(t) + Rit) + --- + R,i(t) 
=(R, +R, +e t+ RIO (4-4) 


This equation can be written as 


v(t) = R,,i(t) (4-5) 


74 
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CONI NCL 


v] 
ty 
——— 


v(t) 


v(t) ai | i(t) Rej 


(b) 
Figure 4-1 Series connection. 


where the equivalent resistor 


Rea = Ri +R +- +R,= ÈR, (4-6) 


represents the equivalent resistance “seen” to the right of nodes 1 and 2. Therefore, the 
voltage source will have the same current i(t) in the circuit of Figure 4-1(a) or (b). 

In other words, we say: Resistors in series add up to give the equivalent total 
resistor. 


4-2 PARALLEL CONNECTION 


In a dual way to a series connection, we define a parallel connection of elements when 
they all have the same voltage across them. Figure 4-2(a) shows a parallel connection 
of n resistors, each one denoted by its conductance (G = 1/R), and a current source 


i(t). 


+ v(t) T v(t) 
i(t) Coq 


f 


(b) 


Figure 4-2 Parallel connection. 
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KCL at node 1 yields 


i(t) = i,(t) + i (t) +--+ + i) (4-7) 
Since Ohm's law for each resistor is 
i(t) = G,v,(t) (4-8) 


we have 


i(t) = G,v(t) + Gault) + --- + G, v(t) 
= (Gi + G, t: + Gt) (4-9) 


This equation can be written as 
i(t) = G,, v(t) (4-10) 


where the equivalent conductance 
G,,=G,+G,+---+G,= YG, (4-11) 
p=1 


represents the total conductance “seen” to the right of nodes 1 and 2 in either circuit 
of Figure 4-2(a) or (b). In other words, then, conductances in parallel add up to give 
the equivalent total conductance. 

It is a common practice to use a shorthand notation for a parallel connection. 
For example, if R, is in parallel with R,, we write R,||R,. The actual calculation is 
done, of course, with Equation 4-11. 

Successive applications of series and parallel connections can simplify circuit 
analysis. This is illustrated in the following examples. 


EXAMPLE 4-1 


Let us calculate the current in the voltage source, and all the currents and voltages in the circuit 
shown in Figure 4-3(a). 


Solution. We do the calculations successively, with the appropriate nodes labeled for 
easy identification. The three resistors between nodes 4 and 2 are in parallel; so 10||5||4 


yield 
Gei = b +$ +4 = 0550 
and 
R -€—Xá 
u^ Gar Uo 


as shown in Figure 4-3(b). Next, the 2-2 resistor is in series with 1.82 Q, and so 
R.g2 = 1.82 + 2 = 3.82 Q 


shown in Figure 4-3(c). Here, there are now three resistors in parallel between nodes 3 
and 2, and so (3.82)||(3)||(6) yields 


4-2 PARALLEL CONNECTION 


1 l 3 2 4 


v) - 10v(*) 3 4 10 


6 44 | É 
(2) 
2 
o Ji F 
(22) 
2 
10 1.313 
(2) 
2 


(d) 


(2) 


N 


Figure 4-3 Example 4-1. 


and 


1 


R.a3 = 0.762 — 1.313 Q 


Finally, in Figure 4-2(d), the two resistors are in series, so 


Rega = 1 + 13132 23130 


and consequently 


l 10 
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These calculations can be done quickly and effectively on your calculator. Symbolically, 
all these calculations may be summarized as 


([(10/5]|4) + 271316} + 1 = 2.313 Q 


To find the individual currents and voltages, we work “backwards,” from Figure 
4-3(d) to (c), to (b), and to (a): 
In Figure 4-3(d) we have 
via = (1)(4.324) = 4.324 V 
U45 — (1.313)(4.324) — 5.676 V 


with this v45, we calculate in Figure 4-3(c) the currents in the 3.82-Q, 3-O, and 6-Q 
resistors, respectively, 


i 5.676 
| 5616 
| 5616 


Moving, then, to Figure 4-3(b) we have 


v4, = (1.486)(1.82) = 2.7 V 
v44 = (1.486)(2) = 2.972 V 


Finally, in Figure 4-3(a) 


| 27 


27 


5 
, aod 
The individual powers in the resistors are (p = i?R): 
p, = (4.3241 = 187 W pa = (0.6754 = 1.82 W 
pg = (0.946)76 = 5.37 W ps = (0.54?5 = 1.46 W 


pz = (1.892)?3 = 10.74W pig = (027710 = 0.73 W 
p, = (1.486)?2 = 4.42 W 


The total power in the resistors is 43.24 W. The power of voltage source is (p = vi): 
p, = —(10)(4.324) = — 43.24 W 


delivered to all the resistors. ET 


EXAMPLE 4-2 


The network shown in Figure 4-4 is a common one, known as a ladder network because of its 
shape. To find its equivalent resistance R., we start, again, at the right. The resistor R, is in 
series with G, (and everything in dotted lines), therefore 


Raw = R Pa 
bi Gg +: 
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The resistor G, is in parallel with R,,, therefore 


Gy = Gg T Gs a Gg T 


1 
R, + 
7” G+ 
Again, R, is in series with R,,, so 
1 
Ra - R; + Row = R; - 1 
Gs + 
R- + 
T G+ 
Continuing in this fashion we obtain 
1 
Ra E R; T 1 
G, + 
R, + 1 
G, + —— 
4 R+. 


This expression is known as a continued fraction. Again, with numerical values for the R’s and 
G's, it is easily calculated. 


Probs. 4-1, 
Figure 4-4 Example 4-2. B 4-2, 4-3, 4-4 


What if there are no series or parallel connections? To find the equivalent 
resistance (or conductance) then, we fall back on the basic methods, loop or node 
analysis. This is illustrated in the next two examples. 


EXAMPLE 4-3 


Calculate R,, at nodes 1-2 as shown in Figure 4-5. We recognize this network as a bridged 
ladder (the 5-Q resistor bridges across the ladder), and no simple series or parallel combinations 
exist. 


(2) 


Figure 4-5 Example 4-3. 
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Solution. To rephrase our problem, we are looking for a single resistor which, when 
connected to an arbitrary current source i,(t), shown in dotted lines, will have the same 
voltage v,(t) as the original network. Let us, therefore, calculate this v,(t). 

Loop analysis is called for: two unknown loop currents, i, and i4, as shown. (Node 
analysis requires three unknowns.) The two loop equations are 


, 9i; — 4i = 2i, 

—4i, + 10i, = i, 
Their solution is 

in = 34 ix i, = 34 ix 
Therefore 
v(t) = 1(i, — i4) + 2(i, — i;) = 2.122i, 

and finally 

Ra 27-2120 al 


x 


Obviously, we could have connected, instead of i,(t), a test voltage source v,(t), 
and solved for the resulting current i,(t). The main point is to realize the equivalence 
between the two circuits at nodes 1-2. This is emphasized in Figure 4-6. A second very 
important point to stress is also shown in the figure: The complicated network may 
contain resistors and dependent sources, but independent sources are not allowed. 
A little thought will make this restriction clear. Independent sources are (as their 
name implies) arbitrary. An independent voltage source, for example, may be 6 V, 
—10 sin 200t V, etc. It has no relationship to the resistors in that network. On the 
other hand, we are looking for an equivalent resistance which characterizes the 


porem Complicated Í 
FT 4 4 resistive network, + 
be 4 | v Rea— Dou ^x i * Reg 
4^ independent 
t 


sources 


J acci Complicated 
rx * resistive network, 
Vet ) R eg—> without 
=y independent 


Sources 


(b) 
Figure 4-6 Equivalent resistance. 
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network and which depends very much on the values of those resistors. Consequently, 
we exclude independent sources. 

Dependent sources, as expected, are related to the values of currents or voltages 
of resistors in that network, and, therefore, to the values of these resistors. We allow, 
then, dependent sources. 


EXAMPLE 4-4 


Calculate R,, at nodes 1-2 of the network shown in Figure 4-7, where a current-dependent 
current source is included with o, a constant, given. 


iq (1 + à)i, 


($2) 
Figure 4-7 Example 4-4. 


Solution. Even though this dependent source is in parallel with the 2-Q resistor, we 
don't know how to treat this combination. We must resort, therefore, to the general 
approach with a test current source i, (= i, here). A simple calculation (KCL) shows that 
the current through the 2-Q resistor is (1 + «)i,. Then KVL around the outer loop yields 
—v, + 3i, + 211+ a)i, — 0 
Or 
v, = (5 + 2a)i, 


and 
Probs. 4-5, 


Req = (5 + 2a) Q ud 4-6, 4-7, 4-8 


4-3 VOLTAGE DIVIDER AND CURRENT DIVIDER 


Consider, again, the series connection of n resistors, as shown in Figure 4-8, and the 
voltage v(t) across the entire series. We are interested in the voltage v(t) across a 
single resistor R,. Because of the series connection, we have 


v(t) 
"Pia i x M 4-12 
ak ae oe rears ad 
i(t) F hk: 
R; R, R; R, 


Tena 


Figure 4-8 Voltage divider. 
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Figure 4-9 Current divider. 


and across R, 


v,(t) = Ryi(t) = R,i(t) (4-13) 
Combining these two equations, we get 


R, 
j=————_—__*____# 4-14 
o) R, +R, +0 4R, O mm) 


This relation is the voltage divider equation. In words, we say that the voltage across 
one of several resistors in series is a fraction of the total voltage; that fraction is the 
ratio of that resistor to the total resistance. 

In a dual fashion, consider the parallel connection shown in Figure 4-9, with a 
total current i(t). To find an individual current i,(t), we write 


o i(t) 
icia Gi+G +- +G, an 


and the current through G, is 


i(t) = G,v,(t) = G, v(t) (4-16) 
that is, 


G; 


LII) e ———————————————— Nt 
MUT GG eG, 


(4-17) 


This is the current divider equation, stating that the current through one of several 
conductances in parallel is a fraction of the total current, the fraction being the ratio of 
that conductance to the total conductance. 


EXAMPLE 4-5 
Let us rework parts of Example 4-1 by using voltage and current dividers. 


Solution. Specifically, in Figure 4-3(d), we have a voltage divider 


1313 


pee NUNT i | = A 
"si Ta ] 9 64076 Y 
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In Figure 4-3(c), we use current division 


3.8 
l3 82 Q = Ar S i3 (4.324) = 1.486 A 
6.3582 
1 
. 3 
is a= J 4-324) = 1.892 A 
613 382 


(4.324) = 0.946 A 


and in Figure 4-3(b) a voltage divider 
is Ft 


4-4 THE DELTA-WYE EQUIVALENCE 


There are two connections of resistors which are fairly common, particularly in 
electric power systems. Shown in Figure 4-10, they are called “delta” (A) and “wye” 
(Y). Other names are “pi” (II) for “delta” and “T” or "star" for “wye.” 

We define the equivalence between the A and the Y with respect to every two of 
the three outside nodes. Specifically, the resistance between nodes 1-2, 2-3, and 1-3 
must be the same for both configurations. Therefore we have, between nodes 1-2, 


R,I(R, + R.) = Ry + R3 (4-18) 


and between nodes 2-3, 


R,||(Ra + Ry) = Ry + R3 (4-19) 


(a) (b) 


Figure 4-10 A and Y connections. 


Probs. 4-9, 


(5.676) = 2.972 V M 4-10, 4-11 
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and between nodes 1-3, 
R,||(R, + R.) = R2 + R3 (4-20) 


These three equations can be solved for R,, R}, and R, when R,, R,, and R, are given 
or, vice versa, for R,, R,, and R, if Ra, Rp, and R, are given. The results are 


R,R 
Ratin 4-21 
* BR, +R, +R, lee 
R R 
R. = ae 4-22 
5 da ERA UR) 
R,R, 
s __ 4-23 
oR, +R, +R, inns 
Alternately, 
a R, 
RR -ARR 4RR 
Ry = TULLIA (4-25) 
2 
R= R,R, + R,R3 + R;R, (4-26) 
€ R, 


There are several mnemonic phrases that you can devise for these; for example, for 
Equations 4-21 to 4-23 use “the product of the two adjacent resistors divided by the 
sum,” etc. In practice, it is better to use the actual given values, set up the equations of 
equivalence (Equations 4-18, 4-19, and 4-20), and solve them. 


EXAMPLE 4-6 


Let us rework Example 4-3 using the A-Y equivalence. 


Solution. Refer to Figure 4-11(a), where we show the equivalent A in dotted lines. Using 
Equations 4-24 to 4-26, we calculate 


r. = PO) + (D) + OO 


a 4 = 3.5 Q 
R, = (1)(2) + ee +H _ 70 
R= (1)(2) + m + (24) _ 140 


The equivalent network is drawn in Figure 4-11(b), and we have 


Reg = 3.5|[L5]]7) + 14113) 


Probs. 4-11, 
4-12 
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Le., 
R= ae Ce 2.122 Q 


eq 1 
T 1 


a 7s. m° 
as before. 
Alternately, we could convert the delta (2 Q, 3 Q, 4 Q) into a Y, as shown in Figure 
4-11(c). Using Equations 4-21 to 4-23 we get 


QU 
R, ETTET te d 
(4)(3) 
(2)(3) 
Ramz aaa MNA 


The resulting circuit is shown in Figure 4-11(d), where 


Rea = 0.667 + [(1 + 0.889)|(5 + 1.333)] 


i.e., 
1 
Req = 0.667 + ——— = 21220 
1889 ' 6333 
5 5 
3 Req = 3 
Req — 
(b) 


(c) (2) (d) 
Figure 4-11 Example 4-6. let 


Probs. 4-13, 
4-14, 4-15, 
4-16, 4-17 
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4-5 THE OPERATIONAL AMPLIFIER 


The operational amplifier (op amp, for short) is a very important and versatile circuit 
element. It is essentially a dependent source, and has earned itself a central place in 
many applications of electronic circuits. The adjective "operational" refers to the 
several mathematical operations (e.g., addition, multiplication, integration) that can 
be done with the help of op amp circuits. We will study them in this chapter and also 
later. Modern integrated circuit techniques provide us with cheap (less than 50 cents), 
reliable, and accurate op amps. In our study, we will concentrate on the fundamental 
operation, models, and circuit applications of op amps. The internal (actual) structure 
of op amps is not needed in order to understand and analyze their circuits. In this 
sense, then, we'll be doing the same thing as with resistors and sources: study, analyze, 
and apply the appropriate models. 

The symbol of an op amp is shown in Figure 4-12(a). The op amp is a 
multiterminal device (unlike, say, a resistor, which has only two terminals). The two 
input terminals are labeled and called inverting and noninverting terminals, as shown. 
The reason for these names will become obvious soon. The output terminal is at the 
apex of the triangle. The two terminals marked with + V and — V are for the power 
supply to the op amp. 

The circuit model of the op amp is shown in Figure 4-12(b). The relevant 
voltages are measured and referenced with respect to a common reference as v,, Vv», and 
v,, respectively. The two input currents and the output current are also shown, i,, i5, 
and i,. 

The op amp is a voltage-dependent voltage source and, as such, is shown in 
Figure 4-13(a). Here the input resistance R; is very high (typically 10? Q), the output 
resistance is low (R, z 10 Q), and A, the open-loop gain, very high (A ~ 10°). The 


+V 
Noninverting 
terminal 
Output 
terminal 
Inverting 
terminal 
-V 


(a) 


(b) 
Figure 4-12 Op amp. 
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TEL (a) ZZ 


Region of 
positive saturation 


Linear region 


Slope = A 


(v, a v3) mV 


Region of 
negative saturation 


(b) 
Figure 4-13 The op amp as a dependent source. 


voltage source depends on the difference (v, — v5) of the input voltages; thus, of the op 
amp is a voltage-dependent voltage source. 

In Figure 4-13(b) we see the output-input characteristic curve of the op amp. 
Over the linear region, v, is linearly proportional to (v, — v;) 


v, = A(t, — v2) (4-27) 


until saturation is reached. Typical values in this region are V,,,, = 15 V, and so 
(v, — v2) is typically a few millivolts (1 mV = 10^? V). This explains the term 
“amplifier”: The input voltage, a few millivolts, is amplified to several volts at the 
output. In the saturation regions, the output of the op amp remains + V,,,, or — V,,,. 
In almost all applications, and in our studies here, we will assume that the op amp 
remains in the linear (nonsaturated) region and therefore is in the same category—a 
linear element— as a resistor. 
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ZEE ZZ Figure 4-14 Ideal op amp. 


An ideal model of an op amp, suitable for our calculations, is defined by the 
following relations: 


R; — oo (4-28) 
R, 0 (4-29) 
Á — oo (4-30) 
v —v,=0 (4-31) 
i, =i, =0 (4-32) 


Note that Equation 4-28 implies Equation 4-32, while Equations 4-30 and 4-31 imply 
a finite, nonzero v,. See Figure 4-14. We are ready now to analyze our first op amp 
circuit. 


EXAMPLE 4-7 


(a) Calculate the output voltage v, in the circuit shown in Figure 4-15, with v, = 0, 
v, = 0.5 V. (b) Repeat, with v, = 1.5 V, v, = 0.5 V. 


200 k 


Figure 4-15 Example 4-7. 


Solution. (a) Since v, = 0, we have v, = 0 (the noninverting terminal is grounded). Since 
v, = v; by Equation 4-31, we have here v, = 0. As a result 


. t€—v, 05-0 1 
i, = ——— 4 = a = ee MA 
3x10* 3x10^ 60 
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The current in the 200-kQ resistor, as shown, is 


ZO ues TA 
lo2 75 X105 200 


(as usual, the double subscript 02 indicates “from the output node 0 to node 2"). 
Apply KCL now at the inverting node 2, and remember that i, = 0, as in Equation 


4-32. We get 
i, + i92; — 0 
Or 
1 v 
e^ 107? + 508 x 107* 20 
ie., 
v, = —3.33 V 


(b) Using the same steps, we get here 


0,2 0,—0,—15V v, = 05 V 


, 05-15 — 1 a > į 5 -15 
—30x10 30 LES. kam 


Since i, + ip, = 0 
1 U,— 
30 200 
5,228.17 V 


> dg 


Note, for the moment in this example, that v, is positive in one case and negative in the 
other, and also that amplification occurs in both cases. Also, the value of A (— oo) does 
not enter into the calculations. z 


Before we discuss several basic op amp circuits, let us make some general 
observations that will apply in all cases: 


1. Even though topological considerations (Chapter 3) can be applied to the op 
amp, we won't do so, for the next reasons. 

2. The equations of the op amp itself are very simple. They are essentially 
Equations 4-31 and 4-32, repeated here: 


D, = fia (4-31) 
and 
n =i, =D (4-32) 


for the two input terminals. 
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3. The circuit that includes the op amp will dictate the other equations. These 
will invariably be some, or all, of: 
(a) KCL at the noninverting terminal 
(b) KCL at the inverting terminal 


(c) Ohm's law for one or more resistors between input and output 


(d) KVL in the input loop 
(e KVL in the output loop 


That's all, and it's that simple! Let us study now some standard op amp circuits. 


EXAMPLE 4-8 


The so-called inverting amplifier circuit is shown in Figure 4-16(a). The input voltage v; is 
connected through a series resistor R,, and there is a feedback resistor R , from the output to the 


input. 


Solution. 


and 


But 


As in the previous example, we have here 


v; — U2 


v, =v, =0 (datum) 


KCL at the inverting terminal yields 


that is, 


Therefore, 


Ui Vo 0 
R, Ry 
R 
J 

v = — —U 

0 R L 


(4-33) 


The closed-loop voltage gain is defined as (v,/v;), and is here the finite ratio ( — R ,/R,). It is 


not the same as the open-loop gain (= A) in the absence of the feedback resistor. 


We can control the value of the closed-loop gain by properly choosing R, and R,. 
The output voltage v, here has a negative polarity with respect to the input voltage v;, 
hence the name inverting amplifier. The mathematical operation performed here is 
multiplication (sometimes called scaling) of v; to get v,. 
A shorthand symbol for this amplifier is shown in Figure 4-16(b), where K — 


R,/R, and v, = — Kv;,. 
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(b) 


(a) 
Figure 4-16  Inverting amplifier. B Prob. 4-18 


EXAMPLE 4-9 


Analyze the following op amp circuit, known as a noninverting amplifier. See Figure 4-17(a). 


Solution. Here we have i, = i, = 0. Consequently 


In the output, we have a voltage divider (since i, = 0) 


R, 


v, = — —— — 0 


But in the op amp 


: Figure 4-17  Noninverting amplifier. 
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Therefore 


R, 
v; = ——— —— v, 
R,+R, 


or 


a aa [E (4-34 
Vo i R, V; 2 R, Vv; T ) 
with a closed-loop gain of 1 --(R,/R;) Again, we can choose values of R, 
and R, to vary this gain. Here the polarity of v, is the same as v;, and the amplifier is 
noninverting. The shorthand symbol for this amplifier is shown in Figure 4-17(b), with 
K = (R; + R,)/R, and Uo = Kv;. 
If we choose R, = 0, we obtain 


and R, is of no consequence. Such a circuit is called a voltage follower, the output voltage 
being equal to the input, and is shown in Figure 4-17(c). Why do we need such an 
elaborate circuit if all we get is a voltage that is equal to itself? There is a very good 
reason: In many cases, we want to isolate electrically one part of a circuit without 
affecting voltages. An op amp has a very high input resistance (R; — oo) and draws no 
input current (i, = i, = 0); this circuit, therefore, provides a good isolation, a buffer, 
between an input and an output. E 


EXAMPLE 4-10 


Analyze the op amp circuit in Figure 4-18. 


A 


Figure 4-18 Adder (summer) circuit. 


Solution. Applying KCL to the inverting terminal, we have 


"hu Rh cud MIA 


i.e., 


Probs. 4-19, 
4-20, 4-26 
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But v, = v, = 0, and therefore 


R R R 
m eren (4-35) 


This circuit, then, performs the operation of addition of several inputs; each input may be 
scaled by a factor R ,/R,. In hi-fi circuits, such an adder may be used to mix (combine) 
several signals from several sources into one output. 

Another interesting feature here is as follows: With each individual input alone, 
say, v, # 0, v, = 0,..., v, = 0, the circuit is an inverting amplifier obeying Equation 4-33. Probs. 4-21, 
For several inputs, v, 4 0, v, 4 0,..., v, 4 0, the total output is the sum of their individual ^ 4-22, 4-23, 
outputs, Equation 4-35. B 4-24, 4-25 
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4-1 Calculate the equivalent resistance of each network shown. 


3 
9 
6 1/4 
E "4 E 


(a) (82) (b) 


n|—= 


N 
rele 


Problem 4-1 


4-2 (a) Prove that the equivalent resistance of two resistors in parallel is 


R,R, 
a R +R 


leading to the familiar rule, “product over sum.” Prove quickly, without any algebra, 
that the same rule is not true for three (or more) resistors, 


R RiR 
| RU. essit iaa M 
Ri Rat Rs 
(b) Prove the following geometrical construction to find R,, for two resistors in parallel: 
Draw, to a proper scale, AB = R,, as shown. Draw CD = R,, parallel to AB. Connect 
B to C and D to A with straight lines. They intersect at P. Draw PQ parallel to AB. 
The length PQ is R,, on the same scale. 


4-3 


4-4 
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B 
D 
R; P 
R3 
A Q C 


Problem 4-2 


Calculate the equivalent resistance of the ladder network shown. 


n|—= 


eq— p 


(Q) 
Problem 4-3 


Calculate the equivalent resistance (R) of an infinite ladder network made up of 1-Q 
resistors. Hint: Add two more resistors, as shown. What is then the equivalent resistance 
at b — b? 


(Q) 
Problem 4-4 
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4-5 


4-6 


4-7 


4-8 


Calculate the equivalent conductance G,, at nodes 1-2 of the network shown. 


l 


($2) 
2 


Problem 4-5 


Repeat Problem 4-5 for the network shown; specifically here, your answer should be the 
same no matter what R, is! See also Problem 2-21. 


2 


($2) 


Problem 4-6 


A certain circuit (using transistors) is modeled as shown. Here « and f are given constants. 
Find the equivalent resistance at nodes 1-2. 


2 
Problem 4-7 
What is the equivalent resistance at nodes 1-2? What is it when « = —2? 
i 
l 
ai, R, 
2 


Problem 4-8 
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4-10 


4-11 
4-12 


4-13 
4-14 
4-15 
4-16 
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(a) In the network shown, what is the voltage v,,? 


(b) If we connect a resistor R,, = 5 Q across a-b, calculate the current in this resistor. 
Explain carefully why this current is not equal to v,, of part (a) divided by R = 5 Q. 


10 


v(t) 30V dab a 


b (RQ) 
Problem 4-9 


In the figure we show a proposed method for measuring unknown constant voltages. The 
voltage source V, causes a current I, (which is adjustable by means of the variable resistor 
R,). Let us assume I, = 40 mA. The resistor AC is a uniform wire resistor R,, of total 
length / mm. The galvanometer G is a sensitive current-measuring instrument. The 
unknown dc voltage is connected to DE, and the sliding contact S is adjusted until G 
shows zero deflection (zero current). Calculate the unknown voltage vp, in terms of the 
resistance of the portion SC. Discuss also the ranges of unknown voltages that can be 
measured by using different values of I, (changing R,). 


voltage 


yA 


Problem 4-10 


Verify, in full detail, the results given in Equations 4-21 through 4-26. 


Rewrite Equations 4-24 to 4-26 using conductances. The results should resemble 
Equations 4-21 to 4-23. 


Rework Problem 4-3 using the A-Y equivalence. 
Rework Problem 4-5 using the A-Y equivalence. 
Rework Problem 4-6 using the A-Y equivalence. 


A dc ammeter is a measuring instrument for dc current. It consists of a moving coil to 
which a needle is attached. The deflection of the needle is directly proportional to the 
current flowing in the coil. This coil is rated by its current and voltage (for example, 10 mA 
and 100 mV). At this current rating, the needle is deflected to its full scale, and then the 
voltage drop across the coil is the rated one. In order to allow different ranges of currents 
to be measured in excess of the current rating of the coil, a resistor is connected in parallel 
(“shunt”) with the coil by means of a selector switch, S. In the figure, R} is shunted across 
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the coil. For our given example (10 mA, 100 mV), calculate the values of R,, Ra, R4, R4 in 
order to be able to measure (full-scale reading) J = 100 mA, 1 A, 10 A, 20 A. 


Moving coil 
and needle 


Problem 4-16 


4-17 A dc voltmeter uses the same moving coil as the ammeter (Problem 4-16), but here a series 
resistor is connected in order to vary the range of voltages. Again, for the coil rated at 
10 mA, 100 mV, calculate R,, R;, R4, and R, in order to measure (full scale) 1 V, 5 V, 
10 V, and 100 V. 


R, 


l R, 


R4 


| 

| 

| 

| 

| 
Voltmeter y | 7 Moving coil 
leads | and needle 

| 

| 

| 

| 

| 

l 


Problem 4-17 


4-18 Derive the equation of an inverting amplifier (Equation 4-33) by using the op amp model 
of Figure 4-13(a) and appropriate limiting values (R, > 0, A > ©, etc.). 

4-19 Derive the equation of a noninverting amplifier (Equation 4-34) by using the op amp 
model of Figure 4-13(a) with appropriate limiting values. 

4-20 In the circuit shown, what is the output voltage v, without the load resistor R}? With the 
load resistor R,? Use a buffer amplifier (voltage follower) to connect R, without affecting 
v 


0* 
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Problem 4-20 


4-21 The circuit shown is proposed as an ohmmeter to measure unknown resistors R,. The 
voltmeter's reading Vis recorded. Find the value of R, in terms of V. (Important: Notice 
the positive terminal of the voltmeter.) 


Problem 4-21 


4-22 In the op amp circuit shown, calculate v, in terms of the input voltages v, and v,. 


Problem 4-22 


4-23 Analyze the op amp circuit shown to find the gain v,/v,. Is it an inverting or a noninverting 
amplifier? 
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Problem 4-23 


4-24 The circuit shown is proposed as a converter from a voltage source to a current source. 
Analyze it to verify this proposition. Here is, then, a “real-life” current source. 


-———— 


Problem 4-24 


4-25 Analyze and calculate the gain in the following op amp circuit. 


(£2) 


Problem 4-25 
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4-26 Find i, in the op amp circuit shown. 


(£2) 


Problem 4-26 


Chapter 5 


Network Theorems and Techniques 


In this chapter we will study several theorems that are quite general. Their 
applications will include resistive networks first, and, in later chapters, networks with 
additional elements. Also, we will study more techniques of analysis. 


5-1 LINEARITY AND SUPERPOSITION 


In a previous chapter, we introduced a linear resistor by showing its i-v characteristic, 
Figure 2-1(b). Let us extend this concept and define a linear element as one whose 
output-input characteristic is a straight line passing through the origin. See Figure 
5-1. The op amp (Figure 4-13) is another linear element, as long as it is not driven into 
saturation. 

Let us call the input, a voltage or a current source, e(t), where e stands for 
"excitation" (we can't use i for “input” because i is a standard notation for current). 
Likewise, let r(t) be the response, a voltage or a current. Then the linear characteristic 
of Figure 5-1(b) has two implications: 


1. If we multiply (scale) the input by a constant «a, the output will be scaled by 
the same constant. Symbolically, we write it as follows: 


ae(t) — ar(t) (5-1) 


which is read as "the input xe(t) to N produces the output ar(t).” 
2. If we apply the sum of two inputs e,(t) + e,(t), then the resulting output will 
be given by 


[e,(t) + e0] —o [r,(t) + r0] (5-2) 
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r(t) 


e(t) 


e; ep ey +e 


(a) (b) 


Figure 5-1 A linear element. 


It makes sense, doesn’t it? The total response is the sum of the individual 
responses. 


Equations 5-1 and 5-2 may be combined into a single expression, as follows: 


(xe, + fle) — (ar, + Bry) (5-3) 


where « and f) are arbitrary constants. Equation 5-1 is obtained by letting 6 = 0, 
a z 0. Equation 5-2 is derived with « = fj = 1. 

The definition of linearity is given mathematically in Equation 5-3, and the 
property of adding individual responses in order to obtain the total response is called 
superposition. Briefly, we say that an element (or a network) is linear if it obeys the 
principle of superposition, and vice versa: It will obey superposition if it is linear. 


EXAMPLE 5-1 


Consider a resistor, R — 10 Q, as shown in Figure 5-2(a), excited by a dc voltage source 
e,(t) = 6 V. The response is r,(t) = i,(t) = 0.6 A. In Figure 5-2(b), the input is e,(t) = 2 V and 
the output r,(t) = i,(t) = 0.2 A. 


p [02^ 
6v(") 2v(*) R=10 
WO 


($2) 


(a) (b) (c) 
Figure 5-2 Example 5-1. 
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Solution. By superposition, with both sources as an input, and using Equation 5-2, we 
expect the output to be r,(t) + r,(t) = 0.6 + 0.2 = 0.8 A, as it is. This resistor obeys 
superposition and, therefore, is linear. 

We note here that, in superposing the voltage sources, they are connected in series, 
since voltages add then. Current sources, when superposed, must be connected in 
parallel. E 


EXAMPLE 5-2 
Let the same resistor, R = 10 Q, be connected across a voltage source given by v(t) = 


2e ! + 43 cos 20t. 


Solution. The current will be j 
, v(t) 2e '-- 4.3 cos 20t 7 
i(t) = "08 7 0.2e ' + 0.43 cos 20t = i,(t) + i(t) 


the superposition of i,(t), due to v,(t) = 2e ', and of i,(t), due to v,(t) = 4.3 cos 20t. IW 


EXAMPLE 5-3 


Consider now a resistor whose v-i characteristic is v(t) = [i(t)]*, over the range, say, of 
—4A <i<4A. This is shown in Figure 5-3(b), where the resistor is drawn in a box, to 
distinguish it. 


LIE DELI I. 
LI ub P 1. 
Ls d Lo Wi 
EHAR ALL 


mia 


NENNEN 

LLL LLLI 
LIII T 141. 11) 
SRR Sees (5) 


(a) 


i7 i ti =25A 
(c) (d) 
Figure 5-3 Example 5-3. 
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Solution. For an input i, = 1 A, the output is v, = 1? = 1 V. For a second input 
i; — 1.5 A, the output is v, — (1.5)? — 3.375 V. Now superpose both inputs, as in Figure 
5-3(d); the total input is i, =i, + i, = 2.5 A, but the total output is not 1 + 3.375 = 
4.375 V. Rather, it is i} = (2.5)? = 15.625 V. Superposition is not obeyed here, and this 
resistor is nonlinear. i 


In this book and in many electric circuits, both in theory and in practice, we deal 
only with linear elements. The reason is twofold: Many elements actually behave in a 
linear fashion, and the analysis of linear networks is considerably easier. There are, 
however, nonlinear elements whose characteristics cannot be linearized, or whose 
characteristics must be specifically nonlinear. Such elements and networks require 
nonlinear analysis, a much more difficult topic, studied in more advanced courses and 
texts. 


EXAMPLE 5-4 
The op amp adder (summer) circuit, in Example 4-10, is linear: Superposition is evident in the 
output. ei 


The application of superposition to circuit analysis involves always these steps: 


1. Consider one independent source (input) at a time. 

2. Set all the other independent sources to zero. A current source is set to zero 
by replacing it with an open circuit, since then i = 0. A voltage source is zero 
when it is replaced by a short circuit, v = 0. 

3. Dependent sources must remain intact because, by their very nature, they 
depend on a current or a voltage in the circuit. 

4. Calculate the partial responses; then add them up to get the total response. 


The following two examples illustrate this method. 


EXAMPLE 5-5 
Let us rework Example 2-7, repeated here, by using superposition. The entire network is shown 
in Figure 5-4(a). 


Solution. In Figure 5-4(b) we retain only the independent voltage source, while the 
independent current source is made zero (o.c.). The partial responses v, and v3 are 
calculated easily as follows: The total resistance between v, and reference is 


11(1 + 0.1) = 0.169 Q 


Then, by voltage division, we get 


0.169 


as shown in Figure 5-4(c). Now v^ can be calculated, again by voltage division in Figure 


5-4(b) 
0.1 0.1 


Probs. 5-1, 
5-2, 5-3 
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(c) (d) 


(82) 


(e) 


Figure 5-4 Example 5-5. 


Next, we retain only the independent current source and make the independent 
voltage source zero, as shown in Figure 5-4(d). Here the two resistors 1 Q and 4 Q are in 
parallel, and the simplified circuit is redrawn in Figure 5-4(e). Using the current divider 
and Ohm's law, we obtain the partial responses 


. 4.737 


and 


pn ft) 5707 - ny -0917 Y 
a= —~\olangpie 
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Finally, by superposition, the total responses are 
va = v, + v} = 0.807 — 0.917 = —0.11 V 
vz = v3 + v3 = 0.073 + 0.826 = 09 V 


and the results agree with those obtained in Chapter 2. (Be sure that you agree totally 
with the minus sign in v5!) = 


EXAMPLE 5-6 


Use superposition in the network shown in Figure 5-5(a) to calculate i,. Notice the 
current-controlled (dependent) source. 


(b) 


(c) 


Figure 5-5 Example 5-6. 


Solution. The first independent source, acting alone, but together with the dependent 
source, is shown in Figure 5-6(b). The reason for having to retain the dependent source, 
again, is: There will be a current i^, in this circuit; therefore, the dependent source 4i, must 
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be there too. In this circuit, we note that i’, = —7,. Also, at the top node of the 4-Q 
resistor, we get by KCL that i, = 3i}. Then we apply KVL to the single loop 


—12 + 5i, — 43i) =0 
i = —1.714A  .. ij-2-ij-1714A 


The independent current source is retained next, with the independent voltage 
source zero, but with the dependent source intact. See Figure 5-5(c). Here we write 
ij 4-i$-3 (KCL) 
i, = 33, (KCL) 
and KVL around the resistive loop reads 


2i" + 4(3i%) — 3i% =0 


2i + 9i% =0 
2i + 9(3 — i%) =0 
i, = 3.86 A 


By superposition, then, the total current i, is i, = i, + i5 = 5.57 A. 

To check our result, let us solve this problem by conventional analysis. Here we 
don’t need an elaborate, formal decision on loop analysis or node analysis. A quick, 
informal approach will do nicely. For the original network, Figure 5-5(a), we write 


i, +i, =3 (KCL) 
and 
—2i, + 3i, — 4(3i4) = 12 (KVL) 


The two equations are 


i, +i, =3 
—2i, — 9i, = 12 
and their solution yields 
j,-25574À bal 


Consider now the power in a linear resistor. With a current i,(t) through R, we 
have the instantaneous power 


p,(t) = iR (5-4) 
With a current i,(t), the instantaneous power is 
p2(t) = iR (5-5) 


By superposition, the total current is i= i, + i,. Then the instantaneous power is 
p(t) = °R = (i, + i; R = i2R + ÈR + 2üi4 R (5-6) 
but 
p(t) # p(t) + pa(t) (5-7) 


because of the extra term 2i,i, R. In other words, since the power-current relationship 
is not linear (p = i*R), superposition does not hold. 


Probs. 5-4, 
5-5, 5-6, 5-7 


Prob. 5-8 
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5-2 LOOP AND NODE EQUATIONS REVISITED 


We can make use of superposition when we want to write loop equations or node 
equations. The advantage in doing it so is that the equations may be written by 
inspection in their final form, without having to collect or rearrange terms. Sounds 
promising? Of course! It is best to learn this approach with specific examples, so let us 
consider them. 


EXAMPLE 5-7 


Consider the network in Figure 5-6(a). Since the network is planar, we don't need graphs, trees, 
etc. A quick count tells us that we need three loop equations. The loop currents i,(t), i,(t), and 
i,(t) are shown, all chosen (conveniently, not necessarily) in one direction, clockwise. 


Solution. As we studied earlier, a loop equation sums the voltages around the loop, and 
we use KVL, Y v = 0, with a voltage drop being assigned a (+) sign and a voltage rise a 
(—) sign. Let us modify this convention now, and write, instead, 


3 UR = >, Vsources 


that is, around a loop, the sum of all voltage drops in the resistors is equal to the sum of 
all voltage rises due to sources around that loop. 

Now, apply the principle of superposition as follows: The total voltage drop around 
a loop is the sum of the drops contributed by each loop current, acting alone, in that loop. 
Specifically, around loop 1 we have: 


1. With i, acting alone and i, = 0, i, = 0, the voltage drop is (3 + 2 + 1)i, = 6i,. 
See Figure 5-6(b). 

2. With i, acting alone, Figure 5-6(c), i, = 0, i4 = 0, its voltage drop is across the 
3-Q resistor as shown. For loop 1, traced clockwise, it is a rise, a negative drop of 
(= 32,). 

3. The loop current i,, in this example, does not contribute any voltage to loop 1, 
that is, (0-i,). See Figure 5-6(d). 

4. The total rise, due to the voltage sources around loop 1, is — 6. 


Consequently, KVL around loop 1 is 
In a similar way we have for loop 2: 


1. Loop current i, alone contributes ( — 3i,) around loop 2, in the direction of that 
loop. See Figure 5-6(e). 

2. Loop current i, alone contributes (4 + 3 + 1)i, = 8i,, as in Figure 5-6(f). 

3. Loop current i, alone contributes —4i,. See Figure 5-6(g). 


4. The total rise due to sources is —5e *. 


The second loop equation is then 
— 3i, + 8i, = 4i, = —5e! 
Finally, around loop 3: 


1. Loop current i, alone contributes 0-i,. See Figure 5-6(h). 

2. Loop current i, alone contributes (—4i,) in the direction of that loop. 
3. Loop current i, alone contributes (10 + 4)i, = 14i, in that loop. 

4. The total rise of sources around the loop is (v, — v3). 
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v3 (t) = 10 cos t 


| LO POC bon 
2 l 


(a) (b) 
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2 2 2 
(c) (d) (e) 
4 d ast 


(h) (i) G) 
Figure 5-6 Example 5-7. 


The third loop equation is, then: 
0-i, — 4i, + 14i = 6 — 10 cost 
The three loop equations are repeated 
6i, — 3i, + 0i, = — 6 
—3i, + 8i, — 4i, = —Se' 
Oi, — 4i, + 14i = 6 — 10 cost 
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or, in matrix form 


6 —3 ollu 6 
-3 $8 —4/ li) =| ' -ir 
— ub 6 — 10 cos t 


ready for solution. 


This result agrees with the final form of Equation 2-12, rewritten here for our 
example as 


Mat Tia Tis li €1 
F21 T223 T23 l| = | €2 
F31 F32 33 l3 e3 
or 
Ri =e (5-8) 


Several important observations can be made now: 


1. The term r,,i, in the first equation, r,,i, in the second equation, and, in 
general, r,,i, in the kth equation, represents the voltage contributed around 
the kth loop by its own loop current i, acting alone. This term is always a 
voltage drop (4 r,,i,) in the kth loop because (obviously!) we choose the 
direction of the kth loop as that of i,. We call r,, the self-resistance of loop k. 

2. The term r,,i, in the first equation is the voltage in loop 1 caused by i,, 
flowing in a resistor common to loops 1 and 2. This term is a rise ( — r,5 i5) if i; 
flows in that resistor opposite to the direction of loop 1; it is a drop (4-r,5i;) 
if i; flows in the resistor in the same direction as loop 1. 

3. The general term r,,i, is the voltage contributed to loop p by the loop current 
i, flowing in a resistor common to loops p and q. This term is a rise ( —r,,i,) if 
i, flows in that common resistor opposite to the direction of loop p; it is a 
drop (r,,i,) if i, flows in the common resistor in the same direction as loop 
p. We call r,, the mutual resistance between loops p and q. 

4. The term e, is the net voltage rise due to sources around loop p. 


Let us practice this method with another example, this time using fundamental 
loops. 


EXAMPLE 5-8 

The network shown in Figure 5-7(a) has two independent sources, i(t) = 10 A, v(t) = 2e ' V. 
Solution. The chosen tree is in Figure 5-7(b), and the four fundamental loops in Figure 
5-7 (c), (d), (e), (f). Loop current 1 is known, i, = 10 A—that’s precisely the reason why 


the current source was chosen as a link and not a tree branch. Let us write, by inspection, 
the three loop equations around loops 2, 3, and 4. For loop 2, we have 


—(1)10 + (3 +5 + Li, + Si, -- 0- i4 = 2e7* 
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(f) 
Figure 5-7 Example 5-8. 


Around loop 3, we have 
+(6)10 + 5i, + (4 + 5+ 6 + 7)i, — (6 + 7)i; = 0 
And around loop 4, 


—6(10) + 0-i, — (6 + D)i, + Q - 7 4 6)i, = 2e^' 


Finally, 
9 5 Olli 2e ' 4- 10 
5 22 —13[[i| = — 60 
0 —13 IS TT 2e ' + 60 


ready to be solved. ry 
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This method of adding (by superposition) the contributions of individual loop 
currents is powerful and quick. With practice, the final equations, in matrix form, can 
be written almost by inspection! 

A word of caution is in order here. Linear networks containing dependent 
sources obey superposition, of course. However, the method outlined above is not 
recommended (better yet: should be avoided) then. Why? Because it is hard to include 
directly the dependent sources with their coefficients in the coefficients of Equation 
5-8. It is safer to go more slowly and to write the loop equations by the conventional 
methods we learned in previous chapters. 

The use of superposition in writing node equations goes, as expected, along dual 
lines. Let us illustrate with a couple of examples. 


EXAMPLE 5-9 


Consider the network in Figure 5-8(a), and ignore the fact that it can be solved with one loop 
equation. The two unknown node voltages v, and v, are shown, chosen conveniently (+) with 
respect to reference. This choice is dual to choosing all loop currents in one direction. 


4 
vi 


(a) (b) 


(c) (d) ($2) 
Figure 5-8 Example 5-9. 


Solution. We write KCL at each node as ?' i = 0, with a (+) sign for a current leaving 
and a (—) sign for a current entering. Here we modify this convention and write, instead, 


2 ip = 2, lasses 


that is, at a node, the sum of the currents leaving in the resistors is equal to the sum of the 
currents entering from the sources. Next, apply superposition: The total current leaving a 
node is the sum of the currents contributed by each node voltage, acting alone, at that node. 


Probs. 5-9, 
5-10, 5-11 
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Specifically, we have at node 1: 


1. Let v, act alone, v, # 0, v, = 0; see Figure 5-8(b). Since v, = 0, the 1-O resistor 
and the current source i, do not affect the calculation. The total current leaving 
node 1 is 2v, + 3v, = Sv}. 

2. With v, # 0, v, = 0, see Figure 5-8(c), the current source i, and the 5-Q resistor 
do not affect the calculation. The current leaving node 1 is ( — 3v;). 

3. The total source entering node 1 is i, — 6 A. Consequently, KCL at node 1 
reads 


Sv, — 3v, = 6 
In a similar way, we have at node 2: 


1. Node voltage v, # 0, acting alone, contributes a current (—3v,) leaving node 2. 
See Figure 5-8(b). 

2. Node voltage v, 4 0, acting alone, contributes two currents leaving, + 3v, and 
+4v,, that is, +7v,. See Figure 5-8(d). 


3. The total source entering node 2 is —3e  !?*. 


Consequently, the KCL equation at node 2 is 
—3v, + 7v, = —3e 1% 
The two equations are then 


—3v, + 7v, = —3e 1% 


ERN i 


In a general notation, these equations are 
E Pala m A 
g21 922 |LU2 j2 


Gv =j (5-9) 


or, in matrix form 


or 


as in Equation 2-11. 
The observations to be made here are: 


1. The term g,,v, in the kth equation is the current leaving node k with its own 
node voltage v, acting alone. This term will be positive (+ g,,v;) if v, is chosen 
(+) with respect to reference. We call g}, the self-conductance (in mho, U) of 
node k. 

2. A term g,,v, in the pth equation is the current contributed to node p by the 
node voltage v,, through a conductance between nodes p and q. This term 
will be negative, — g p404» if node voltages v, and v, are chosen each with a (+) 
with respect to reference. We call g „ the mutual conductance between nodes p 
and q. 

3. The term j, is the net current, due to sources, entering node p. 
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Here, too, we remark that this is a very powerful and quick method. With 
practice, the individual contributions can be seen and written immediately. And here, 
too, we are cautioned to use conventional methods if dependent sources are present. 
No immediate by-inspection method is readily available in this case. 


5-3 THÉVENIN'S THEOREM 


The ideas leading to Thévenin's theorem will be first introduced by a preliminary 
example. 


EXAMPLE 5-10 


In the network shown in Figure 5-9(a), we want to find only ig, the current through the resistor 
R. In order to be able to trace our calculations, we leave R as a lettered value, R ohms, with its 
two nodes labeled A and B. 


Solution. Two loop equations will do, as shown. They are 
— 2i, + (6+ R)i, = —20 


Their solution, by Cramer's rule for example, yields 


4 10 
20.72 an —60 EI 
*-7| 4 -2|-20*4R- 54 R 

E 


A simpler circuit for this expression of i, is shown in Figure 5-9(b). As far as R is 
concerned, the complicated circuit in Figure 5-9(a) can be replaced by the simpler circuit 
in Figure 5-9(b), and R will not be able to tell the difference, that is, ig (and vg) will be the 
same. 


10 V 


5A ($2) 


(b) 
(a) 


Figure 5-9 Example 5-10. m 


Probs. 5-12, 
5-13 
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The theorem related to such a simplification of a circuit is attributed to L. C. 
Thévenin (a French engineer, 1857-1926) and, earlier, to H. von Helmholtz (a 
German professor of physics, 1821-1894). It will be called here Thévenin's theorem and 
is stated as follows: A linear network, consisting of resistors and sources (independent 
and dependent) and shown in Figure 5-10(a), can be replaced at its two terminals 
A-B, as far as an “observer network" is concerned, by a single voltage source Vrp, 
called the equivalent Thévenin voltage, in series with R44, the equivalent Thévenin 
resistance, as shown in Figure 5-10(b). There must be no electrical coupling (for 
example, with dependent sources) between the linear network and the observer. In 
other words, the only interaction between the linear network and the observer must be 
through the current i flowing in terminals A and B as shown. 

The steps involved in calculating (or measuring in the laboratory) vy, and Ry, 
are: 


1. Disconnect the observer. 

2. Calculate (or measure) the open-circuit (o.c.) voltage across the terminals 
A-B, as in Figure 5-10(c). This voltage is v. 

3. Set all the independent sources in the linear network to zero: Current sources 
are open-circuited (i = 0), and voltage sources are short-circuited (v = 0). 
Dependent sources remain intact. Calculate (or measure) the resistance at 
terminals A-B, as in Figure 5-10(d). This is Ryp- 


Linear 
network Observer 


Observer 
(resistors ; network network 


and sources) 


(a) (b) 


Linear 


ecu network 


(independent 
sources 
set = 0) 


(resistors 
and sources) 


(c) (d) 


Observer 
network 


Figure 5-10 Thévenin’s theorem. 
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4. Connect v4, in series with Ryp, as shown in Figure 5-10(e). Reconnect the 
observer to A- B. 


To illustrate these steps, let us rework Example 5-10. 


EXAMPLE 5-10 (continued) 


The entire network is shown in Figure 5-9(a). The observer is just R, and the linear network is 
everything else. 


Solution. In Figure 5-11(a), we show steps 1 and 2. The observer is disconnected, and we 
calculate v4, as follows: make it part of a loop, then trace KVL for this loop. Here, the 
10-V source causes a drop of 5 V across the 2-Q resistor, while across the 4-Q resistor 
there is a voltage of (4)(5) = 20 V as shown. KVL then reads 


—Upy *- 5—20z20 
or 
OT, = —15V 


as shown earlier in Figure 5-9(b). To implement step 3, we set the two independent 
sources to zero, as shown in Figure 5-11(b). It is very simple to write by inspection 


Ry, = 4 + (2122590 
as obtained earlier. The final step 4 is shown in Figure 5-9(b), and from it we write 


UTh dig 15 


Ww ath SFE 


as before. 


2 

2 
A 

ua 
4 B 
($2) 
(a) (b) Probs. 5-14, 
Figure 5-11 Example 5-10. B 5-15, 5-16 


The next example illustrates the use of Thévenin’s theorem when dependent 
sources are in the linear network. 


5-3 THÉVENIN'S THEOREM 117 
EXAMPLE 5-11 


Find the current i, in the network shown, by Thévenin's theorem. Notice the current-dependent 
voltage source in the linear network. 


4i» 415 


(a) 4i (b) 
A + 
ma E $ Viest 
| 
| 
"M 
y^ N 
| 2 — Kr, t A ) lies 
E 
I 
Q 
: aaa $ (2) 
zz 


(c) 
Figure 5-12 Example 5-11. 


Solution. We open-circuit terminals A-B in Figure 5-12(b) and calculate vy, as shown, 
using KVL 
— Th m 4i, = 2i, — 0 


since i, = 10 A in this circuit. 
To calculate Ryp, we set the independent source (10 A) to zero, but we leave the 
dependent source intact. See Figure 5-12(c) How do we find a resistance with a 


dependent source? Go back to basics: Connect to A-B an arbitrary current source i 
and calculate the response voltage across it, Ves- Then 


test? 


ae. Viest 
Tm (5-10) 


liest 


(We can, of course, connect Ves and calculate i,,,, —the result is the same.) 
Here, we see that i, = iest (which is one good reason for choosing it as an input in 
this example!). Then, by KVL, we have 


— Dest XE 4i, + 2i, = 0 


or, with i, = hests 


Viest = —hrest 
that is, 
Ry, = —22(!) 
Finally, according to Thévenin, we get the answer 
— 20 


LAT R 
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Let us check this answer by a conventional method. One loop equation will solve 
the original network, with i, being the loop current. We get 


Rig — 2i, + 4i, = 0 


But 
i, = 10— i, (KCL) 
Ri, — 2(10 — ig) + 4(10 — irk) 20 
Or 
—20 
x aem 
as before. p 


The following points are important to observe and repeat: 


1. In finding Vrp, we work with a simpler circuit, after the observer has been 
open-circuited. The methods that we use for finding Vr, (KVL and KCL) 
apply to that circuit. In the previous example, Figure 5-12(b), the controller of 
the dependent source i, has a simple value, i, = 10 A, only because terminals 
A-B are open (and draw no current). In the original circuit, the controller is 
still i,, but i, # 10 there (in fact, i, = 10 — iz there). 

In other words, the first step in Thévenin's theorem, open-circuiting 
terminals A-B, simplifies our calculations, and that's one good reason for 
using this theorem. A variable, say, i,, may take on different values in two 
different circuits such as Figure 5-12(a) and Figure 5-12(b). 

2. The Thévenin resistance cannot be calculated by series-parallel combinations 
when dependent sources are present. Instead, a test current (or voltage) must 
be connected to terminals A-B, and the resulting voltage (current) calculated. 
Then R4, is given by Equation 5-10. 

3. Typically (but not always), a negative Thévenin resistance may result with 
dependent sources. 

4. Since the observer network has nothing to do with the calculation of the 
Thévenin circuit to its left, it can be arbitrary (linear, nonlinear, a single 
element, several elements, etc.). 


Finally, let us now show with an example the restriction on using Thévenin's 
theorem when there is an electrical coupling between the linear network and the 
observer. 


EXAMPLE 5-12 


In the network shown in Figure 5-13, a current source is dependent on ię. We cannot find the 
Thévenin equivalent of the circuit to the left of A-B, since there is coupling between it and the 
observer. The observer (to the right of A-B) contains the controlling current i, of the dependent 
source Się. 


Probs. 5-17, 
5-18, 5-19 
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Figure 5-13 Example 5-12. B 


5-4 NORTON'S THEOREM 


A dual circuit to the Thévenin equivalent was proposed by E. L. Norton (1898- J 
Instead of a voltage source v4, in series with R,,, the Norton equivalent circuit is a 
current source iy in parallel with Ry, as in Figure 5-14(b). The two circuits must be 
equivalent at terminals A- B, meaning that an observer network connected to A- B of 
the Norton equivalent will draw the same current as if connected to the Thévenin 
equivalent. 

In order to calculate iy and Ry, then, let us find the Thévenin equivalent of the 
proposed Norton model. First, let us make the independent source iy zero (open- 
circuit). The Thévenin resistance at terminals A-B of the Norton model is then 


Rr, = Ry (5-11) 


Next, the Thévenin voltage across terminal A-B of the Norton model is 


UAB — UTh = iy Ry = iy Ry, (5-12) 
or 
UTh 
oy he 5-13 
IN Rs, ( ) 


which is the current that will flow in the Thévenin circuit, Figure 5-14(a), if we 
short-circuit (s.c.) terminals A- B. 


Rtn 
A A 


B B 


(a) (b) 
Figure 5-14 Thévenin's and Norton's equivalent circuits. 


Probs. 5-20, 
5-21 
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Figure 5-15 Steps in obtaining Norton's circuit. 


In summary, to obtain the Norton equivalent circuit for a linear network, as far 


as an observer network is concerned, we do these steps: 


1. Remove the observer. 

2. Short-circuit terminals A-B, and calculate (or measure) the current there. 
This is iy as in Figure 5-15(b). 

3. Open terminals A-B, as in step 1. Set all independent sources to zero, but 
leave intact the dependent sources. Calculate Ry ( — Ry) at terminals A- B. 

4. Connect the Norton source iy, referenced as shown in Figure 5-14(b), in 
parallel with Ry. Across terminals A-B reconnect the observer network. 


The equivalence of the two circuits, Thévenin's and Norton's, as shown in 


Figure 5-14, is sometimes called a source transformation: A voltage source in series 
with a resistor can be transformed (as far as an observer network is concerned) into a 
current source in parallel with a resistor, and vice versa. 


EXAMPLE 5-13 


Find the current in R, as shown in Figure 5-16(a), using Norton's theorem. 


Solution. In Figure 5-16(b) we remove the observer and short-circuit terminals A-B. 
The 4-Q resistor carries no current then, and hence 


n 


ie. =i =t =6A 


To calculate Ry (= R4,), we look into the open-circuited terminals A-B while setting to 
zero the independent source, as in Figure 5-16(c). Then 


Ry = 2||4= $0 
The final circuit is shown in Figure 5-16(d) and from it we write, using current division, 


La UR @_ 8 
R=IR+4O TR+} 


This result can be quickly verified, either by conventional analysis or by Thévenin's 
method (do it!). 
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2 A = A 
(^ 
up 4 2v(*) 4 | se^ 
(9) 
B B 
(a) (b) 
zd A 
2 | ip 
4$ ~—Ry iy=6A &x $ R 
B B 
(c) (d) Probs. 5-22, 


Figure 5-16 Example 5-13. m 523,524 


Observer 
network 


(b) 
Figure 5-17  v-i characteristics of the Thévenin circuit. 
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In conclusion, let us mention that, when we find the Thévenin (or Norton) 
equivalent circuit, all the individual sources and resistors inside the linear network 
lose their identity; we cannot calculate individual currents, voltages, power, etc., since 
everything is replaced by a single equivalent source and a single equivalent resistor. 
Such a loss is not great, because we are more interested in what is happening in the 
observer network, and it does not change. 

It is also very instructive to derive the v-i characteristic curve of the Thévenin (or 
Norton) equivalent circuit, seen as a two-terminal network. We show it in Figure 
5-17(a), where the dotted lines enclose this two-terminal network. KVL gives us the 
desired v-i relationship, R44i + v = Vrp. It resembles the equation Ax + y = B, with 
A = R4, and B = v4, both assumed constant. 

Its plot in the v-i plane is a straight line, with the two intercepts and the slope as 
shown in Figure 5-17(b). When i = 0, the observer network is removed, and we have 
V = Voc. = Vrp às expected. When v = 0, terminals A-B are short circuited and we 
have i = i, , = ix, as expected. For any other condition, with a finite, nonzero resistor 
in the observer network, the solution (i, v) will fall on that straight line. 


5-5 MAXIMUM POWER TRANSFER 


In many circuits, the observer network is a single resistor R. A question of practical 
interest arises in electronic circuits such as communication devices (transmitters and 
receivers): “What is the maximum power that can be transferred to a particular 
resistive load R?" This load, for example, is represented by the speakers of a hi-fi 
system. The situation is depicted in Figure 5-18 and is familiar to us from the previous 
discussion. In Figure 5-18(a), the original linear network is shown with the load 
(observer) resistor R. In Figure 5-18(b), we have replaced the linear network by its 
Thévenin's equivalent, and R still draws the same current ig. 
The power in R, which we wish to maximize, is given by 


2 

. U 

p= GR = (LI) (5-14) 
Th 


The Thévenin voltage and resistance, v4, and Ryp, are fixed by the linear network and 
have nothing to do with the load R. To maximize p, then, we have to treat R as a 
variable. The maximum of p can be found by setting 


dp _ 


e EM -1 
TR 0 (5-15) 
which yields 
(Ry, + R) — 2R(Rn + R) 
2 
5 -1 
" (Rr + R)* ° din 
(Ry, + R)? = 2R(Rq, + R) (5-17) 
or 


R = Ru (5-18) 
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B 


(a) (b) 
Figure 5-18 Maximum power transfer. 


In other words, maximum power transfer to the load R will occur when R is equal to 
R44. This condition is also called resistance match; that is, the load resistance matches 
the source resistance. It is not very hard to show (by taking the second derivative) that 
this is, in fact, a maximum and not a minimum. A different argument, more physical, is 
suggested in Problem 5-25. 


EXAMPLE 5-13 (continued) 
In the network of Figure 5-16, (a) What is the value of R for it to receive maximum power? (b) 
What is then this power? (c) What is then the power delivered by the 12-V source? 
Solution. 
(a) From Figure 5-16(d), we see that 
R = Ry, = 32 
(b) From Figure 5-16(d), we have then 


lw 


ir=7 3653A — ^ PrR=(3$=12W 
4 4 


(c) In Figure 5-16(a), we have then 
0,5 = Rig = GB =4V 
The current through the 4-Q resistor is then 
i, =4=1A 

and the power dissipated in it is 

p, = (174 2 4W 
The current in the 2-Q resistor is 

i, =igtip=1+3=4A 

and the power dissipated in this resistor is 

p> = (4)72 = 32 W 
The 12-V source must deliver 

Pi2 = P2 + P4 + Pp = 324+44+12=48W 

of which only 25 percent (= 12 W) reaches the load. Wn 


Prob. 5-25 


Probs. 5-26, 
5-27, 5-28 
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Figure 5-19 Input-output relations. 


5-6 INPUT-OUTPUT RELATIONS. NETWORK FUNCTIONS 


So far, we have answered, for resistive networks, the main problem posed in Chapter 
1: Given an input (a source, an excitation) and a linear network, calculate the output 
(response). See Figure 5-19. In fact, in many circuits we had several inputs. We have 
also learned why the network N may not contain independent sources; besides, such a 
source can be considered a part of the input. 

Let us confine our discussion now to a single input and a single output, as in 
Figure 5-19. Let us call the excitation e(t), a voltage source or a current source. Also, 
let the response, a current or a voltage of some element, be r(t). We have found, for our 
linear resistive networks, that the following relationship is true: 


r(t) = He(t) (5-19) 


that is, the response is proportional to the excitation through a multiplier H. This 
multiplier is called the network function for the particular input-output relation under 
consideration. Let us illustrate with several examples. 


EXAMPLE 5-14 


Let the network be a resistor R, the excitation a current source i(t), and the response the voltage 


v(t). 
Solution. Then Equation 5-19 becomes 
v(t) = Ri(t) 


and the network function here is H = R, in ohms. a 


EXAMPLE 5-15 
If the resistor R is excited by a voltage source v(t), the response is i(t) and Equation 5-19 is here 
i(t) = Gv(t) 


where H = G (mhos) in this case. Du] 


EXAMPLE 5-16 


In a voltage divider (Figure 4-8 and Equation 4-14) the input is v(t) and the output is v, (t). Then 
Equation 5-19 reads 


R, 
R, v(t) 


t) = 1s 
v(t) Ri +R, +--+ 
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Here the appropriate network function is 
R, 
Ry +Ro+-+R 


H 


and is dimensionless (a pure number). fal 


EXAMPLE 5-17 


In an inverting op amp amplifier (Figure 4-16 and Equation 4-33) we write Equation 5-19 as 


v,(t) €— = v(t) 


where e(t) = v;(t) and r(t) = v,(t). Here the network function is 


Pin 
R, 
called earlier the closed-loop gain of the amplifier, and it is dimensionless. n 


EXAMPLE 5-18 


The network function of a noninverting amplifier, as given in Figure 4-17 and Equation 4-34, is 
the dimensionless number 


mete a 


From these examples, and in all our future ones, we recognize the following steps 
needed to calculate a network function H: 


1. Identify the input e(t). 

2. Identify the output r(t). 

3. Analyze the given network with the given e(t), and calculate r(t). 

4. Write r(t) in terms of e(t), as in Equation 5-19. Identify the appropriate H. 


It is also important to recognize that the network function H depends 
exclusively on the parameters of the network (values of resistors, gains of amplifiers 
and dependent sources). In this sense, it is characteristic of the network itself. (In later 
studies, we will see that the network function has another parameter, or variable. Still, 
it will be characteristic of the network.) 


EXAMPLE 5-19 
For the network shown in Figure 5-20, calculate the network function if the output is (1) i,(t), 
(2) v(t), (3) v,(t). Notice the (allowed) dependent source. 
Solution. One loop equation will solve the entire network. Let i, be this loop current, in a 
counterclockwise direction, KVL then reads, with i, = i, — i, 


R,i, + R(Ki, + i, — i) + RAi, —i) = 0 
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Ug 
e(t) = i(t) NE 


Figure 5-20 Example 5-19. 


ki 


(2) 


that is, for case (1) 


ur " R, + R, — 
ri(t) = i (t) = R + (k n DR, +R, i(t) — 


H ,e(t) 


identifying the network function H ,. Similarly, for (2) 


(KR, + Ra) R. 


R+ (DR, E RIO aet 


r,(t) zi v(t) = -ER E 


and for (3) we have 


R, (R, + Rd 


r= 20 = Rei = g— k a yg, ERO = Hse 


For each input-output relation, we have calculated the appropriate network function. 
Each H shows its dependence only on the network parameters R,, R,, R,, and k. 

Dimensionally, H, is dimensionless (a pure number), since it relates a current 
output i, to a current input i. Such a function is called a current transfer function. In the 
second case, H, has the units of ohms, relating an input current to an output voltage. It is 
a transfer resistance function; the word "transfer" reminds us that the output is measured 
at a different pair of nodes than the input. In the third case, H, is in ohms and is called the 
driving-point resistance or, simply, the input resistance, since input and output are at the 
same pair of terminals. 

Finally, all three input-output relations and network functions may be put neatly 
together in matrix form, as follows 


In general, this expression is 
r(t) = H e(t) (5-20) 


which is the generalization of Equation 5-19. Here r(t) is the column matrix listing several 
outputs, e(t) is the column matrix of several possible inputs, and H, the matrix network 
function, relates them according to Equation 5-20. This equation is a multi-input multi- 
output version of Equation 5-19. In the next section, and in later chapters, we'll have the 
opportunity to work with this relationship quite extensively. m 


Probs. 5-29, 
5-30, 5-31 
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Figure 5-21 A one-port (1-P) network. 


5.7 TWO-PORT (2-P) NETWORKS 


What is an electrical port? It is a pair of terminals through which we can access a 
network, similar to the port of access on your personal computer, or to a port of entry 
through which we access a country. In Figure 5-21, we see a one-port (1-P) network. 
Terminals 1 and 1' are the port. Across 1-1' the voltage is v, and the currents are equal, 
as shown, 


ly = i (5-21) 


This constraint on the currents defines a port: Two terminals constitute a port if, and 
only if, the currents are equal as shown. 

From our previous studies and examples, we know that there is only one 
network function relating the two variables of 1-P, v and i. This network function is 
Ra 


P 


v(t) = Rapi(t) (5-22) 


that is, the driving-point (or input) resistance. Obviously, its inverse (reciprocal) is 
also a network function 


i(t) = Gy,v(t) (5-23a) 
Gip = Rs (5-23b) 


where G,, is the driving-point (input) conductance. 

A two-port (2-P) network, shown in Figure 5-22, has four port variables, a 
voltage and a current in each port. Note the standard references of v,, i,, v2, and i,. 
Again, the current restriction must be obeyed for a pair of terminals to qualify as a 
port. Two circuits are shown in Figure 5-23. In part (a), the current restriction is 
Obeyed, as can be verified easily. The 2-P serves as a coupling network between a 
source v, with its internal resistance R, and a load R,. In part (b), a slight 


d" Source ARM Coupling € PN ais 


Figure 5-22 A two-port (2-P) network. 
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(b) 
Figure 5-23 (a) A 2-P network. (b) A 4-T (4-terminal) network. 


modification of the connections ruins the nature of the previous 2-P. Here we see that 
i, =v,/(R, + 1+ R,) = —i,, but i, = 0 = i. Therefore, i, 4 i, i; #i,, and the 
network is not a 2-P. At best, we call it a four-terminal (4-T) network. In multiterminal 
networks, the port currents restriction does not hold. 

Given, then, a 2-P network as shown in Figure 5-22. The internal structure of the 
2-P can be quite complicated; as mentioned, the 2-P serves as a coupling network 
between two other networks (the load resistance is a 1-P!). We are interested in the 
external description of this 2-P, specifically, in the relationships among its port 
variables v,, i,, v2, and i,. 

There are six different ways of relating two of these variables in terms of the 
other two. They are: 


1. v, and v, in terms of i, and i, 4. i, and v, in terms of v, and i, 
2. i, and i, in terms of v, and v, 5. v, and i, in terms of v, and i, 
3. v, and i, in terms of i, and v, 6. v, andi, in terms of v, and i, 


Let us explore these, one at a time, from the electrical input-output point of view, 
together with the associated mathematical relations. 


1. The Open-Circuit Resistance Parameters Just as in the case of a 1-P, the 2-P is 
assumed to be linear, containing only linear resistors and possibly dependent sources. 
Let the two inputs be i,(t) and i,(t), as shown in Figure 5-24(a). The outputs are, then, 
v,(t) and v,(t). Since the 2-P is linear, superposition must hold. The total response 
v,(t) is, therefore, the sum of the partial contributions of i,(t) alone and i,(t) alone. 
Mathematically, we write 


Ui = rials + li2le (5-24) 


where r,, is (in ohms) a constant of proportionality, and the term r,,i, = 6, is the 
partial contribution due to i, alone. Similarly, r,, (ohms) is another constant and the 
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(c) 
Figure 5-24 The o.c. parameters. 


term r,,i, = Ô; is the partial response, due to i, alone, in the total response v,. See 
Figure 5-24(b) and (c). At port 2, we have 


Uz = oily + a1 (5-25) 


where r,,i, = 6, is the partial contribution of i, alone, and r,i, = Ô, is the partial 
contribution of i, alone to the total response v,(t). 
In matrix form, Equations 5-24 and 5-25 are 


MEN EE (5-26) 
V2 F21 M22 || 12 


in the form of Equation 5-20 
r(t) = H e(t) (5-20) 


showing the response matrix r(t), the matrix network function H, and the excitation 
matrix e(t). Be sure to recognize the difference between the four terms r41, F12, F21 F22 
used here, and terms of the same form, r ;,, used in loop analysis in Chapter 2. In loop 
analysis, such terms represent self- and mutual resistances in a multiloop network. 
Here, the four terms serve only to relate v, and v; toi, and i, in the 2-P. The rest of the 
2-P, inside the box, may contain many other loops that do not show explicitly in 
Equation 5-26. 

What is the nature of the network functions r,,, 12; F21 and r,,? How can we 
calculate or measure them? The answer is, again, in the principle of superposition, 
shown in Figure 5-24(b) and (c). We can set up, in the laboratory on paper, these two 
experiments. First, with Figure 5-24(b), we have i, #0 and i, = 0, port 2 being 
open-circuited. Then, again from Equation 5-24, 5-25, or 5-26, we have 


In other words, r,, is the driving-point (input) resistance seen at port 1 with port 2 
open-circuited; also r,, is the transfer resistance relating the open-circuit voltage 
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output at port 2 to the input current i, at port 1. The second experiment, in Figure 
5-24(c) and with Equation 5-24, 5-25, or 5-26, yields 


Cc» Oc» 


that is, r,, is the transfer resistance relating the open-circuit voltage output at port 1 
to the input current i, at port 2; and r5, is the driving-point resistance at port 2 with 
port 1 open-circuited. 

Since these two experiments are done with port 1 or port 2 open-circuited, we 
call the parameters the open-circuit resistance parameters, and their matrix is 
designated as R,.. 


Roo. = su T (5-29) 


The letter H is a generic notation for network functions. Specific network functions 
are given specific letters, such as R,, here. 


EXAMPLE 5-20 
Find R,. for the T two-port network shown in Figure 5-25. 


($2) 


Figure 5-25 Example 5-20. 


Solution. With port 2 open-circuited and i, exciting port 1, we have, as in Equation 
5-27, 


0, = (R, + Rji, S TQ. =R, +R, 
and since there is no current in R,, 
0, = R.i, s Tey = R, 
With port 1 open-circuited and i, exciting port 2, we see that, with no current in R,, 
0 —Rj,  .. r4—R, 
and 


0,—(R,--RJi, — .. r4-R,-R, 


R E R, T R; R, 
Ot R R, a R, 


Consequently, 


c 


Does this network look vaguely familiar? In Chapter 4, we saw it as a 3-terminal (3-T) 
network (called a Y network). There, no restrictions were placed on the terminal currents. 
Here, the 3-T network was converted into a 2-P network. B 
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EXAMPLE 5-21 


Find R,. for the 2-P network shown in Figure 5-26(a), representing a model of some electronic 
amplifier. There is a current-controlled current source in the 2-P network, with « a given 
constant. 


(22) 


(a) 


. ^ 


(b) (c) 
Figure 5-26 Example 5-21. 


Solution. Weset up the two experiments carefully. With i, = 0, as in Figure 5-26(b), the 
source controlled by i, must also go to zero. Being a current source, it goes to zero by 
open-circuiting it. Then 

0, — OG + li, 011-4 

P. = 31. Bad F31 = j 
In the second experiment, i, = 0. Since i, # 0, the controlled source stays. The current in 
the 3-Q resistor, by KCL, is «i, + i, = (1 + «)i,. Therefore 


A 


0, = X(1 + ai, JO Quà = 3(1 + a) 
and 
0,—2i,--3(0 +i, — .. ra =5+30 
Thus, 
4 3(1- a) Probs. 5-32, 
Rs... = | 5 4- 3a l B 5-33, 5-34 


The method outlined previously is very formal and somewhat tedious. We must 
set up two separate experiments, under some very specific conditions, and make sure 
that dependent sources are intact (if their controller is nonzero) or zero (if their 
controller is zero) in the particular experiment. All this may be quite lengthy and 
subject to errors. Let us outline another method for calculating R, , which gives us all 
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four parameters at once, without the need of two separate experiments and without 
ever worrying about the correct settings of dependent sources. 

This second method, which we'll call the informal method, can be stated as 
follows: For a given 2-P, write any two valid KVL or KCL equations for that 2-P, 
then rearrange them as necessary in the form of Equation 5-26. That's all! No 
memorization is needed, no open circuit on one port or another, and the results 
usually fall out with little effort. 

To illustrate this informal method, let us rework the two previous examples, 
then do another one. 


EXAMPLE 5-22 
Rework Example 5-20 by the informal method. 
Solution. In Figure 5-25, KCL at the center node tells us that the current through R, is 
(i, + i5), referenced down. Then KVL in the left loop reads 
—, + R,i, + R(i, + i) 20 
and KVL in the right loop is 
—v,+ R,i, + R(i, + i,) 20 


Now rearrange these two equations into their desired form, with the v's on the left and the 
i's on the right (this is the required form— the only thing to memorize). We get 


Vy = R,i, + Ri; + i>) = (R, T R ji, T R.i, 
v, = R,i, + (R, + Rji; 


and we have the answer as before. Lo 


EXAMPLE 5-23 
Rework Example 5-21 by the informal mnethod. 
Solution. For the 2-P in Figure 5-26(a), as given, we do not set i, = 0 or i; = 0. Rather, 


by the informal method, we recognize that the current in the 3-Q resistor is (i, + i, + 
ai,), referenced down. Then KVL reads 


Ui = li, + 3(i, + l, + giz) 


A quick rearrangement yields the final answer 
«| [4 3-43«][i 
v| |3 54+ 3a] i, " 
EXAMPLE 5-24 


For the op-amp 2-P network shown in Figure 5-27, it may be risky to solve this problem by the 
formal method (a nagging question then: “What is ij when i, = 0?"). Using the informal 
method, we solve the entire network by inspection, as follows: 


Solution 


1. Since the noninverting terminal draws no current, i, flows also through the 2-Q 
resistor, as shown. 
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(82) 


Figure 5-27 Example 5-24. 


2. Since the inverting terminal draws no current, the 4-Q resistor and the 3-Q 
resistor are in series and carry the same current i, as shown. 

3. The voltage drop across the 3-Q resistor is 3i,, and, since there is zero voltage 
across the input terminals of the op amp, this is also the voltage across the 2-Q 
resistor. Thus 


Ji, = 2i, 
Or 
ij = $i, 
4. KVL on the left reads 
v, = li, + 2i, = 3i, 
5. KVL on the right reads 
v, = Si, + 4i3 + 3i, 
= 5i, + 7 ($)i, 


The last two equations yield the final answer: 


al-l s] a 


2. The Short-Circuit Conductance Parameters In a dual fashion to the previous 
derivation, we consider the 2-P shown in Figure 5-28(a). By superposition, the total 
response i, will be 


iy — G;,,t, T G,5v; (5-30) 
where G,,v, — i, is the partial contribution due to v, alone, and G,,, in mhos, is a 
conductance. Also G,,v, = i, is the partial contribution due to v, alone. See Figure 


5-28(b) and (c). At port 2, the total response is 


» == G5,t, + G55v; (5-31) 
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i iy iy ij 
—À € i — —À — A — 


(a) (b) 


(c) 
Figure 5-28 The s.c. parameters. 


where G,,v, = î, is the partial contribution of v, alone, and G,,v, = 1, is due to v, 
alone. In matrix form, then, we write 


| i4 | | Gi Gi> | Ui| | ( ) 


r(t) = H e(t) (5-20) 


The formal method of calculating (or measuring) G,,, G,,, G21, and G,, 
proceeds with two experiments by superposition. First, with v, #0, port 2 is 
short-circuited (v, = 0) as in Figure 5-28(b), 
l5 = G5,t, V2 = 0 (5-33b) 
So, in other words, G,, is the driving-point conductance seen at port 1 with port 2 
short-circuited. Then G,, is the transfer conductance relating the short-circuit current 
at port 2 to the input voltage v,. 

In the second experiment v, # 0 and port 1 is short-circuited (v, = 0). Then 
js G,5v; Ui == 0 (5-34a) 
g G40, P = 0 (5-34b) 
where G,, is a transfer conductance and G,, a driving-point conductance. Since these 


calculations (or measurements) are done under short-circuit conditions, the 
parameters are called the short-circuit conductance parameters 


G. G 
Sxe =| "E | (5-35) 


M» 


» 


~ 
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EXAMPLE 5-25 


For the 2-P shown in Figure 5-29 (a x 2-P) calculate G, .. We have (verify carefully the two 
experiments!) 


G LN G, T G, =G 
Bis — G, G, 4 G. 


(5) 


Figure 5-29 Example 5-25. ki 


The informal method works equally well, and often better. Again, with 
dependent sources, we don't have to worry when such a source stays intact or becomes 
zero. The entire 2-P is considered, and the four parameters are obtained at once. 
EXAMPLE 5-26 


Find by the informal method the short-circuit parameters for the 2-P shown in Figure 5-30. 


kv, 


(82) 
Figure 5-30 Example 5-26. 


Solution. We write, by inspection, for the 5-Q resistor 


i + i, = 2v, 
and KVL on the right is 
U5 = 3i, a kv, + Ui 


From the second equation we have 


2 ded wd 
l5 ~~ = ER + 3%. = G;,v, + G5, 


This equation is substituted into the first one to give us 


7—k 1 


i = 29, — i, = =y 1 ee = Giit + Gy205 
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Therefore 
7—k 1 
3 3 
Gaa. eu 
k—1 
^73 3 " 


Another aspect of the informal method should become clear now. We can obtain 

G... or Equation 5-32, by an algebraic rearrangement of Equation 5-26. Let us repeat 
these equations here, for clarity 

Vy — Fiil + 75i; 


(5-26) 


Vo = P5114 + ?55l5 
and 


i, = G,,t, t Gi5v; (5-32) 
i; = G5,v, + G55v; 


The informal method simply takes any two valid equations for the 2-P and rearranges 
them into a desired form. So, if we have Equation 5-26, the v's in term of the ?'s, we 
merely solve algebraically for the ?'s in term of the v's. Using Cramer's rule, we have 
then 


UV;  P12 
. U2 P22 l2? “its 
1, = = ———_ U, + ———_ v, = G10, + Giat (5-36) 
Fii Fi2 det Reo. det Bos TT 
Foi a2 
iy Vy 
F21 V2 e Pay Fii 


v, + 


i, = det R, = det R, 1 v = G3,U; + G55v; (5-37) 


det R,.. 


Here det R,, = r,,75;; — r;457r5, is the determinant of the o.c. parameters matrix. The 
results in Equations 5-36 and 5-37 give G,,, G,5, G21, and G,,, provided, of course, 
that 


det R,. 40 (5-38) 
These results can be summarized neatly in matrix notation. The system 


v—-R,,i (5-26) 


is the inverse of 

v (5-32) 
Specifically, 

(5-39) 
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where the inverse matrix R} 4 exists provided R, , is nonsingular, satisfying Equation 


5-38. 


The same process applies, of course, if we have G, ,, and want R,,.. Then 
Roc. = Gee. (5-40) 
provided G, . is nonsingular; that is, if 
det G,, #0 (5-41) 


Two elementary 2-P's will illustrate these points. 


EXAMPLE 5-27 


The 2-P shown in Figure 5-31(a) has the open-circuit parameters 


R L3 
acs 1 1 


Be sure to verify this, either formally or informally! 


l 
1 2 | ees, | i ee 7 


(a) (Q) (b) 
Figure 5-31 Example 5-27. 


Solution. Since det R, .. = 0, the short-circuit matrix G, , does not exist. What does it 
mean physically (electrically)? Try to set up (on paper!) the two experiments for 
calculating G, . in a formal way, and see what happens. 

In a dual way (yes, duality is prevalent in circuits), the 2-P in Figure 5-31(b) has 


"T 1 —1 
ES. | 1 


(verify it!). Since det G, , = 0, the open-circuit matrix R, does not exist. Verify here, 
too, what happens in the two formal experiments if you set them up to calculate R, .. 
We see here another reason for having six different sets of parameters for 2-P's: A 
given 2-P may not have one (or more) set of parameters; it is comforting to have other 
parameters which describe this 2- P. mm 


3. The Hybrid Parameters These parameters are particularly useful in electronic 
transistor circuits, and are defined by 


vy hy, hyn] iy 
Ei 5-42 
em i" AM ds 


Probs. 5-35, 
5-36, 5-37 
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(c) 
Figure 5-32 The hybrid parameters. 


The proper identification of the inputs, e(t), and outputs, r(t), according to Equation 


5-20, is 
i, v1 
e(t) = | l r(t) = f l (5-43) 
V2 l2 


This is shown in Figure 5-32(a). The use of superposition here gives, as in Figure 
5-32(b), 

P. = uds b. = 0 (5-44) 

l5 — hi, V2 — 0 (5-45) 
with h,, being a driving-point resistance (with port 2 short-circuited) and h,, a 
dimensionless current transfer function. The second experiment, shown in Figure 
5-32(c), yields 

b,=h,,v, i, =0 (5-46) 
and 

A = hv; iy = 0 (5-47) 


Here, h,, is a dimensionless voltage transfer function and h,, a driving-point 
conductance (with port 1 open-circuited). 

Since the inputs are mixed in nature (one voltage and one current), as are the 
outputs, we call these parameters the hybrid (mixed) parameters 


_ ls el (5-48) 


Here h stands for “hybrid.” Again, the informal method is preferred when these are 
needed, particularly if another set of parameters is already known. 
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EXAMPLE 5-28 
Find the hybrid parameters for Example 5-26. 


Solution. We have the short-circuit description 


a d 
jj — —,— 9, — 49. 
eae 4 
h=- 1+ 5% 


We must rearrange these to have v, and i, in term of i, and v;. 
The first equation yields immediately 


3 


l , 
Vy "-—Ir^ Tara = hi, + hv 


When this expression is substituted into the second equation, the result is 
k—1. k—1 1 l 
l5 Ls + 30—15 3 (25) = hi, + hv, 
Probs. 5-38, 
Please repeat this example by the formal method. It is instructive! HB 5-39, 5-40 


4. The Inverse Hybrid Parameters As their name implies, these parameters are given 


by 
H m bs om n (5-49) 
V2 J21 922 || i2 


and the circuit is shown in Figure 5-33(a). The two experiments by superposition are 
shown in Figure 5-33(b) and (c). The details of the derivation are fairly easy, and you Probs. 5-41, 
are encouraged to develop them step by step. 5-42, 


--— 
En 
A 
V2 
(a) (b) 
A 
iy 
$ 
A X 
U l5 


(c) 
Figure 5-33 The inverse hybrid parameters. 
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From a mathematical point of view, we have 


g= (2 LR (5-50) 
J21 922 
provided that h~! exists, i.e., 

det h z 0 (5-51) 


5. The Chain Parameters The chain parameters (also called the transmission 
parameters) were of earlier use in 2-P networks. In those days, the concepts of network 
functions were not fully developed and, as a result, Equation 5-20 was not strictly 
followed. Nevertheless, relations among the 2-P voltages and currents were 
formulated (correctly!) as follows: 


vı = Av, + B(—i,) (5-52) 
i, = Cv, + D(—i;) (5-53) 


Iz l-le olx] (5-54) 


where T is the chain (transmission) matrix. From the mathematical point of view (our 
informal method), this is certainly a valid formulation. It expresses the variables at 
port 1 in terms of the variables at port 2, as they are "transmitted" through the 
network —hence their name. The reason for the minus sign in i, is historical: In those 
days, the reference direction for i, was opposite to the one we use now. 

It is easy to recognize that Equation 5-54 is not in the form of Equation 5-20: 
We can't have simultaneously v, and i, as inputs! As a result, the chain parameters are 
not necessarily network functions in the formal way. Nonetheless, we must emphasize 
that Equation 5-54 is a valid way of describing a 2-P; it has also certain advantages. 

We can set up open-circuit or short-circuit experiments to help us calculate A, B, 
C, and D. For example, from Equation 5-52 we have 

1 


v2 = A Ui i, = 0 (5-55) 


or, in matrix form, 


yielding a valid network function, 1/A, under open-circuit conditions in port 2. Once 
we have 1/A, we can invert it, of course, to get A. (Question: Why can't we set up 
v, = Av,, i, = 0 directly in Equation 5-52?) 


EXAMPLE 5-29 


Calculate the chain parameters for each of the 2-P networks in Figure 5-31. These, as you may 
recall, did not have a G,,, and an R,,.. To make it more general, let the 2-P in Figure 5-31(a) 
have a resistor R, instead of 1 O. Also, in Figure 5-31(b), let it be R, instead of 1 O. 


Solution. For Figure 5-31(a), we write by inspection 


v, = R,(i, + i5) 
v, = Ri, + i5) 


Prob 5-43 
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Rearrange these in chain matrix form to read 
v 
Aleit WE x a 
li R, 1 —15 — 1 


Ui = Ri, + U5 


or, in matrix form showing the chain parameters, 
| [1 R,| v [1 R 
[rb rp] c mo: . 
EXAMPLE 5-30 


Calculate the chain parameters of the 2-P shown in Figure 5-34. We recognize this 2-P as a 
chain connection of the 2-P in Figure 5-31(a) with Figure 5-31(b) to its right. 


er Y Y T MRNA 
R, 


— — -0M 


Figure 5-34 Example 5-30. 


Solution. The calculations are straightforward (do them!), with the final result 


A B 1 R, 
E LU 


a 


A brief observation reveals that this result is the product of the two chain matrices 


1 0 1 R 
1 R E 
So x aE dE a oe 
R, R, R 


In fact, it can be proved, in general, that the overall chain matrix of 2-P’s connected in 
chain is the product of their individual chain matrices, done in the same order as the 2- 
P’s. The order is important because we get a different overall 2-P if we interchange the 
order of the 2-P’s; also matrix multiplication is not commutative, in general, and the 
order of multiplication is important. E 


6. The Inverse Chain Parameters Finally, the sixth possible form of relating the 2-P 
variables is with the inverse chain parameters. These are defined (as expected) by 


v; | [A B'|u 
AGE sic oe 


where the prime (’) distinguishes these parameters from the previous ones. 


Probs. 5-44, 
5-45 
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The inverse chain parameters also do not show an input-output relation in the 
form of Equation 5-20. They are related to the chain parameters by 


; A’ B A HI" sii 
T -|é »|"|c 4 =T (5-57) 
Probs. 5-46, 


when the inverse matrix exists. 5-47 
To conclude this section, let us mention again the informal method of 

calculating any set of parameters from any other given set. All it takes is an algebraic 

rearrangement of terms. This is straightforward, but may be tedious. The good news is 

that it has been done, once and for all. Table 5-1 gives the complete interrelationships 

among the six sets of parameters. 


TABLE 5-1 RELATIONSHIPS AMONG 2-P PARAMETERS 
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iy i 
+ 
Us U2 


Figure 5-35 A singly terminated 2-P. 


The following notation is used in this table, for the sake of brevity: det R is the 
determinant of R, , ; det Gis the determinant of G, , ; det his the determinant of h, etc. 
Listings in the same row and in the same position are equivalent, so, for example, 


lsi hy, 921 


As mentioned (see Figure 5-22), a 2-P is used typically as a coupling network. 
Consider, first, a singly terminated 2-P, shown in Figure 5-35, where the 2-P, given by 
its R... has a termination only at port 1. This is a limiting case of Figure 5-22 with 
R, — oo. We want to find the overall voltage transfer function H, relating the output 
v, to the source v,. 

For the 2-P alone, we have 


U5 = r214 i, zx () (5-58) 
Us = Tad. i, =0 (5-59) 

The termination at port 1 imposes the additional condition 
v, = Ri + v, (5-60) 


We eliminate i, and v, in these equations to get 


F21 . F21 
v, = — B, .. HA, = 5-61 


A doubly terminated 2-P is the one shown in Figure 5-22; port 1 has the source 
and R,, and port 2 is terminated in R,. Here, too, a network function of interest is 
H, = v,/v,. Again, the 2-P equations hold (but i, 4 0, i, 4 0), plus the two conditions 
at the ports 


v, = R,i + v (5-62) 
and 


ne eut (5-63) 


Probs. 5-48, 
(Check that minus sign!) The algebraic details are left to you as a problem. 5-49, 5-50 
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PROBLEMS 


5-1 


5-2 


5-3 


5-4 


Classify each of the following networks as linear or nonlinear. 


(a) o> = e(t) (a differentiator) 


(b) e(t) "n | «co dx (an integrator) 
0 


We will study models of such networks in a later chapter. 


A network is described by the following output-input characteristic. (a) Is the network 
linear? (b) If the network is restricted to operate about a fixed point Q (called, 
appropriately enough, the operating point) with small signals Ae and Ar, is it linear then? 
The method of small-signal analysis about an operating point is very common in many 
electronic circuits. 


r=me +b 


Problem 5-2 


A spring, pulled by a force f(t), is stretched a length x(t). According to Hooke's law 
f= Kx 


where K is the spring’s constant. Is the spring a linear element? If linear, are f and x 
limited to some range, and what happens beyond this range? Sketch the x vs. f 
characteristic and compare it with the characteristic of the op amp in Figure 4-13(b). 


Use superposition to calculate v, in the network shown. Verify your answer by another 
method. (Peeking in the solutions appendix is not acceptable!) 


Problem 5-4 
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5-5 


5-6 


5-7 


5-8 


Solve for v, by superposition, then verify by another method. 


Problem 5-5 


Use superposition to calculate the output voltage v, in the op amp circuit shown. Name 
this circuit according to your answer. 


R, 


o+ 


Problem 5-6 


By superposition (and some informal calculations) find i, in the circuit shown. 


6 V 


10A ($2) 


Problem 5-7 


Find the current through the 6-V voltage source in Problem 5-7 using superposition. For 
each partial response (current), calculate the power in this source. Then calculate the 
total power in this source. Is superposition valid here? Why? Derive and explain in 
detail. 
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5-9 Using superposition and by inspection, write in their final form the loop equations for 
the network shown. Then solve these equations for the unknown loop currents (see 
Appendix A if necessary). Calculate the power of each current source, and state whether 
it receives or delivers this power. 


(2) 


Problem 5-9 


5-10 By superposition and inspection, formulate the loop equations of the network shown. 
Use the loop currents as given. Solve for these currents. 


2V 


Problem 5-10 


5-11 Carefully set up the loop equations for the network shown, using the same loops as in 
Problem 5-10. Inspect your results, the matrices R and e, compare with Problem 5-10, 


Problem 5-11 
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and see if you can relate them by inspection to the given network here. Solve for the loop 
currents and calculate the power in the source 4i,,. 


5-12 Use superposition to write by inspection the node equations for the network shown, in 
matrix form. Solve these equations (see Appendix A) and calculate the power of each 
source. 


(82) 


Problem 5-12 


5-13 Set up carefully the node equations for the network shown. Check your result, Gv = j, 
and see if the matrices G and j could have been written by inspection. 


($2) 


Problem 5-13 


5-14 Use Thévenin's theorem to calculate i, in Problem 5-7. 


5-15 Use Thévenin’s theorem to calculate i, in Problem 5-10. Let the observer here be the 3-V 
source and the 10-Q resistor. 


5-16 (a) Calculate the current i, in the Wheatstone bridge network shown, using Thévenin's 
theorem. Notice how much simpler it is by comparison with loop analysis! 
(b) What is the relationship among R,, R;, R3, and R, to make i, = 0? Suggest a 
method to use this bridge in order to measure one unknown resistor (say, R,) when 
R5, R4, and R, are known and adjustable. 
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V 
Problem 5-16 


5-17 Calculate v, in Problem 5-13 by using Thévenin's theorem. Let the current source 
i = 2 A and the 1-Q resistor be the observer network. 


5-18 The circuit shown is a model of a common-base transistor. The terminals are e (emitter), 
b (base), and c (collector). The base is the common reference for voltages, hence the 
name. The parameters r,, r,, k,, and k, are given. Note the two dependent sources. 
Calculate the current in the load resistor R, using Thévenin’s theorem, then verify by 
another (conventional) analysis. 


Problem 5-18 


5-19 Calculate the input resistance at terminals A-B of the network shown. If « = —2, what 
would you call this network? 


B Problem 5-19 


5-20 Solve Example 5-12 by a conventional method and show that your answer is not of the 
form 


É in UTh 
ê Rey + 6 


as it would be if Thévenin’s theorem were applicable there. 
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*5-21 Prove Thévenin's theorem, using the following steps: 

1. In the original setup, shown in (a), let the voltage across the observer network be v, 
and the current i,. 

2. As far as the linear network is concerned, we can replace the observer with a voltage 
source v,, with the current i, still there, as shown in (b). 

3. Now apply superposition, since everything is linear in (b). The current i, is 
contributed partly by v, acting alone, and partly by the linear network acting alone. 

Develop these steps carefully to obtain the final Thévenin circuit of (c). 


Linear Linear 
network Observer network 
(resistors network (resistors Uo 


and sources) 


and sources) 


(a) (b) 


Observer 
network 


UTh 


(c) 


Problem 5-21 


5-22 Use Norton's theorem to calculate i, in Problem 5-7. 

5-23 Find the Norton equivalent circuit to the left of the 2-A source and the 1-Q resistor in 
Problem 5-13. 

5-24 Solve Problem 5-16 by using Norton's equivalent circuit. 

5-25 Prove that the power delivered to a load resistance R is maximum (not minimum), as in 


Equations 5-15, 5-16, and 5-17. Hint: Consider two extreme cases, R —^ 0 and R > oo,: 
and sketch the plot of p as a function of R, remembering that R is passive. 

5-26 Calculate the complete power balance (power in every element) for maximum power 
transfer in the circuit of Figure 5-9(a). Plot p, vs. R fairly accurately, for 0 < R < oc. 

5-27 Without using Equation 5-18, derive the expression for the power in R of Figure 5-12(a). 
Find the maximum of this power and the value of R then. Calculate then the complete 
power balance in the circuit. Can you relate your answers to Figure 5-12(b)? Explain. 

5-28 What percentage of the available power from the Thévenin source, Figure 5-18(b), is 
dissipated in the load R when maximum power transfer happens? 
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5-29 


5-30 
5-31 


5-32 


5-33 


5-34 


5-35 
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In the network shown in Problem 5-13, let the input be the independent current source of 
2 A. Use the results of Problem 5-13 to calculate: (1) The network function relating the 
output v, to the input. (2) The network function relating the output v, to the input. Write 
your results in matrix form, as in Equation 5-20. 


Calculate the voltage transfer function v,/v, for the transistor circuit in Problem 5-18. 
Rewrite your solution to Problem 5-12 in the form of Equation 5-20, that is, 


s] 42] 


identifying fully the matrix network function H. 


Calculate the o.c. resistance parameters for the x 2-P network shown by: (a) direct 
calculations, (b) converting the 2-P into a T 2-P, using the A-Y conversion (Chapter 4), 
shown in dotted lines. 


(82) 


Problem 5-32 


Calculate the o.c. resistance parameters of the 2-P in Problem 5-18 (without the source v, 
and the load R,). Port 1 is e-b; port 2 is c-b. 


Calculate the o.c. resistance parameters of the 2-P shown. Comment on its suitability as a 
general model for R, of a 2-P. 


O.C. 
ril rn 
ri2lj rai (Q) 


P" y 
Problem 5-34 


Calculate G, . for the op amp 2-P shown. Does this 2-P have open-circuit parameters? 


10 (U) 


1’ z 
Problem 5-35 
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5-36 


Calculate G, . for the 2-P model shown. 
l 


Problem 5-36 


5-37 Calculate R,.. and G, .. for the 2-P shown. 


5-38 


5-39 


5-40 


5-41 


5-42 


5-43 


5-44 


*5-45 


2i, 


(2) 

Problem 5-37 

Find the hybrid parameters for the 2-P of Problem 5-18. (That is the reason for this 
model.) Excluded is the load resistance R,. 


Find the hybrid parameters for the 2-P in Problem 5-37: (a) by the formal method, (b) by 
the informal method. 


Derive a general model for a 2-P using its hybrid parameters, similar to Problems 5-34 
and 5-36. 


Set up (on paper) the two experiments for the calculation of the g parameters. Draw a 
general model of a 2-P using these parameters (compare with Problems 5-34, 5-36, and 
5-40). 

Find the g parameters for the 2-P of Problem 5-35 by the informal method. 


Set up three input-output experiments, under open-circuit or short-circuit conditions, to 
calculate the chain parameters B, C, D, similar to Equation 5-55 for A. 


Calculate the chain parameters of the 2-P shown: (a) directly, (b) by using the chain 
parameters of the individual 2-P’s. 


R, 


f° 2' Problem 5-44 


Prove: The overall chain matrix of two 2-P's connected in chain is the product of their 
individual chain matrices, in the order of their connection. That is, 


A B [4 B A B 
C Dja [C D] C Di 


Hint: Write the 2-P chain equations for each 2-P; then relate v, and i, of 2-P I to v, and 
i, of 2-P II. Also relate v, and i, of the overall 2-P, and v, and i, of the overall 2-P, to 2-P 
I and 2-P II. 
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Overall 


Problem 5-45 


5-46 Find the inverse chain parameters of the 2-P in Problem 5-44: (a) directly, and (b) by 
inverting its chain matrix. 

5-47 Find the inverse chain matrix of the 2-P in Problem 5-37. 

5-48 Calculate the overall voltage transfer function of a doubly terminated 2-P, as given in 
Figure 5-22 and Equations 5-62 and 5-63 in two ways: (a) by eliminating the appropriate 
variables among the 2-P equations and Equations 5-62, 5-63; (b) by replacing the 2-P, v, 
and R, by its Thévenin equivalent, with R, being the observer. 

5-49 A singly terminated 2-P is shown, terminated with R,. Use an appropriate set of 
parameters for the two-port (pay attention to the input!), together with the added 
condition in port 2, to obtain the current transfer function H; 


in == Hii, 


R, 


Problem 5-49 


5-50 A common-emitter transistor circuit is shown in the figure, together with its equivalent 
2-P model. Given typical values r, = 20 Q, r, = 100 Q, r, = 1M Q, « = 0.98, find: (a) the 
R, .. parameters of the transistor model, (b) the overall voltage transfer function of the 
circuit. 


Problem 5-50 


Chapter 6 


Dynamic Elements 


Our studies, so far, included resistive networks with independent and dependent 
sources. We saw in the previous chapters that, for all such networks, the output r(t) is 
just a scaled version of the input e(t) because the network function H is a constant 
number. This is shown in Figure 6-1 for an arbitrary form of e(t) and r(t). While this is 
an interesting and sometimes useful feature, it is also rather limited. If we want 
waveshaping circuits, that is, circuits that can change the shape of the waveform of an 
input, we need to have additional elements whose properties are different from those 
of a resistor. Why do we need waveshaping circuits? Because they are used almost 
everywhere—in your computer, in TV, in satellite communications, and in microwave 
ovens. A few of such waveforms are shown in Figure 6-2. We are ready to study two 
new elements which, together with resistors and dependent sources, allow us to do 
such exciting operations as waveshaping. 


6-1 THE CAPACITOR 


A capacitor (as you may remember from basic physics) is an element capable of 
storing electric energy. It is an observable physical experiment that when two 
conducting plates are separated by a nonconducting dielectric material, they form a 
capacitor, an element capable of storing electric charge and energy. The standard 
symbol for a capacitor is shown in Figure 6-3(a). A common capacitor is found in the 
electronic flash unit of a camera. A battery charges this capacitor; then, when you take 
a picture, the energy stored in the capacitor is used to fire the flashbulb. 

A linear, constant capacitor is an ideal element (much like an ideal resistor), 
where the stored charge q(t) is proportional to the voltage v(t) across the capacitor 


q(t) = Cut) (6-1) 
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e(t) r(t) 


a 


Figure 6-1 Input-output in a resistive network. 


Resistive 
network 


fic) f?) 
cb t nb: t 
(a) Triangular (sawtooth) (b) Rectangular (square) 
waveform waveform 

f3(0) 


(c) Fully rectified sinusoidal 
waveform 


Figure 6-2 Some common waveforms. 


Slope = C 


| ic 
+ + 


(a) (b) 
Figure 6-3 The capacitor. 
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See Figure 6-3(b) and compare it with the v-i characteristic of a linear resistor. The 
charge is measured in coulombs, and the voltage in volts. The positive constant C is 
the capacitance of the capacitor, and it is measured in farads (F). In many common 
circuits, small submultiples are used (1 uF = 10 9 F, 1 pF = 107+? F, etc.). The unit 
farad is named after Michael Faraday (1791-1867), an English physicist. 

In circuit analysis, we are interested mostly in voltages and currents. To obtain 
the v-i relation of a linear capacitor from its q-v relation, Equation 6-1, we remember 
the definition of current as the time rate of change of charge, in coulombs per second 

dq(t) 


Using this relation in Equation 6-1, we obtain 


Sao t dio 


Therefore, the current in a capacitor is proportional to the derivative of the voltage 
across it, with the standard associated references as shown in Figure 6-3(a). 


EXAMPLE 6-1 


Let the voltage across C be a constant dc value v(t) = Vo. 


Solution. The current i(t) is zero 
dV, 


zu 


i(t) = C 


Here the capacitor acts as an open circuit (0.c.), i = 0. This makes sense: With a constant 
voltage V), the charge is also constant, Qo = Ch, as in Equation 6-1. Since the charge is 
constant, there is no rate of change of charge— no current. 

Note the distinct difference by comparison with a resistor: There, zero current 
means zero voltage and vice versa. In a capacitor we can have zero current but a nonzero 
voltage! fai 


EXAMPLE 6-2 


Let the voltage v(t) across a capacitor (C — 0.2 F) be given as shown in Figure 6-4(a). It is 
required to plot the current i(t). 


Solution. Since v(t) has different expressions over the time axis, let us do it in the 
appropriate time segments: 


1. For t < 0: d 
v(t) = 0 .. iy=02 d (0)204A 


A PorO «t « 2: 
d 
v(t) — 50t 2» Wi-02 X (50t) 2 10A 


A For2 <t< 4: 
v(t) = 100 = #5) =O04 


Prob. 6-1 
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Figure 6-4 Example 6-2. 


4. For4 «t « 6: 


dv(t) 100 : 
T umbuhs nieds: 100 <. d(t)-(0.2(—100) = —20A 
5. For 6 <t <7: 
dv 100 
— = — = 100 .. i(t) = (0.2)(100) = 20A 
dt 1 
6. Fort > 7: 
d 
v(t) = 0 ^. K0202 J (0) 20A 


with the plot shown in Figure 6-4(b). Question: Why didn't we have to write the full 
expression for v(t) in parts 4 and 5, as we did in the other parts? 
Before continuing, let us pause and review the two waveforms in Figure 6-4. The 
waveform of v(t) is continuous, while that of i(t) is not; there are dis- 
continuities —jumps —in i(t) at t = 0, 2, 4, 6, and 7 s. The waveform of i(t) is essentially the Probs. 6-2, 
first derivative of v(t); so the capacitor acts as a waveshaper, a differentiator. BH 6-3 


The expression in Equation 6-3 gives the current in terms of voltage. It will be 
useful when we write later KCL equations. We want also the expression of v(t) in 
terms of i(t), that is, the inverse of Equation 6-3, in order to use it for KVL. To do so, 
we divide Equation 6-3 by C 

dv — 


1, 
nC i(t) (6-4) 
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then we integrate both sides between some arbitrary initial time tọ and any later time 
ES ta 


' dv I 1" 
— dt = — | i(x)dx 6-5 
| di C | i(x) | (6-5) 
Here we are using x as a dummy variable for the integrand on the right-hand side, 
since t is the upper limit and we don't want to confuse the variable of integration with 


the limit on the integral. Integrating Equation 6-5, we get 


t 


v(t) — wt) = > | i(x) dx (6-6) 


to 
and finally, 


t 
v(t) = v(tg) + A | i(x) dx (6-7) 
to 
This is the desired result. Intuitively, we could have predicted it immediately: Since the 
current is proportional to dv/dt, as in Equation 6-3, it is reasonable that the voltage 
will be proportional to the integral of the current. In integrating the current, we have 
to be careful with the limits of the integration, as well as with the appropriate constant 
of integration. These appear in Equations 6-5 and 6-7. 


EXAMPLE 6-3 


If you are still a bit uneasy about the dummy variable of integration, try to work out the 
following simple problem in calculus: Integrate the function f(t) = t?, (a) between t = 1 and 
t = 2 (answer: 4), (b) between t = 1 and any t > 1. 


Solution. In part (b) you'll have to use a dummy variable of integration, x, u, or any 


other letter, and write 
t x? t 1 
2 ELA RET T 
| x? dx = 3 | 3 q^ -10 


1 


showing the need for the dummy variable. The final answer depends on t, the upper limit 
of the integration. ww 


Equation 6-7 makes sense also if we read it as follows: “The voltage at any time t 
is equal to the initial voltage v(t9) plus the voltage developed after the initial time till 
the time t." The integral in Equation 6-7 is the charge in the capacitor between t, and 
t, and charge divided by C is voltage, as in Equation 6-1. 

In most applications, the initial time tọ is conveniently chosen as t, = 0. That's 
when a switch is closed or is opened, and we start our time counting then. As a result, 
Equation 6-7 is rewritten as 


ste) es w0) + — | i(x) dx (6-8) 
C Jo 


We see, therefore, that the output (voltage is this case) of a capacitor at a given time 
t — t, depends on the input (current) at t — t, and on past values of the current 


Prob. 6-4 
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(t < t,). This property defines the capacitor as a dynamic element. The capacitor has a 
memor y, since past values of current affect present values of voltage. By contrast, a 
resistor is a static element: Its output v(t) at t = t, depends only on the input i(t) at 
t = t4. It is called also an instantaneous or memoryless element. 


EXAMPLE 6-4 


A capacitor (C = J F) has a current 


(t) -2e€* t>0 


Plot the voltage across it for t > 0. 


Solution. From Equation 6-8 we write 


v(t) = v(0) + 2 I 2e * dx 


0 


= v(0) + 4(1— e`’) 


This is shown in Figure 6-5 for v(0) = 0 V and for v(0) = —4 V. Obviously, v(0) must be 
given (or precalculated separately) for a unique answer to exist. The value of v(0) is called 
the initial value of v(t). Or else, an alternative initial condition may be given, q(0), the 
initial charge on the capacitor. The two are related, of course, by Equation 6-1, 
q(0) = Cv(0). 


v(t) 


v(0) =—-4 


Probs. 6-5, 


Figure 6-5 Example 6-4. B 6-6 


The principie of conservation of charge states that electric charge cannot change 
instantaneously. In other words, the plot of q(t) must be continuous, without any 
discontinuities. See Figure 6-6(a) In Figure 6-6(b) we show a plot of q(t) which 
changes instantaneously at t = t,. Such a behavior is not allowed in a physical 
capacitor, since it violates conservation of charge at t= t,. Also, if such a 
discontinuity in charge were allowed, it would imply an infinite current at t = t,, since 
i(t) = (d/dt)q(t). Obviously, infinite currents cannot exist in a physical system.T 

As long as C does not change, the conservation of charge also means continuity 
of voltage, since q(t) = Cv(t). Then we can say that the voltage across a constant 


tIn later chapters, we will use an idealized mathematical impulse function, which allows the 
description (on paper) of an infinitely large current during a very small time interval. 
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q(t) = C v(t) q(t) = C v(t) 


(a) (b) 
Figure 6-6 (a) Continuous q(t). (b) Discontinuous q(t) at t = t,. 


capacitor cannot change instantaneously. In particular, we write for the initial 
condition across a capacitor. 


v(0-) = v(0*) (6-9) 


that is, the initial voltage “just before” t = 0 is also the initial voltage “just after” 
t = 0. These ideas are shown in Figure 6-7, where the intervals around t = 0 are 
enlarged in order to show clearly the points t = 0^ and t = 0*. Mathematically and 
physically, these intervals are infinitesimally small, of course. The need for such a 
distinctive “hair splitting” will become obvious in a later chapter. The important facts 
to remember here are the conservation of charge and of voltage across a capacitor, 
requiring continuous plots for q(t) and v(t). By contrast, we remember that the 
waveforms of v(t) and i(t) in a resistor may be discontinuous since v(t) = Ri(t). 


Power and Energy To calculate the instantaneous power p(t) in a capacitor, we use 
the general expression 


p(t) = wt)i(t) (6-10) 


with the same convention as before: If the associated reference signs on v and i are 
maintained (+ of v at the tail of the arrow of i), then p(t) > 0 means that the element 
absorbs power, while p(t) < 0 means that the element delivers power. 

We use Equation 6-3 in Equation 6-10 to get 


p(t) = Colt) zx W (6-11) 


as the instantaneous power for a capacitor. 


t=0 t=0 t=0t t 


Figure 6-7 Continuity of a capacitive voltage. 


Prob. 6-7 
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EXAMPLE 6-5 
For the waveforms of v(t) and i(t) in Example 6-2 (Figure 6-4), we can obtain the plot of p(t) by 
simply multiplying the two curves, point by point. 


Solution. For t « 0: 
p(t) = v(t)i(t) = (0X0) = 0 
For 0 « t « 2: 
p(t) = (50t)(10) = 500t 
For 2<t <4: 
P(t) = (100)(0) = 0 
and so on. The plot of p(t) is shown in Figure 6-8. We make the following observations: 
1. Over 0 < t < 2 and 5 < t < 6, the capacitor receives power, since p(t) > 0 then. 


2. Over 4 « t < 5 and 6 « t < 7, the capacitor delivers power, since p(t) < 0 then. 


3. Over 2 « t <4, and for t < 0 and t > 7, the capacitor does not receive or deliver 
power, p(t) = 0 then. 


Here, again, we contrast the capacitor with the resistor. The capacitor is capable of 
receiving, storing, and delivering power. The resistor only receives power (and dissipates 
it). 


p(t) 


2000 


1000 


Figure 6-8 Example 6-5. x 


To calculate the energy absorbed in the capacitor between t, and t; we write, as 
always, 


w= | 7 p(t) dt (6-12) 


1 


and with Equation 6-11 this becomes 


w = | Cv dv (6-13) 


v1 


where v, = v(t,) and v, = v(t,). Integration of Equation 6-13 gives 


w= = (v2—v?) J (6-14) 


Prob. 6-8 
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EXAMPLE 6-6 


For the capacitor and v(t) and i(t) in Example 6-5, we calculate the energies for the various time 
intervals. 


Solution. For t « 0: 
w=0 (uncharged capacitor) 


For 0 < ft < 2: 


^ 0.2 
w= | 500t dt = > (100? — 0?) = 1000 J 


0 


and for 6 < t <7: 


0.2 
w = [0? — (—100)*] = —1000 J 


You should complete these calculations for the other intervals and show that energy is 
conserved (as it should be!) over all time. fü 


6-2 THE INDUCTOR 


An inductor is another dynamic element, capable of storing energy. In its classical 
form, it is a coil of wound wire, shown symbolically in Figure 6-9(a). Through many 
observable physical experiments (by A. M. Ampére, H. C. Oersted, and M. Faraday, 
among others), we conceive of a magnetic flux h(t) associated with the current i(t) in 
the inductor. In a simple experiment, demonstrating the magnetic effect of the flux, a 
compass needle shows a deflection when placed in the vicinity of a current-carrying 
wire. The flux created by the current causes the needle to deflect. 

If you are worried about actually seeing the magnetic flux, then you should ask 
yourself also, *What about the electric charge in a capacitor?" In both cases, you 
don't have to worry. No one has ever seen (or, for that matter, will see) charge or flux. 
These are convenient physical abstractions; in terms of those abstractions, we can see 
and measure their effects, such as the deflection of the compass needle or the 
photographed trace of a charged particle. 


(o 


k Slope = L 


L v(t) 


b(t), i(t) | 


(a) (b) 
Figure 6-9 The inductor. 


Probs. 6-9, 
6-10 
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A linear, constant inductor is an ideal element where the flux $(t) is proportional 
to the current i(t) 


w(t) = Li(t) (6-15) 


as shown in Figure 6-9(b). The unit of flux is the weber (Wb), and the current, as usual, 
is in amperes. The positive constant L is the inductance of the inductor, with the unit 
measured in henrys (H). The unit henry is named after the American scientist Joseph 
Henry (1797-1878). In common circuits, submultiples are often used (1 mH = 
107° H, etc.). We say that the flux $ links (“embraces,” “surrounds”) the inductor L. 

The voltage-current relation for the inductor is derived from an observable 
experiment: v(t), as shown in Figure 6-9(a), is the time rate of change of the flux, that 
is, 


v(t) — x Wb/s (6-16) 


Using this relation in Equation 6-15, we obtain 


|, di(t) 
v(t) = L Tt (6-17) 


In a linear inductor, then, the voltage is proportional to the derivative of the current 
through it. The standard associated references for v and i are shown in Figure 6-9(a). 

Do you begin to suspect duality between the capacitor and the inductor? You 
should! Their v-i relationships (Equations 6-3 and 6-17) are dual of each other: v in 
one relationship is replaced by i in the other. If we agree that charge and flux play dual 
roles, then duality exists in Equations 6-1 and 6-15, and in Equations 6-3 and 6-16. 


EXAMPLE 6-7 


Let the current through L be a constant value i(t) = I. 


Solution. Then the voltage v(t) across the inductor is zero 
e" dl — 0 
MW) = L -i = 


Here, the inductor acts as a short circuit (s.c.), v = 0. With a constant current J,, the flux 

is also constant $y = LI, and its rate of change, the voltage, is zero. 
Note here also the distinct difference by comparison with a resistor; there, I, would 
produce the voltage R/J,. In an inductor, we can have zero voltage but a nonzero current. 
x] 


EXAMPLE 6-8 


Let the current i(t) through an inductor (L = 0.3 H) be given as in Figure 6-10(a). We wish to 
plot the voltage v(t) across L. 


Prob. 6-11 
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(b) 


Figure 6-10 Example 6-8. 


Solution. For the different time segments we have 


1. ¢< 0: 
d 
i(t) = Iy = 10 * si=03 x (10) 20V 
20epe2 
E d /(t? 
i(t) = 3 + 10 S. w0 203 d: (5 + 10) = 0.3t V 
3. 2<t =< 4; 
iD 12 Jo £De0V 
4. 4«t«5: 
di 
e —12 /. v(t) = (0.3)(—12) = —3.6 V 
a de e 
di 0 ET 
"m <. wt)-2 


and the waveform of v(t) is plotted in Figure 6-10(b). As in Example 6-2, we did not need 
the analytical expression for i(t) in the interval 4 < t < 5, only its derivative. 
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While the waveform of i(t) is continuous, that of v(t) has “jump” discontinuities at 
t — 2, 4, and 5. The inductor, like the capacitor, is a waveshaping element, differentiating 
the current. € 


To obtain the i-v (current in terms of voltage) for an inductor, we start with 
Equation 6-17. It is the v-i relationship, useful for writing KVL. We need to invert it. 
Dividing by L, we get 

di 1 
—=— v(t 6-1 
5p (6-18) 


Next, we integrate between an initial time tọ and any later time t 


' di 1f” 
cc i emo « 
|. i t L| dx (6-19) 
with x a dummy variable of integration. Equation 6-19 then yields 
1 t 
i(t) — i(tg) — L | v(x) dx (6-20) 
to 
or, finally, 
1 t 
i(t) = i(tg) + L | v(x) dx (6-21) 
to 
If the initial time is tọ = 0, we have 
1 t 
i(t) = i(0) + T f v(x) dx (6-22) 
0 


In words, the current at any time t > 0 is the initial current i(0) plus the current that 
develops from t = 0 onward. The integral part in Equation 6-22 is the flux of the 
inductor for t > 0, and when divided by L it gives current, according to Equation 6-15. 
The dynamic nature of the inductor is evident from Equation 6-21 or 6-22: The 
output (current) at time t, depends not only on the input (voltage) at that time but 
also on past values of the input. Like the capacitor, the inductor has a memory. 


EXAMPLE 6-9 
An inductor (L = 4 H) has a voltage across it 
v(t) = 2e™* t> 0 
with the standard associated references. Also given is the initial current 
i(0) = —4 A 


Calculate the current i(t). 
Solution. We write, according to Equation 6-22, 
t 
i(t) = -4+2 f 2e * dx = —4e™' t>0 
0 


Its plot and the plot of v(t) are shown in Figure 6-11. 


Probs. 6-12, 
6-13 
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Figure 6-11 Example 6-9. z 


As in the capacitor, the inductor has a natural initial condition associated with 
it, i(0) or $(0) = Li(0). This initial condition must be given (separately) if we want a 
unique answer for the current at t > 0, according to Equation 6-22. The inductor, just 
like the capacitor, is a dynamic element. Its i-v relationship involves an integration. 
The constant of integration is, in general, arbitrary. For a unique answer, this constant 
must be calculated or specified separately. 

Just as the principle of conservation of charge applies to a capacitor, the 
principle of conservation of flux applies to the inductor. The flux (t) cannot have 
discontinuities. See Figure 6-6, where q(t) = Cv(t) is now replaced by $(t) = Li(t). A 
“jump” discontinuity in $(t) would imply an infinitely large inductive voltage at this 
point, according to Equation 6-16. In physical circuits, only finite (although possibly 
very large) voltages can exist.T 

As long as L does not change, the conservation of flux also means the continuity 
of current, since #(t) = Li(t). The current through a constant inductor cannot change 
instantaneously. In particular 


i(0 ) = i(0*) (6-23) 


the initial current “just before" t = 0 is also the current “just after" t = 0, as shown in 
Figure 6-12. 


Figure 6-12 Continuity of i; (t) at t = 0. 


f In later chapters, we will use an idealized mathematical impulse function, which allows the 
description (on paper) of an infinitely large voltage during a very small time interval. 


Probs. 6-14, 
6-15 
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6-3 MUTUAL INDUCTANCE 


Consider an inductor L,, with a current i,(t), as shown in Figure 6-13(a). The resulting 
flux is, according to Equation 6-15, 


P(t) = Liit) (6-24) 


Now, let there be another inductor L, in the vicinity of L,, as shown in Figure 6-13(b). 
This inductor carries no current; it is open-circuited. Being physically close to L,, 
some of the flux $(t) links L,. We write (t) as the sum 


P(t) = $(t) + ó5(t) (6-25) 


Here $,, is the flux linking L, due to current i,, and @,, is the flux linking L, due to i,. 
In the linear inductor L,, this flux is proportional to i, 


$05, = Mi, (6-26) 


where M is a constant, called the mutual inductance between L, and L,. Its unit is also 
the henry (H). 

We have now a similar observable experiment as before: L,, having a varying 
flux @,,(t) linking it, will develop a voltage v, across its terminals, given by Equation 
6-16 and 6-26: 


d d di, 
v(t) = — t) = — (Mi) = M — 6-27 
40 = 5 bas) = (Mi) = M 7 (6:27) 
91 
4 
p jf 
27S $ ^ 95 
/ W pt» 
i (t) T i, (£) i Ly vy) 
EE € 
LM A 
A ood" \ \ 
(H) k^ 
(a) (b) 
Iron core 


(H) 


(c) (d) 
Figure 6-13 Mutual inductance. 
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At first, this is a startling observation: The inductor L5, without any current, is just 
“sitting there,” yet it develops a voltage v, across its terminals “out of nowhere!” 
However, the physical observation is firm. The voltage v, is induced in L, because of 
the mutual flux ¢,, from i,. At one time, such an observation was labeled “action at a 
distance": A current i, in L, causes a voltage v, at a distance from L,. We prefer to use 
the more accurate terminology and speak of a voltage v, induced in L, because of a 
mutual inductance M (and a mutual flux $5,) between L, and L,. The phenomenon 
of mutual inductance and induced voltages is the basis for the operation of 
transformers, motors, and similar devices. Without mutual inductance, for example, 
our electric company would not be able to generate or distribute electricity! 

We will return to mutual inductance in a later chapter. However, two important 
notes must be made at this point. First, from considerations of energy, it can be shown 
that, for two linear inductors L, and L,, the mutual inductance M is given by 


where 0 < k < 1 is the coefficient of coupling, giving a measure of how closely (tightly) 
the two inductors are coupled. It depends not only on the physical closeness of L, and 
L, but also on the medium that provides for the mutual linkage. For example, if L, 
and L, are linked through air, the coefficient of coupling would be smaller (say, 
k = 0.2) than if L, and L, were wound on an iron core, as shown in Figure 6-13(c) and 
(d). An iron core provides a preferred path for the flux, and therefore a larger 
coefficient of coupling (say, k — 0.98). 

Exactly the same observations and results are true when a current i, in L, 
induces an open-circuit voltage v, in L4, 


(6-29) 


The second observation is related to the reference mark (+) for the induced 
voltage v,. If you remember the “right-hand rule" from your basic physics, you will be 
able to establish the direction of $5, and, from it and the relative sense of the windings 
of L, and L,, the reference of v,. However, even if you remember it, this would be 
tedious or even impossible to apply every time. Just think of having to break the metal 
casing of a transformer (two coupled inductors) in order to check the sense of their 
windings! 

Even without knowing the right-hand rule, we recognize the fact that when two 
inductors are mutually coupled as in Figure 6-13(c), the reference (+) of v, will be 
reversed if the sense of windings of L, is reversed with respect to L,, as in Figure 
6-13(d). 

To enable us to establish the (+) mark on v,, the following dot convention is 
used: A dot (or another mark) is shown at one terminal of L, and at one terminal of 
L,. If a current i, enters the dot on L,, then the induced voltage v, will be (+) at the 
corresponding dot on L;. This information is complete and totally equivalent to the 
right-hand rule and the relative sense of windings for L, and L,. A pair of mutually 
coupled inductors, together with their dots and the references of i, and v,, is shown in 
Figure 6-14. Let us practice with a couple of examples. 


Prob. 6-16 
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L, U5 -M-— (H) 


Figure 6-14 The dot convention. 


EXAMPLE 6-10 


In the circuit of Figure 6-15(a), we have L, = 2H, L, = 3H, k = 0.6. If i(t) = 10e~‘ as shown, 
calculate the open-circuit induced voltage v, with its reference mark. 


(H) 


(H) 


(b) 
Figure 6-15 Example 6-10. 


Solution. First, we need M, the mutual inductance. As in Equation 6-28, we write 


M = 0.6,/(2)(3) = 1.7 H 

Next, 
di, d * s 
ure 1.47 7 (10e 5 = —14.7e 
Finally, the dot convention: Since i, does not enter its dot, the induced voltage v, is not 
positive (4-) at its dot—its (--) mark is at the nondotted terminal on L;, as shown in 
Figure 6-15(a). If we wish now, we can show v, as in Figure 6-15(b). 

Let us be sure that we understand every step here. The expression (waveform) for 
v, is given by Equation 6-28. The second piece of information needed for v,, its reference, 
is given by the dot convention. In using the dot convention here, we had to interpret it in 
its “negative” meaning, namely, a current not entering a dot induces a voltage which is 
not positive at the other dot. Or, if you will, a current entering a nondotted terminal 
induces a voltage which is positive at the other nondotted terminal. Finally, v, as shown 
in Figure 6-15(a) is identical to v, in Figure 6-15(b): The (+) reference is reversed 
together with the minus sign in front of the expression. Pes 


v, = M 
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EXAMPLE 6-11 


For the two inductors shown in Figure 6-16, we are given L, = 0.3 H, L, = 0.45 H, M = 
0.22 H. Also i,(t) = 10 sin 377t. Calculate the coefficient of coupling k, and the open-circuit 
induced voltage v,(t). 


(H) 


Figure 6-16 Example 6-11. 


Solution. We have from Equation 6-28 
M 0.22 


L,L,  4/(0.3(0.45) 


k= 


Next, the induced voltage v, is 
d 
v, = 0.22 a (10 sin 377t) = 829 cos 377t 


According to the dot convention (here the dots are square) i,, entering the square, 
induces v, which is referenced (+) at the corresponding square on L,, as shown in Figure 
6-16. if 


Power and Energy Let us write the expressions for power and energy in an inductor 
by using duality on the corresponding capacitive expressions. The instantaneous 
power in an inductor is 


p(t) = v(t)i(t) = Li(t) 2 W (6-30) 


and it can be positive, zero, or negative. The inductor may receive power (p > 0) or 
deliver power (p « 0). 


EXAMPLE 6-12 
For the inductor of Example 6-8, we have, for t « 0: 
p(t) = (010) = 0 no power received or delivered 
For 0 < t < 2 we have 
t? 
pt) = osz + 10) >0 power received by L 
For 2 <t < 4: 
p(t) = (0X12) =0 no power 
For4 «t « 5: 
p(t) = (—3.6)( —12t + 60) < 0 power delivered by L 


Probs. 6-17, 
6-18, 6-19 
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For t > 5: 
p(t) = 0 no power 


Verify to your satisfaction the expression for i(t) in the interval 4 < t < 5, and the fact that 
p(t) < 0 there! E] 


The energy absorbed in the inductor between t, and t, is 


SET PME LE TE 
J =| uca- | Lidi 2 —(ij—i?) J (6-31) 
n dt ü 2 

To conclude and review our studies, we tabulate the equations for a resistor, a 
capacitor, and an inductor. Table 6-1 shows these relationships and stresses the 
duality between L and C. The subscripts R, C, and L are used for clarity. 

We have now all the basic “building blocks” of circuits: Sources (voltage, 
current) both independent and dependent, resistors, op amps, capacitors, and 
inductors (including mutual inductance). It is both amazing and comforting to know 
that practically all “real-life” circuits can be modeled, analyzed (and, later, designed) 
just with these components. That is what we'll be doing in the rest of the book. 


TABLE 6-1 RELATIONSHIPS IN ELEMENTS 


i R i C i L 
——> AAAA——e —e——lC——e e—' ýy fe 
n +o —-—. +v A NC +v i 
Defining equation: v, = Rig Qc = Cte z; = Li, (or Mij) 
; av di, 
v-i: 0, = Ri, vc = ve(0) + C so) dx wv, =L F^ 
1 l dvc . 1 ft 
i-v İr = RR ic=C de i, = ij (0) + L , eo dx 
t2 C L 
energy: Wr=R | i2(x)dx | wc- 1 (v3 — v?) Ws (i2 — i2) 
ti 
PROBLEMS 


6-1 Check the units (dimensions) in Equation 6-3. 
6-2 For the capacitor shown in Figure 6-3 we have C = 0.3 F and 
0 t<0 
v(t) = 


je% t>0 


Calculate and plot: 
(a) The charge q(t), 
(b) The current i(t). When does the charge reach its maximum? 


Prob. 6-20 


Probs. 6-21, 
6-22, 6-23 


Prob. 6-24 
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6-3 


6-4 


6-5 


6-7 


6-8 


The charge across a capacitor (C — 0.1 F) is given by 


» _ $10 t«0 
UW) = Sioe (49 


Calculate and plot v(t) and i(t). 
Show that Equation 6-7 may be also written as 


v(t) = : | i(x) dx 


t to t 
| =| +| for any to < t 
= 60 — o0 to 


Why is Equation 6-7 more convenient than this equation? 


Hint: 


The current through a capacitor (C — 0.1 F) is given by 
i(t) = —20e ?' t>0 


Also given is v(0) = 100 V. 

(a) Show clearly the circuit diagram for this capacitor with the standard associated 
references for the voltage v(t) and the current i(t). 

(b) Calculate v(t) for t > 0. 

(c) Plot i(t) and v(t) for t > 0 and compare with Problem 6-3. 

In the circuit shown, the switch S closes at t — 0, the capacitor having no charge prior to 

t = 0. 

(a) Plot vc(t), the voltage across the capacitor, for all t (— o0 « t € oo). 

(b) Calculate and plot the current i,(t) vs. t. 


- 
s 
v(t) = 100 sin 377t vc(t) C=0.01 F 
ic(t) 
Problem 6-6 
Starting with 
dq(t 
i(t) = q(t) 
dt 


(a) Integrate to obtain the expression of q(t) in terms of i(t). Don't forget initial 
conditions and the proper limits on the integral. 

(b) Show that the integral in part (a) goes to zero as t > 0 as long as i is not infinite. How 
is this result interpreted physically? 


Calculate and plot the power p(t) for Problem 6-6. 
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6-10 


6-11 
6-12 


6-13 


6-14 


6-15 
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For Problems 6-6 and 6-8, calculate the energy: 

(a) Between two successive times, t, and t,, where p(t,) = p(t.) 2 0 and p> 0 for 
hx. 

(b) Between two successive times t, and t, where p(t,) = p(t;) =0 and p « 0 for 
f. Ed. 

(a) Calculate the equivalent capacitance of two (uncharged) capacitors C, and C, 
connected in parallel. Extend to k capacitors k — 3, 4,.... 

(b) Repeat for a series connection. Contrast these results with their counterparts in 
resistors. 

Check the dimensions (units) of Equation 6-17. 


For the inductor shown in Figure 6-9, we have L — 0.2 H and 


0 t «0 
=| 


te t0 


Calculate and plot: 
(a) The flux (ft), 
(b) The voltage v(t). When do the current, the flux, and the voltage reach their maxima? 


The flux in an inductor (L — 0.4 H) is given by 


0 t «0 


n= eae t>0 


Calculate and plot: 
(a) The current 
(b) The voltage 


Consider a linear mechanical spring. Such a spring obeys Hooke’s law 
f(t) = Kx(t) 


where f(t) is the applied force and x(t) is the elongation (extension) of the spring. 
Compare this expression with the q-v relation of a linear capacitor 


1 
v(t) = C q(t) 


with f >v, x ^q, K ^ 1/C, where the arrow means “analogous (similar) to.” Note: 
These are two different systems, one mechanical, the other electrical. Their equations 
exhibit analogies (similarities). Duality, on the other hand, exists among elements of a 
single system, say, electrical. Explore in full the analogy between: (1) the velocity across 
the spring (that is, the velocity of one terminal with respect to the fixed other terminal) 
and the current through the capacitor; (b) the energy stored in a spring and that stored in 
a capacitor. 


Compare analogies between a linear spring and a linear inductor given by 


1 
i(t) => HO) 


with f >i, K > 1/L, x > $. 
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6-16 Calculate the mutual inductance between L, — 2 H and L, — 3H with a coefficient of 


coupling 
(a) k = 01 
(b) k 2 0.9 
(c) k=0 


6-17 Review, or study, the “right-hand rule” for establishing the reference of a mutually 
induced voltage.! 

6-18 In Example 6-10, Figure 6-15(a), what is the voltage v, across L,? Be sure to calculate its 
expression and show its reference. 


6-19 Consider two linear inductors L, and L, coupled mutually, as shown. Let each inductor 
be excited by a current source. Calculate the total voltage across each inductor, v, and 
v. Hint: Use superposition. 


Problem 6-19 


6-20 Calculate and plot the power p(t) for the inductor in Example 6-9. Is the inductor 
receiving power or delivering it? From where? 


6-21 Calculate and plot the energy absorbed in the inductor of Example 6-9. Verify that 
energy is conserved. 


6-22 Calculate the equivalent inductance of two inductors (with zero initial conditions) 
connected: 
(a) In series 
(b) In parallel 
Extend your results to more than two inductors. 


6-23 (a) The current through an inductor (L henrys), over the range 0 < t < 6, is given by 
i(t) = t 
The inductor has no initial current (or energy). Plot v, (t). Calculate the energy stored 
in this inductor between t, = 1 s and t, = 3s. 
(b) Repeat, for the same inductor and zero initial current, if the current is given as 
ij (t) = $C +3 
Draw conclusions! 


*6-24 For the two inductors of Problem 6-19, calculate the instantaneous power p = 
Pı + P2 v,i, + vi, and the total energy between t = 0 and any t > 0. Assume no 
initial energy stored at t = 0. 
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Chapter 7 


First-Order RC and RL Circuits 


We are ready now to start our studies of dynamic circuits. As we remember, an all- 
resistive circuit is described by purely algebraic equations; therefore, its output 
waveform is identical to the input waveform, within a scaling multiplier. 

Circuits with dynamic elements are described by more difficult equations, but 
they provide more exciting outputs. 


7-1 THE OP AMP INTEGRATOR 


One of the most useful circuits using a dynamic element is shown in Figure 7-1. An 
input voltage v(t) is applied, and we are interested in the output voltage v,(t). Since 
the noninverting terminal is grounded, we have 


Ui = U5 = 0 (7-1) 


Also, with their proper references, we write 


. tj —U5 Üi 
= — = 7-2 
IR R R (7-2) 
and 
d dv 
" = EN — = — 7-3 
ic = C 7. (0, — v2) = Cy (7-3) 
KCL at the inverting terminal is 
ic + in = 0 (1-4) 
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Figure 7-1 The op amp integrator. 


that is, 
dv V; 
C—+—=0 7-5 
dt * R io) 
In other words, 
dv 1 
xai, Nes ee S 7-6 
dt RC re) 


This is the desired input-output relation for this circuit. We see that the first derivative 
of the output appears in the equation. This is in contrast to the all-resistive networks 
studied in previous chapters. There, you will recall, the input-output relation was 
purely algebraic: The output (not its derivative) was equal to a constant times the 
input. See Equation 5-20. Here, not surprisingly, the capacitor’s current introduces the 
first derivative of v,. 

Let us define the order (=n) of a network as the highest derivative of the output 
which appears in the input-output equation for this network. In our op amp circuit, 
the order of the network is one (n — 1). 

To solve Equation 7-6 for v,(t), we integrate 


t 


DAE) = — B v(x) dx (7-7) 
0 


provided the capacitor is initially uncharged. The output voltage v,(t) is, within the 
constant multiplier — 1/RC, the integral of the input. If we choose, for example, 
R=1MQ and C- 1 uF, this constant becomes —1. This circuit is called an 
integrator; it is extremely useful in waveshaping and in analog computers. 

A similar result may be obtained by replacing the resistor R with an inductor L, 
and the capacitor C with a resistor R (Do it!). Such a circuit, however, is less practical; 
inductors, in real life, tend to be nonlinear, bulky, and more lossy (heat) than 
capacitors. 


Probs. 7-1, 
7-2 
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7-2 RC CIRCUIT—ZERO-INPUT RESPONSE 


Let us consider a simple, but adequate, model of the flash unit in a camera. A battery 
(dc voltage source) charges a capacitor until the “ready” light glows, indicating that 
the capacitor is fully charged. Then, at t = 0, we press the shutter button: The switch S 
then connects C to the bulb R, and the current flowing through R causes the bulb to 
flash. See Figure 7-2(a). 

We have for t = 0^ (just prior to closing the switch on R) 


vO ) — Vo (7-8) 


as the initial condition of v,(t). We want to describe the behavior of the circuit for all 
t > 0, as shown in Figure 7-2(b); its tree and co-tree are shown in Figure 7-2(c). A 
quick preliminary decision tells us that we need only one node equation or one loop 
equation for this circuit. There are two excellent reasons for choosing node analysis 
here: (1) The node voltage v,(t) is a good variable since we know already its initial 
value v«(0 ); it would make a lot of sense to calculate v((t) for all t > 0, as shown in 
Figure 7-2(d). A closely related reason is the choice of the capacitor as a tree branch. 
You recall (Chapter 3) that voltages of tree branches are independent variables. That 
is why we chose the capacitor as a tree branch. In this simple circuit, of course, we 
hardly need graph theory; however, these ideas will be used later in more complicated 
circuits. (2) If we decide to use loop analysis, the expression for the voltage across C 
will involve an integral of the loop current. We all agree that there is enough work 
dealing just with derivatives, so let us avoid integrals whenever possible. 


-0 * 
S : Uc(t) 
4 -— 
Vo Uc (ft) C R < Light 
Es. 
Battery Flash 
(a) 
Uc(t) 
) 
l vc(0 ) - Vo i, 
/ x 


(c) (d) 
Figure 7-2 An RC circuit. 
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Node analysis, then, provides the following KCL equation in Figure 7-2(b), with 
(+) for currents leaving the node: 


ic(t) + ip(t) = 0 t>0 (7-9) 
or 


dvc(t) | vc(t) 
— RÀ 1-1 
C+ et. ted (7-10) 


This is the equation for the unknown v(t), including the unknown v((t) and its first 
derivative. This is, therefore, a first-order differential equation, and as a result, the 
order of the circuit is n = 1. Also, the right-hand side of the equation is zero. We 
remember in previous chapters that the final form of a loop or a node equation 
contains, on the right-hand side, the sources (input) for that loop or that node. Here 
there is no source, no input for t > 0. We call Equation 7-10 a zero-input equation.T 

A very important question comes up at this point (if you did not think of it yet, 
now is the time), *If the input is zero here, what excites the circuit? What will cause ig 
to flow?" The answer is not difficult: The initial voltage v«(0 ) across the capacitor 
will discharge through R. This initial voltage makes things happen after t — 0. Why 
doesn’t then v«(0 ) appear in Equation 7-10? Because the differential equation, 
describing KCL, holds for all t > 0; the value v«(0 ) is true only at one instant, 
t=O. In fact, the number v((0 ) is arbitrary. It can be specified without any 
relationship to Equation 7-10, because the capacitor C may be charged up to any V, 
for t « 0. 

The complete statement of our problem, then, is: Solve the differential equatian 
7-10, with the given initial condition vc(0 ) = VY. 

Before actually solving this problem, let us introduce another important concept 
for dynamic circuits. The capacitive voltage v(t), if known for all t > 0, solves 
completely the circuit in Figure 7-2(b). That was the reason for choosing it as a node 
voltage. Let us reassure ourselves of this fact: If v(t) is known, then ic(t) = C dv,/dt is 
also known. Also, the voltage across the resistor is v(t); it was zero for t < 0. The 
current through the resistor is i; = v-(t)/R = — ic. Thus, v-(t) solves the entire circuit. 

The variable v(t) is called a state variable. Its initial value, ve(O ), is the initial 
state of the network. Here, the word “state” means “condition,” as in “water in its 
liquid state," or *the state of the union." State variables are very useful in circuit 
analysis, in addition to loop currents and node voltages. 

The solution of Equation 7-10 will be done by the most general method that is 
also applicable later in more complicated cases. Other methods, not quite as general, 
are mentioned in the problems for this section. Additional advantages of the general 
method are its minimal need of memorization and its close relationship to the so- 
called transform methods to be studied in later chapters of this book. 

The general method for solving Equation 7-10 starts with the following 
question: “What possible function v,(t), when added to its first derivative, within 


T Other names are homogeneous (in mathematics), or force-free (in physics). 


Probs. 7-3, 
7-4 
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multiplying constants (C and 1/R), gives zero?” A brief survey of functions will tell us 
that the only possible candidate is the exponential function 


v(t) = Ke" (7-11) 


with suitable values of the constants K and s. Why? Because the derivative of 
e“ is still e* (within a constant multiplier); therefore, it is the only hope for our 
problem. As an exercise, show that other functions, such as a polynomial in t, 
vc(t) = at" + bt"~* + ---, are hopeless here. 

Let us try, then, the (intelligently!) assumed solution, Equation 7-11, in 
Equation 7-10. We get 


1 
C(sKe") + R Ke =0 (7-12) 
or 


1 
(cs + pje =0 (7-13) 


In Equation 7-13, the product of two factors is zero. As a result, either factor (or both) 
must be zero. But we know that v(t) = Ke“ + 0 since a zero solution, ve(t) = 0, while 
satisfying Equation 7-10, is not very interesting; it is a trivial solution. Therefore, we 
must have 


1 
C Ie 7-14 
dur ( ) 


which gives the value of the exponent s 
1 
s= — — 
RC 


(1-15) 


Our solution, so far, is 
BI) = Ke OO (7-16) 
and a quick substitution into the differential equation (Equation 7-10) proves that it is 


indeed a solution 


o(- Kerwin) K anono sag 


To determine K, we use the initial condition. At t = 0 we know that ve(0`) = Vo. 
Since v-(0*) = v«(0 ), as we learned in Chapter 6, we will simply designate it as 
vc(0).T At t = 0 we have then 


Fs etel) = Ke 000 = K (7-18) 
that is, K = V. The final answer is therefore 


and its plot is shown in Figure 7-3, both for V, > 0 and for V, < 0. 


t Later, we will make a distinction in the rare cases when v,(0~) z v (0* ). 
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vc (t) 


Figure 7-3 The zero-input response of an RC 
circuit. 


Several important observations must be made about this solution: 


1. 


It is the zero-input solution, meaning that no sources excite the circuit, just an 
initial condition. We see in Equation 7-19 that this solution, within the 
constant multiplier V,, depends exclusively on R and C, the parameters of the 
network. Therefore, this solution is sometimes also called the natural 
response. 


. The order of the circuit is the order of its differential equation. Since a 


differential equation of order n requires n (arbitrary) initial conditions, the 
order of the circuit is also the number of those initial conditions. 
The assumed solution Ke* produced an algebraic equation for finding the 
exponent s. In our case, it was Equation 7-14. A little thought will convince us 
that if the differential equation is of order n, the algebraic equation for s will 
be of degree n. That is, if the differential equation is 
n n1 
ty Te dera Game rb d G+ agp =0 (7-20) 


then the algebraic equation for s will be 
a,8" + a, 1S" | c --- asc dy =0 (7-21) 


This algebraic equation is called the characteristic equation for the particular 
circuit. The coefficients a,, a,. ,,...,a,, ag in Equation 7-20 or 7-21 depend 
only on the element values of the circuit, and not, for example, on outside 
sources or initial conditions. In the characteristic equation 7-14, these 
coefficients are a, = C, dy = 1/R. These coefficients are characteristic to the 
network, hence the name for Equation 7-21. There will be n solutions 
(roots) of the characteristic equation s,,55,...,5,. These are called the 
characteristic valuest of the network. In our example, there is only one 
characteristic value, s, = —1/RC. We can appreciate now even more the 
reasons for assuming an exponential solution, Ke*. Not only is it the most 
reasonable solution; by assuming it, we reduce the solution of a differential 


f Or eigenvalues (“eigen” = “self” in German). Later, we'll call them natural frequencies for a good 


reason. 
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equation to solving an algebraic equation—a much easier, almost routine, 
task. 


. The arbitrary multiplying constant K (or, in the general case, K,, K,,..., Kp) 


arises essentially because we integrate the differential equation. A first-order 
differential equation requires one integration to go from dv/dt to v(t). The 
integration introduces an arbitrary constant of integration. To evaluate it, we 
need an additional piece of information, the initial condition. For a network 
of order n, we need n initial conditions to be able to evaluate the n constants 
| MM en ee 


. The zero-input response in our RC circuit is a decaying exponential. A 


waveform that approaches zero (“dies away”) as t > oo is called transient. 
Let us rewrite the transient voltage as 


v(t) = Ve~ "RE = V et" (1-22) 


where t = RC is necessarily in seconds (why?) and is called the time constant 
of this circuit. The time constant gives us a measure of how fast (or how 
slowly) the waveform v,(t) decays. After one time constant, t = t = RC, the 
value of vc(t) becomes 


seo | = Vye^! = 0.3678V, (1-23) 


that is, down to approximately 37 percent from its initial value. After five time 
constants, at t = 51, the voltage will be 


seo | = Voe~> = 0.00674V, (7-24) 
t=5t 


that is, less than 1 percent of its initial value; for all practical (engineering) 
purposes, ve then is zero. See Figure 7-4(a). Also, for different values of R or 
C, we get different time constants for this circuit. Consider two time 
constants, t, and t,. The circuit with the faster decay has the smaller time 
constant, T} < 15, as shown in Figure 7-4(b); it takes t, for vc4(t) to decay to 
37 percent, while vc, (t) takes only t,; clearly, 1, < T32. 


vc(t) 


Uc(t) 


UST 


T 2T 3T 4T t 


(a) (b) 


Figure 7-4 Time constants. 


7-2 RC CIRCUIT—ZERO-INPUT RESPONSE 181 


EXAMPLE 7-1 


For the circuit shown in Figure 7-2(b), we are given V, = —2V, R=4MQ, C=3 uF. 
Calculate v,(t), the time constant c, and the time it takes for V; to reach —1 V. 


Solution. In all our examples and problems, we will discourage memorization: It is 
unnecessary and risky (you may memorize the wrong equation). Rather, it is always 
better to rederive everything from basics. It is sincerely hoped that you, the student, will 
follow this advice. You will find it beneficial. After much practice, you will develop 
enough knowledge and confidence to take several shortcuts by remembering certain steps 
naturally and effortlessly. 

Here, we write KCL as 


dv 1 
ia + — — eom 
IRR xxi 
Multiply by 10? to clean it up 
3 dw; 1 — 0 
dr 4e 


The characteristic equation is obtained by writing a multiplier s for every d/dt (see 
Equations 7-20 and 7-21): 


3s+4= 


The root of this equation is the characteristic value 


Therefore, the zero-input solution is 
v(t) = Ke Ch? 
At t = 0~ we have 
—2 = Ke = K 
Finally, then, 
vc(t) = —2e "1? = —2e7"" 


The plot of this function is shown (in dashed lines) in Figure 7-3. The time constant of the 
circuit is t = 12 s. To reach — 1 V, it will take t, and we must solve 


vc(t) = —1 
Or, 
—12-—2e "2 

qe = 05 
1 _ 0,693 
17 — . 
t, = 8325 3 

EXAMPLE 7-2 


Calculate the power and the energy balance in the RC circuit of Figure 7-2. 


Solution. At t = 0 , the capacitor has the stored energy 
w(0~) = $CV$ J 


Probs. 7-5, 
7-6, 7-7, 7-8 
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Thereafter, as v-(t) decreases, this energy is dissipated by the resistor. The voltage across 
the resistor is 


valt) = v(t) = Ve“ "^C 
V. 
ig(t) — * oe 


The total energy dissipated by R is 
wa | = | P(t) dt = | UR(t)ig(t) dt 


0 0 0 
e e " CVs 

u 10 ,-2HRC 4, 

= | RE dt E 


0 


which establishes the energy balance between C and R. m 


7-3 RL CIRCUIT—ZERO-INPUT RESPONSE 


By duality, let us derive the zero-input response for the RL circuit shown in Figure 
7-5(a). Here, the given initial current in L, ij (0 ) = I, is the initial state, and has been 
established from a previous switching operation. The state variable i,(t) serves as a 
suitable loop current. We use it for similar reasons as v((t) in the previous case: (1) 
i (0 ) is given, and i,(t) for t > 0 will solve the entire network. (2) Link currents are 
independent variables (see Chapter 3); therefore, the inductor is chosen as a link in the 
graph, Figure 7-5(b). (3) If we chose to write one node equation here, the inductive 
current would involve the integral of v; , and we want to avoid integrals when possible. 
KVL around the loop provides the following equation 


di 
L^ + Ri, = 0 t0 (7-25) 
with i,(0*) = ij(0^) = i, (0) = Io, given. This is a first-order differential equation for 


the first-order RL circuit. It is a zero-input (homogeneous) equation. 
Without unnecessary repetition, we assume the solution 


i(t) = Ke" (1-26) 


Ip = i (01 


(a) (b) 
Figure 7-5 An RL circuit. 


Probs. 7-9, 
7-10 


7-3 RL CIRCUIT—ZERO-INPUT RESPONSE 183 


and obtain the characteristic equation 
Ls + R=0 (7-27) 


whose solution is the characteristic value 
R 
SEU 7-28 
s=-7 (1-28) 


Therefore, 
i,(t) = Ke "9 = Kot (7-29) 


where the time constant is (in seconds) 


L 
Sa (7-30) 
Using now the given initial condition in Equation 7-29, we get 
I;—ESÀE (7-31) 
and so, finally, 
iD) ux Iu n (7-32) 


is the zero-input response of the circuit shown, satisfying the initial condition. Its plot 
is shown in Figure 7-5(c) for I, > 0 and for I, < 0, and it is a transient waveform. 

All our previous observations hold also here about the time constant and the 
rate of decay of i, (t). The entire derivation is, in fact, totally dual to the RC case. We 
did it in some detail in order to provide some solid practice. 


EXAMPLE 7-3 


The circuit in Figure 7-6 represents a certain magnetic relay. The switch is in position a for a 
long time; at t = 0, it moves instantly to position b. Such a switch is called a “make-before- 
break" switch, and, in moving from a to b, it makes contact with b before breaking the contact 
with a, without interrupting i. It will stay in position b as long as the current i,(t) does not go 
below 6 A, at which time the relay “trips.” When will the relay trip? 


Solution. For t <0, the inductor acts as a short circuit (s.c.), from our studies in 
Chapter 6. Consequently, 


i(0-) 5 10A 


(82, H) 


Figure 7-6 Example 7-3. 
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For t 0, the two resistors combine in parallel across L; therefore 


and, from Equation 7-32, 
LO) = 107^ t0 
The tripping will happen at t,, when 


6 = 10e ^^ Probs. 7-11, 
t, = —iln0.6 = 128 ms B 7-12 


EXAMPLE 7-4 


In the network of Figure 7-7(a), the switch is opened, having remained closed for a very long 
time. Calculate i,(t) for t > 0 and the energy dissipated in the 5-Q resistor during the first 10 ms 
after t = 0. 


(a) (R, H) (b) 


Figure 7-7 Example 7-4. 


Solution. To calculate the initial current i; (0 ), we use Figure 7-7(b), with L acting as a 
short circuit. The calculation yields 


i(07) = "o (4) = =L714 
Qo 1 d 
where the first fraction is the current in the 1-O resistor. The second fraction, with the 
minus sign, is the current division. The expression for i,(t), for t > 0, is then 
i(t) = —1.71e D/Q/3 = —1 7197 15r 


and this is also the expression for the current in the 5-O resistor after t — 0. Therefore, the 
energy dissipated is 


10-2 10-2 
"| =| 5(—1.71e7 +55? dt = 0.126 J 


0 0 


Compare this with the initial energy stored in L 
w,(0-) = 4Li2(0~) = 1.1(—1.71)? = 0.488 J 
uf ) p) ih ) 2 3 ) PDecibu. 7-13, 
that is, the resistor dissipates about 26 percent of the initial energy. B 7-14 
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Next, let us consider the circuit in Figure 7-8. The initial state is given, vc(0 ), and the 
switch opens at t = 0, exciting the circuit with the current source i(t). As a first case, 
let this source be dc, i(t) = I,, constant. 

As before, with the capacitive voltage v,(t) as the state variable (C a tree branch), 
we write KCL 


Cpi op» (7-33) 


This is a first-order differential equation, but its right-hand side is nonzero. As 
expected, it contains the source that excites the circuit. We call this equation non- 
homogeneous (it was homogeneous when the right-hand side was zero). 

From the theory of differential equations, we know that the solution to 
Equation 7-33 consists of the sum 


Uc(t) = vcg(t) + vep(t) (7-34) 
where vcg(t), the homogeneous solution, is the solution to the homogeneous equation 


d 1 
et tee (7-35) 


dt R 


and vcp(t) is a particular solution, depending on the right-hand side of Equation 7-33 


dv 1 
= +5 %r =I, (7-36) 


In fact, if we add Equations 7-35 and 7-36 we'll get Equation 7-33, for which Equation 
7-34 is the solution. You may ask, “Why isn’t Equation 7-36 and its solution, vc, 
sufficient?” The answer is that we want the most general solution: Equation 7-36 and 
Ucp provide just a particular solution, and that’s why we add to it the homogeneous 
solution. 


C 


i, (1) 5 I, 


(a) (b) 


Figure 7-8 RC circuit with a source. 
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We know already the homogeneous solution from the previous sections. With 
the characteristic equation for Equation 7-35 being, again, 


1 
Cs + R zs () (7-37) 
and its charcteristic value 
1 
S = — RC (7-38) 
we have 
Coal = Ke CRO (7-39) 


exactly as before. Next, we must find a particular solution to Equation 7-36. Here, 
again, we use an intelligent argument: Since the right-hand side is a given constant, let 
us try for the particular solution a generalization of this number 


Ücp— A (7-40) 


where A is an unknown constant. Substitute now this trial solution into its Equation 
7-36, to get 


C EA, (7-41) 
or 
0+ Ej À - E, (7-42) 
R 
From which we find 
A= RI, (7-43) 
The total solution to Equation 7-33 is therefore 
vc(t) = Ke (/RO* + RI, (7-44) 


To determine K, we use now the given initial condition. At t = 0 , v«(0 ) is given. 
Therefore, 


v-(0) = Ke? + RI, = K + RI, (7-45) 
from which 
K = 0,(0) — RI, (7-46) 
Substitute this value of K into Equation 7-44 to get the final answer 
velt) = [vc(0) — RI,]e €/RO' + RI, (7-47) 


The plot of v,(t) is shown in Figure 7-9 for three cases: (a) vc(0 ) — RI, > 0; 
(b) ve(07) — RI, < 0; and (c) «(0 ) = RI,. 
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vc (07) 


RI, 


Uc(t) 


Uc(t) 


RI, 


(a) (b) (c) 


Figure 7-9 Total response of the RC circuit. 


Several observations are in order here: 


1. The total solution in Equation 7-47 consists of a transient part, the term that 


dies away with time 


lim [ve(0) — RI Je~“ = 0 (7-48) 


t — oo 


There is another part in v,(t) that survives with time. That is the steady-state, 
nonzero part of v(t) 


lim v¢(t) = RI, (7-49) 


t — oo 


and it is the asymptote for v,(t) in Figure 7-9(a) and (b). In case (c) there is no 
transient, and the entire solution is steady state. 


. Let us regroup the terms in Equation 7-47 as follows: 


velt) = v«(07)e- VFO + RIL — e- RON (7-50) 


The first term here, v-(0~ )e~ O/P, is due only to ve(07), the initial state, 
without the source (i, = 0); it is called the zero-input part, or the natural 
response, of the total solution. The second term, RI,(1 — e~‘®%), is due only 
to the input J, without any initial state, v «(0 ) = 0. It is called the zero-state 
part of the solution. We have here a general property of a linear system 


-input ero-stat 
Total response — iem Rod ) + h pis 3 (7-51) 
response response 


This is another manifestation of superposition, where the total response is the 
sum of the response due to initial conditions acting alone, plus the response 
due to sources acting alone. 


. Keep in mind the exact stage at which we used the initial condition to 


evaluate the arbitrary constant K. This was done only after we found the total 
response v,(t) in Equation 7-44. The reason is simple: ve(07) is the total 
initial voltage. We split our solution into two steps, the homogeneous and the 
particular, only for mathematical convenience. The circuit does not know of 
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this separation; it has physically one total v(t). A common error, to be 
avoided, is to use the initial condition earlier in the homogeneous part 
(Equation 7-39). Don’t rush! 

4. The waveform of the total response may consist of a transient part and/or a 
steady-state part. To repeat, the transient part is the one that goes to zero as 
t — oo; the steady-state part is the one that remains nonzero as t — oo. Either 
part may be present or missing in the total response. 

5. We must keep a clear distinction between the zero-input part and the zero- 
state part, on one hand, and the transient part and the steady-state part, on 
the other. These are two distinct ways to look at the total response. In the first 
one, we associate parts of the response with their respective causes; in the 
second one, we look at the behavior of the response for t — oo. These two 
views are, in general, unrelated. We cannot say, for example, that the zero- 
input part is always transient; nor can we say, in general, that the zero-state 
part is the steady state. Be sure to keep these concepts apart and to apply 
them properly in each case. Additional examples, in this chapter and later, 
will stress these ideas. 


EXAMPLE 7-5 


At t=0, a constant voltage source v,(t)=V, is applied to the circuit shown in 
Figure 7-10. The initial voltage across C is given, v,(0 ). 


t=0 R 


v(t) = V, 


(a) (b) 


Figure 7-10 Example 7-5. 
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Solution. The graph for this circuit is shown in Figure 7-10(b), with the voltage source 
and the capacitor forming the tree, the resistor being a link. Again, one loop equation or 
one node equation will do. A loop current will require an integral for the expression of 
v(t). Instead, we use the state variable v,(t) and write a node equation for it 


dr ROS. 
or, after rearrangement, 
C d 1 K 
dt " R'c-R 


This is precisely the previous equation for Figure 7-8, with J, = V/R. We have rederived 
Norton's equivalent circuit for V, in series with R, shown inside the dotted box in Figure 
7-10(c)! Without further ado, then, we write from Equation 7-50 


vc(t) = vc(0~ e "RC 3 Va - gone 
With convenient values v.(0~) = —2 V, V = 12 V, R = 2Q, C = 0.1 F, we have 
v(t) = —2e 9? + 12(1 — e^ **) = 12 — 14e ^! 


The transient part of v(t) is — 14e ?'. The steady-state part of v(t) is 12 V. This also 
makes sense from elementary considerations: After a very long time (t — oo) in Figure 
7-10(a), the capacitor becomes fully charged and acts as an open circuit. Then there is no 
current through R, no voltage across R, and ve = V,. This is, in fact, the very same 
reasoning that we use in calculating initial conditions when they are not given. For all we 
know, our capacitor, after being fully charged, may be switched to another circuit. Its 
initial condition for that circuit will be «(0 ) = 12 V. 

We note also that, just by looking at the final answer, v,(t) = 12 — 14e "', we 
cannot distinguish the zero-input and the zero-state parts. They were “blended” together 
from the previous step: There, the term — 2e  ?' is the zero-input part, and 12(1 — e^?) is 
the zero-state part. 1G 


— St 


In this example, and in many others, a constant voltage (or current) is applied to 
the network at t = 0. This is shown in Figure 7-11(a) for a voltage source of 1 V and 
Figure 7-11(b) for a current source of 1 A. In the first case, the voltage across N, vj(t), 
is described by 


0 t «0 
vy(t) = z pios (7-52) 
Similarly, the current i,(t) in Figure 7-11(b) is given by 
0 tU 
1 n= - 
iO) > an (7-53) 
These two functions are called a unit step function, denoted by u(t), defined as 
0 F< 
j= 7-54 
u(t) i B (7-54) 


and shown in Figure 7-11(c). The unit step function describes mathematically the 
operation of a switch. It will be used extensively in our studies. 


Prob. 7-16 
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(a) (b) 


u(t) 


(c) 

Figure 7-11 The unit step function. 
EXAMPLE 7-6 
Calculate the zero-state response v,(t) in Figure 7-10 if v(t) = u(t). 

Solution. From Example 7-5 we have here v(0 ^) = 0 (zero-state) and V, = 1 for t > 0. 

Therefore, 

velt) = 1 = e "RC 
The zero-state response to a unit step input is called briefly the step response of the 


network. It is easily obtained in the laboratory. m 


To summarize, we list in an algorithmic way the step-by-step procedure for 
solving a nonhomogeneous first-order differential equation of the general form 


d 
d, EP + agr(t) = f (t) (7-55) 


where r(t) is the unknown response, voltage or current, and f (t) is a given source. The 
coefficients a, and a, are constants of the network: 


1. Find the homogeneous response rg(t) which satisfies 


dr ,(t) 
5 it 


+ dor y(t) = 0 (7-56) 


This leads to the characteristic equation 


as +a), — 0 (7-37) 


Prob. 7-15 


7-4 TOTAL RESPONSE OF A FIRST-ORDER CIRCUIT 191 


TABLE 7-1 PARTICULAR SOLUTIONS 


When f(t) is Use for rp(t) 

1. 49, a constant A, a constant 

2. Ot B,t + Bo 

3. at” B,t" + B, ,U 7! +- + B,t + Bo 
4. ae” Be” 

5. œ sin kt B sin (kt + D) 

6. a cos kt B cos (kt + D) 

Notes: 


1. When f(t) contains a sum of terms, a corresponding sum 
must be assumed for rp(t); if a product of terms, use a 
corresponding product. 

2. When the homogeneous solution already contains a 
term suggested for rp(t) in the second column, this term 
must be multiplied by t. If it appears q times in r,(t), 
multiply by t^. 


and the characteristic value 


A ee (7-58 

ae -58) 

The homogeneous response is then 
rat) = Ke” (7-59) 

with K yet undetermined. 
2. Find a particular solution rp to 
drp(t) 

ay + aorelt) — SO (7-60) 


by generalizing f(t), according to Table 7-1. The particular solution does not 
have arbitrary constants. 
3. The total response is 


r(t) = ry(t) + rp(t) (7-61) 


4. Use the given initial condition for the total response to evaluate K. 


EXAMPLE 7-7 


A first-order RC circuit obeys the differential equation 


599 | Gp = 1207 0 
d: v= e DS 


with v(0) = —4. Find the total response and classify it. 
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Solution. We do it in the steps listed above: 
1. The homogeneous response has the characteristic equation 
2s - 6-0 
j S1 = —3 
that is, 
vg(t) = Ke ?' 
2. For a particular solution, according to entry 4 in Table 7-1, we choose 
vp(t) = Be ' 
Substitute immediately this choice into the differential equation to get B: 


2(—Be )) + 6(Be )) = 12e! 


4Be ! = 12e * 
B=3 
o,(t) = 3e~* 


3. The total response is 


v(t) = Ke ?' + 3e7! 


4. Att —0- 
—4 =K +3 S K=-7 
v(t) = —7e ?' + 3e! t>0 
This total response is entirely transient; it has no steady-state terms. Can you trace back 
and find the zero-input part and the zero-state part? x 
EXAMPLE 7-8 
An RC first-order circuit obeys 
do o 1227 0 
dt T v= 12e t> 


with v(0) = —4. 
Solution. Here the solution progresses as follows: 
1. s+1=0 oa sı = —1 
valt) = Ke" 


2. For a particular solution, we are tempted to use Be ' as a generalization of 
12e '. However, as listed in note 2 in Table 7-1, v,(t) = Ke‘ is already of that 
form! We must therefore assume 


vp(t) = Bte ' 
Substituting this into the differential equation yields B 
B(—te ' + e *)+ Bte t = 12e ' 
B= 12 
Therefore 


vp(t) = 12te ~ 
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3. The total solution is 
v(t) = Ke ' + 12e! 
4. Att — 0: 
—-4=K+0 A K=-4 
v(t) = —4e ' + 12te™' t>0 


Just for fun, assume that you forgot to multiply the particular solution by t (we are all 
human beings, after all). Try vp = Be ' in the differential equation and see how far you 
can go; not very far, because you'll get a nonsense like 0 — 12. So, even if you forget to 
multiply by t, the system doesn't let you go too far! 

The reason for the need of multiplying by t becomes clear now. In the particular 
solution we need something new. If the homogeneous solution is of the same form as f (t), 
we get a new particular solution by multiplication with t. 

When the input (right-hand side) is of the same form as the homogeneous solution, 
we say that a characteristic value (or a natural frequency) of the network is excited. In 


this example, the natural frequency s, — —1 is excited. We'll be considering this 
phenomenon later. a 
EXAMPLE 7-9 
Solve the first-order differential equation 
dv 
ji ^ 90 = 2 cos 10t t0 


with v(0~) = 0. 


Solution. The homogeneous part is 
vul) m Ke ™ 

(do it slowly, if you have to!). From Table 7-1, we must try 

vp(t) = B cos (10t + D) 
Substituting into the differential equation, we get 

— 10B sin (10 t + D) + 3B cos (10t + D) = 2cos 10t 
If we expand the sine and the cosine terms on the left, we get 
(— 10B cos D — 3B sin D) sin 10t + (3B cos D — 10B sin D) cos 10t = 2 cos 10t 

Comparing terms, we have two equations for B and D 


— 10B cos D — 3B sin D = 0 
3B cos D — 10B sin D = 2 
The first one yields 


tan D = —12 S o De-—T33 
Then, from the second one we get 
B = 0.192 
The total response is therefore 
v(t) = Ke~* + 0.192 cos (10t — 73.39) 


Probs. 7-22, 
7-23 
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Att=0O° we have 


0 = K + 0.192 cos (—73.3°) = K + 0.055 
K = —0.055 
Finally, 
v(t) = —0.055e~ ** + 0.192 cos (10t — 73.3°) 


The transient part is —0.055e  ?'. The steady-state part is 0.192 cos (10t — 73.3°) and is 
oscillatory. This type of steady-state, resulting from a sinusoidal input, is extremely 
practical in many circuits. We will return to it in great detail in a later chapter. m 


The same ideas apply to a first-order RL circuit with an input. You should study 
this case in detail by solving the problems listed here. 

As a final note for these circuits, let us recognize that the steady-state part of the 
response in the RC and the RL case with a constant (dc) input may be obtained by 
inspection, or almost so. For dc, after a long time, an inductor acts as a short circuit, 
v = L di/dt = L-0 = 0, and a capacitor as an open circuit, i = C dv/dt = C-0 = 0. We 
made these observations in an earlier chapter. Therefore, in Figure 7-8, the steady- 
state part of v(t), as t > oo, is RI,; since the capacitor acts as an open circuit, the 
current J, flows only through R, and the voltage across R is then RI,, equal to the 
capacitor's voltage. This result is, of course, consistent with Equation 7-47. 

A word of caution, though: Don't replace inductors with short circuits and 
capacitors with open circuits, except if all the sources are dc and you are only looking 
for the steady-state response. In all other cases, with time-varying sources, and when 
the transient, steady-state, zero-input, and zero-state parts of the solution are 
required, the methods of differential equations must be applied. 

We conclude this chapter with an example that is both practical and uses several 
of the principles and methods studied so far. 


EXAMPLE 7-10 
A series RC circuit, shown in Figure 7-12(a), is excited at t = 0 by a square pulse voltage 


= 20 0<t<t, 
ON) = 0 elsewhere 


as shown in Figure 7-12(b). Such a square pulse is very common in communications, radar, and 
computer circuits. It is also known as a gate function (because of its shape), hence the subscript 
g. The capacitor is initially uncharged, and we wish to calculate v,(t) in this circuit for t > 0. 


Solution. The key to an easy solution is (yes!) superposition. The voltage v,(t) can be 
expressed as a difference of two step functions 


v(t) = v(t) — v(t) 
as shown in Figure 7-12(c). Here v,(t) is 
v,(t) = 20u(t) 


where u(t) is the unit step function (Equation 7-54). Similarly, v(t) is the same as v,(t), 
but delayed: It starts t, s later. 

By superposition, then, the voltage v,(t) will consist of the contribution of v,(t) less 
the contribution of v,(t). The whole beauty of the approach relies on the fact that the 
contribution of v,(t) is the same as the contribution of v,(t), except that it is delayed by to. 


Probs. 7-17, 
7-18, 7-19, 
7-20, 7-21 
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v(t) 
E 
us (1) R hi 20 
to t 


(a) (b) 


Ug Ui (t) v» (7) 
20 20 20) | mcm t m 


t 
(c) 


Up (t) 


d 
«) e) 20e —to/RC — 29 |— —-——- 


(f) 
Figure 7-12 Example 7-10. 


With v,(t) acting alone, we have 


. dvc, 
Vr, (0) = Rig, (t) =R "dt. 
and KVL is 


dvc, 
RG = + ge, = n, = 2D t0 


The solution v.,(t) of this equation is twenty times the step response in Example 7-6, 
vc,(t) = 20 — We '/RC 


Better yet, we ought to solve the differential equation directly and quickly, on its own, 
without the need to refer to, or memorize, previous results. Therefore 


Up, (t) = v,(t) — Uc, (t) = 20e "RE 


Its plot is shown in Figure 7-12(d). 
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With v,(t) acting alone, the voltage across the resistor will be 
Vp (t) = 20e~ (t^ to)/RC t 2 tg 


that is, the same as vz, (t) but delayed by ty. So, in the expression of v, (t) we replace t by 
(t — to). The plot of v4, (t) is shown in Figure 7-12(e). 
The final answer is therefore 


Ug(t) = vg, (t) — vr (t) 


and is plotted in Figure 7-12(f). E] 
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So far, we have assumed that initial conditions are given to us for every circuit. This 
may be usually true, but in many cases we will have to calculate them separately. The 
situation is illustrated in Figure 7-13, where we show, in exaggeration, the three points 
on the time axis, t = 07, 0, and 0*. A circuit has a past history that is completely 
summarized by the capacitive voltages and inductive currents at t = 0 , vc, (0), 
vc, (0 ),..., i] (0 ), i] (0 ),.... 

At t = 0, the circuit is activated in a new configuration: A switch is closed or 
opened, and new elements are added or removed. We write differential equations that 
describe the behavior of the new circuit for all t — 0. To solve these equations 
completely, we need initial conditions such as vc,(0*), i,,(0*); that is, values of 
capacitive voltages and inductive currents just after t = 0. It is important to realize 
that these initial conditions do not depend on the differential equations; they must be 
obtained separately. | 

In Chapter 6, we discussed the conservation of charge which, in turn, implied the 
continuity of vc; that is 


vc(0 ) = v«(07) (7-62) 


and so v, has no “jump,” or discontinuity, at t = 0. Similarly, owing to conservation 
of flux, we found that i, is continuous at t = 0, 


i (07) = ii (07) (7-63) 


To illustrate some exceptions to these rules, consider the following example. 


07 0 0* 
| | t 
Past history Circuit is Initial 
of the circuit activated. conditions 
until t = 07 Switch att 0t 
opens or 


closes 


Figure 7-13 [Initial conditions. 


Probs. 7-24, 
7-25 
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EXAMPLE 7-11 


A dc voltage source, v(t) = 1 V, is applied at t = 0 to an uncharged capacitor, v (0 ) = 0. See 
Figure 7-14(a). 


vc (t) 


t-0 
l | $ 
u(t) - y C ve) 
t 
r 


(a) 
Qc(t) = C ve (t) 


| 


(b) 


C 


(c) 


(d) 
Figure 7-14 Example 7-11. 


Solution. Clearly here, the capacitor's voltage is the unit step 


0 t «0 
1 t0 


and we have v(0^) z v(0*). What has happened? At t = 0, we changed instantly the 
charge across the capacitor from q((0^) = Cv(07)=0 to a finite value q«(0*) = 
Cv (0*) = C, as shown in Figure 7-14(b). This step jump of the charge in zero time must 
be accompanied by an infinite current i,(t) at t = 0 


i _ dac(t) on 
ae EL 


This current is called an impulse. At t = 0, the derivative (slope) of qt) is infinitely 
large.t In real life, of course, there are no infinite currents. What's the reason? A real-life 
capacitor, unlike our ideal model, is lossy, having a series resistance r, Figure 7-14(c). In 
such a case, we know from Example 7-5 that 


qc(t) = Cu¢(t) = C(1 — e~s) 


vc(t) = u(t) = 


t We will study impulse functions in detail in Chapter 14. 
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and q,(t) is shown in Figure 7-14(d). The current i,(t) in this case is always finite. Also, we 
note that for r — 0 the plot in Figure 7-14(d) approaches the one for the ideal capacitor, 
Figure 7-14(b). n 


EXAMPLE 7-12 


In a dual fashion, consider an inductor with i;,(0 ) = 0. It is excited at t = 0 with a current 
source i(t) = 1 A. 


Solution. The current i, (t) is therefore 


ij(t) = u(t) 
and 
i(0 ) #i,(0*) 
The flux $,(t) is 


L i>) 


Li,(t) = p(t) ES ‘0 t<0 


and is accompanied by an impulse voltage across the inductor at t = 0 


| dolt) m 
wo]. dt l. 7 


Here, too, a real-life inductor will have some resistance in parallel with it, so that the flux 
will be continuous (without a step jump) at t = 0. Then the voltage will be finite there. 
LJ 


In conclusion, we say that if ideal capacitors form a loop, including possibly a 
voltage source, then we can expect discontinuities jumps in these capacitive voltages. 
An impulse current will accompany these voltage changes. Such a loop is called an 
all-capacitive (all-C) loop. 


EXAMPLE 7-13 


Consider the circuit in Figure 7-15(a), where the all-C loop is marked with a dotted line. All 
capacitors are uncharged at t = 0 . 


Solution. At t = 0* KVL must be satisfied; that is 


—Vo + vc. (07) + vc,(0*) + vc. (07) =0 
or 


q(0') q(0*) q(07^) _ 


p wt 


— V. + 


Prob. 7-26 
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(b) 
Figure 7-15  All-C loop and all-L node (cut set). 


where q(0*) is the instantaneous charge, just at t = 0* , across each capacitor. It is the 
same charge, because at t = 0* there is an impulse current flowing through the all-C 
loop. From this equation, we can solve for q(0*) and then 


0* 0* 
w(0)- 5 «409-752 wor = E 


Dually, if there is an all-inductive node (or a cut set) consisting only of ideal 
inductors and possibly a current source, then we can expect discontinuities in the 
inductive currents at t = 0. 


EXAMPLE 7-14 
In Figure 7-15(b), the switch opens at t = 0, and i, (0°) = i;,(0 ) = O. 


Solution. The all-L cut set is shown in a dotted line. For the instant t = 0*, KCL reads 


—Ig + i (0*) + i (0*) 20 
Or 
pO ae )_ 


MADE es 


— Ío F 


with an impulse voltage across L, and L,. m 


Prob. 7-29 


Prob. 7-30 
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How do we calculate initial conditions in more complicated circuits, without 
all-C loops or all-L cut sets? It is easy, since then we know that v,(0*) = v,(07) 
and i,(0*) = i,(0^). The steps to take are therefore: 


1. Replace every voltage source v(t) by a constant (dc) voltage source of value 
v (0*). 

2. Replace every current source i,(t) by a dc current source of value i (0*). 

3. Replace every capacitor by a dc voltage source, of value ve(0*) = ve(07). If 
the capacitor is initially uncharged, ve(07) = 0; this amounts to a short 
circuit (s.c.). 

4. Replace every inductor by a dc current source of value i,(0*) = i,(07 ). If the 
initial current in the inductor is zero, i;(0 ) = 0; this amounts to an open 
circuit (0.c.). 

5. In the resulting resistive network, calculate the necessary initial currents or 
voltages. 


EXAMPLE 7-15 
In the network shown in Figure 7-16(a), we are given 

ij(0 )—0 v«(0 ) = —1V 
Let us calculate i,(0*), i-(0*), and v,(0*). 


i (t) = 2e 


(a) 


i(0*)22A R v; (0*) 


(b) 
Figure 7-16 Example 7-15. 


Solution. The entire network, valid only at t = 0* , is shown in Figure 7-16(b). From it 
we write immediately 


i(0*) 22A  i(0*)20 


Prob. 7-36 
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and from KVL 
v(0*) -2R—-120 
we obtain 
v(0*) 22R +1 
Keep in mind that this method is good only for one “frozen” instant, t = 0*. The Probs. 7-31, 


simplified network in Figure 7-16(b) is not valid, of course, for all t 0. B 7.2 


Finally, let us consider the evaluation of initial conditions for derivatives such as 


di,(t) quet 
» p = ij(07) (7-64) 
Or 
dve(t) LN 
2s J = ve(07) (7-65) 


where the prime (’) is the common notation for the first derivative. The general rule 
here is simple: Write KVL and/or KCL equations as needed, for all t > 0, then 
evaluate them for the one instant t = 0*. To illustrate the method, let us use the 
previous example again. 


EXAMPLE 7-16 
In the network of Figure 7-16(a), find v(0*) and i; (07). 


Solution. For all t > 0, we have 


i4) = CAM = ig 


Consequently 


dvc(t) es 
dt ie = i,(0") 


1 
v0*) = ci (0*) = 0 


because i,(0*) = 0 in Example 7-15. Similarly, KVL for all t > 0 reads 


di,(t) 
dt 


v(t) + L — Ri,(t) = 0 


For t = 0*, we get 
v (0*) + Li,(0*) — Ri,(0*) = 0 
or 


1 1 
i,(0") = z [Rig(0*) — v(0")] = Z QR + 1) 


Probs. 7-33, 
using the values of ip(0*) and ve(0*) obtained earlier. B 7-34, 7-35 
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PROBLEMS 


7-1 


7-2 


7-3 


*7-4 


In the op amp integrator (Figure 7-1) interchange the position of R and C and prove that 
the resulting circuit is a differentiator. 


Calculate the output v,(t) for a given input v,(t) in the circuit shown. The initial voltage 
across the capacitor is zero. 


Problem 7-2 


A method suitable for the solution of a first-order, zero-input (homogeneous) differential 
equation is by separation of variables. Specifically, in Equation 7-10, 


we separate the variables as 


then integrate both sides from t = 0 to any arbitrary t. Complete the steps and obtain the 
same answers as in the text. 


Yet another method for Problem 7-3 is by the integrating factor: Consider the general 
form of a first-order differential equation 


d 
+ POYA = fA) 


Prove that if we multiply it by the integrating factor 
k(t) = el P(t)dt 


then the left-hand side becomes a total differential 


= k 
4 KOO] 
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7-7 


and hence both sides can be integrated between 0 and t. The final solution is 
y(t) = eg 0d «vtro dt + Ke" Spat 


where K is the arbitrary constant of integration. Do all these steps in full detail, and 
compare the answer with the one in the text and in Problem 7-3. 


In the circuit shown, switch S remains closed for a very long time (—oo < t < 0 ). Then, 
at t = 0, it is opened. 

(a) Calculate the initial voltage v.(0 ) across the capacitor. 

(b) Calculate v(t) for all t > 0. 

Hint for (a): The capacitor acts as an open circuit for de (— œ < t < 0 ). In this problem 
you are given enough information to calculate the initial state rather than be given the 
initial state itself. 


Problem 7-5 


Calculate the state variable v,(t) in the network shown, in the following steps: 

(a) Write KVL for the network. As a loop current, use the capacitor's current Cdv,/dt. 
(b) Classify, with full justification, the response as being zero-input. 

(c) Solve the differential equation. 

(d) What is the time constant of this circuit? 

Note the dependent source! 


0.1 


+ N 
Uc 
+ 


3up 20S vp (2, F) 
vc (0-) = 10 V 


Problem 7-6 


Prove the following property of the waveform of v((t) in Figure 7-4(a): for any t = to, if 
we draw the tangent line at v,(t,), this line will intersect the time axis at t = tọ + t. This 
provides an easy graphical method for finding the time constant of such a circuit from a 
given plot of vt). 


204 7/FIRST-ORDER RC AND RL CIRCUITS 


7-8 In the circuit shown, the switch has been in position a for a long time. At t = 0, it is 
moved to position b. Calculate and plot i,(t) for t > 0. 


50 u (Q, F) 


Problem 7-8 


7-9 In the circuit shown, calculate the time constant t for the zero-input response. Hint: 
Zero-input! 


(82, F) 


Problem 7-9 


7-10 Repeat Problem 7-9, with a current source i,(t) instead of a voltage source. 
7-11 Calculate the energy balance in the RL circuit of Figure 7-5. 


7-12 Plot the zero-input current i, (t) of Figure 7-5 for a fixed value of R and for several values 
of L, showing how a decrease in L affects the plot. Next, keep L fixed and vary R, showing 
several plots. 


7-13 In Example 7-4, find the time t > 0 when the 5-Q resistor has dissipated: 
(a) 50 percent of the initial energy in L 
(b) 90 percent of the energy in L 


7-14 In the figure we show a simple mechanical system, consisting of a mass M attached to a 
dashpot D (friction element). This is, for example, a model of a car (M) and a shock 
absorber (D). The force due to friction is proportional to the velocity, fp = Dx. The mass 
is given an initial displacement, or an initial velocity, such as you do when you want to 
test the shock absorber. 

(a) Show that the equation for the velocity v(t) is a first-order differential equation, 
analogous to the zero-input RC; the analogous variables are voltage and velocity, C 
and M, 1/R and D, current and force. 


PROBLEMS 205 


(b) What is the solution for the velocity? The time constant of the system? 


x(t), x(t) 


Problem 7-14 


7-15 The switch is closed in position a for 0.6 s, then is moved to position b. Calculate and plot 
v-(t) for t > 0. The capacitor is uncharged before the switch closes on a. 


6V + 12V (Q, F) 


Problem 7-15 


7-16 The experiment shown in Example 7-5 (Figure 7-10) can be easily set up in the 
laboratory, with several results measured or calculated. The constant voltage source, for 
example, can be a battery. Let V, = 12 V, R = 1 KQ, and C unknown (somebody rubbed 
off its value markings!). The initial voltage across C is zero. An oscilloscope is connected 
across C to record v((t). For this experiment, plot a typical curve of ve(t), by comparison 
with Figure 7-9. Explain, with a full derivation, how to calculate the value of C from this 
plot. Hint: Draw a tangent to v,(t) at t = 0, calculate its intersection with the asymptote 
of v(t), and, from it, the time constant t. 


7-17 Review Problem 7-4, and prove that the entries in Table 7-1 for the guessed particular 
solution are actually derived from the particular solution as obtained by the integrating 
factor, 


yp(t) = ge” Sp(t)dt | el POdtf (y) dt 


206 7/FIRST-ORDER AC AND AL CIRCUITS 


7-18 (a) Solve completely 


dv da - 
l; 2a, + %0 = be v(0~) = —1 
dv -— - 
2; a + 32 = 10te v(0~) = 2 
dv -4t - 
3: qi T = lite v0 )22 
dv VP 
4. M 10v = 4e" ?' sin 50t v(0 ) 20 
dv 7 
5. zm v0 ) = —3 


(b) Plot the total response in each case. Comment about the physical (im)possibility of 
case 5. 


7-19 (a) Calculate and plot the total response i,(t) for t > 0 in the network shown. Use the 
state variable i, (t) as a loop current. Given i,(0 ) = —4 A. 
(b) Use superposition to calculate just the zero-state response, then just the zero-input 
response, then add them. Each one can be written almost by inspection. 


[0 


(n) = 10 V 3 [io (2, H) 


Problem 7-19 


7-20 Calculate and plot the step response (see Example 7-6) of the network in Problem 7-19. 


7-21 (a) In the network shown, the switch is closed to position a where it remains for 100 ms. 
Then it is moved to position b. Calculate and plot i, (t) for t > 0. Before position a, 
the inductor was unenergized. 

(b) Calculate the energy balance in the RL circuit for position b. 


4 (82, H) 
2 juo 


Problem 7-21 


PROBLEMS 
*7-22 A second-order network obeys the differential equation 
d'i di 


7 + 2a Fis Wer 


(a) Write by inspection the characteristic equation. 
(b) Calculate the characteristic values. 


(c) Assume the proper form of the particular solution ip and calculate it. 


*7-23 Repeat Problem 7-22 if the right-hand source is 10te~'. 


7-24 For the circuit shown in Problem 7-19, let 


es 10 V I2 
ost) = 0 elsewhere 


and zero initial condition. Calculate and plot i, (t). 


7-25 Repeat Problem 7-24, with i, (0 ) = —4 A. 
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*7-26 To get a better "feel" for the impulse current in Example 7-11, consider a limiting case 
first. Let vc(t) be given as shown in the figure. Obviously, as € — 0, vc(t) = u(t), the unit 


step. 
(a) Draw carefully q(t) for the given v,(t), with e z 0. 


(b) Draw carefully ic(t) = dq((t)/dt, with € z 0. Label the values of all the important 


points. In drawing it, remember that the derivative is the slope. 


(c) Calculate the area under i,(t) from your plot in (b). Next, write this area as an 


integral. What is the electrical quantity represented by this integral? 


(d) Let now ¢ > 0* in (a), (b), and (c), and explain fully what happens to the current, to 


the charge, and to the voltage. 


Uc(t) 


Problem 7-26 


7-27 In each of the networks shown, predict by inspection whether or not the capacitive 


voltages will have a discontinuity at t = 0. 
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(a) 


(b) 
Problem 7-27 


(b) 


Problem 7-28 


PROBLEMS 209 


7-28 In each of the networks shown, predict by inspection whether or not the inductive 
currents will have a discontinuity at t = 0. 

7-29 In Example 7-13, let C, = 1 F, C, = 2 F, C, = 3 F, V, = 12 V. Calculate all the initial 
values of the capacitive voltages and charges at t= 0". 

7-30 In Example 7-14, let L, = 4 H, L, = 0.1 H, I, = 4 A. Calculate all the inductive currents 
and fluxes att = 0*. 


7-31 (a) In the network shown, the capacitive voltage and the inductive currents are zero for 
t — 0^. Calculate the initial values at t = 0* of the capacitive current and the 
inductive voltages. 

(b) Repeat, if v (0 ) = 3 V (+ reference on the top plate) and the 1-H inductor carries 
ij (0°) = 6 A from right to left. 


(Q, H, F) 


u,(t) = 10 sin 5t 


Problem 7-31 


7-32 Rework Problem 7-31 if the source is v,(t) = 10 cos 5t. 
7-33 In Example 7-16, calculate 


d*v,(t) 
v(0*) = i | . 
t-0* 


Hint: Use relationships that are valid for all t > 0, and obtain from them the required 
values. 


7-34 For the RC network of Figure 7-8, calculate v((0*), vc(0*). These values are useful also 
in the plotting of v(t), giving the slope and the curvature of the plot at t = 0*. 


7-35 For the network shown, calculate the initial values at t = 0* of vc, vc and vý. 


1k (2, F) 


Problem 7-35 


7-36 To help us in calculating initial values at t = 0^, when a switch has been in the old 
position for a very long time, — oo < t < 07, let us establish rules similar to the rules in 
the text for t = 07: 
(a) How does a resistor behave if constant voltages or currents remain for a very long 
time? 


210 7/FIRST-ORDER RC AND RL CIRCUITS 


(b) How does an inductor behave if a constant current flows through it for a very long 
time? 

(c) How does a capacitor behave if a constant voltage is across it for a very long time? 
Based on your conclusions, draw the simplified resistive network and calculate 
v-(0~) and i,(0 ) for the two networks shown. 


(a) 


(Q, H, F) 


10 A 


(b) 


Problem 7-36 


Chapter 8 


Second-Order Circuits 
Higher-Order Circuits 


8-1 PRELIMINARY REMARKS AND EXAMPLE 


In the previous chapter, we studied first-order circuits. Such a circuit, we saw, has one 
dynamic element (C or L), an input-output relation described by a first-order 
differential equation, and one initial condition. The initial energy stored in the 
dynamic element, $Cv2(0~ ) or 1Li?(0^ ), is eventually dissipated in the resistors in the 
network, hence the decaying exponential forms of all voltages and currents in the 
zero-input solution. 

A second-order circuit (n — 2), we fully expect, has two energy-storing elements 
with two arbitrary initial conditions, and a second-order differential equation 
describing its input-output relation. It will have a quadratic characteristic equation, 
with two characteristic values (natural frequencies). Also, the energy balance in such a 
circuit will be more complicated and more interesting. 


EXAMPLE 8-1 


Let us begin by considering the circuit shown in Figure 8-1(a), consisting of two capacitors and 
a resistor. Let the initial conditions be given as 


9,(00)22V »,(0-)=0V 


and let the resistor represent the (physical) resistance of the wires plus the lossy nature of both 
capacitors. The switch closes at t = 0. The tree and the link are shown in Figure 8-1(b). The two 
capacitors, having independent voltages, are chosen as tree branches. 


Solution. Before writing any equations, we can decide qualitatively what will happen for 
t > 0. The charged capacitor will discharge some of its energy, partly in heat in the 
resistor and partly in charging the other capacitor until some balance is reached. Now let 
us write the necessary equations. 
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(a) (b) 


(c) 


Figure 8-1 Example 8-1. 


The two state variables (remember: This is a second-order circuit!) are v,(t) and 
v,(t), so let us use them. Another good reason against using an “obvious” loop current is 
an integral term, v — (1/C) f i dt, in the loop analysis here. After t = 0, KCL at node 
1 readst 


dv, 
iu 10(v, — v,) 20 


and at node 2 
1 dv, 
dr * 10(v, = v) zz () 
with the convention sign (+) for currents leaving a node. 
We have here two simultaneous first-order differential equations in the unknowns 
v,(t) and v,(t). Each equation is first-order because of the highest derivative in it; the 
equations are simultaneous because, just as in simultaneous algebraic equations, the 
unknowns appear simultaneously in both. Even before any further steps, we expect that 
these two first-order equations may be reduced to a single equivalent second-order 
differential equation, again because the order of the network is n — 2. 
To obtain that single differential equation, we must eliminate v, or v, between the 
two. For example, we can solve the first equation for v, 


and take its first derivative 


T1 Remember: Lowercase letters are functions of time, v, = v,(t), v; = vj(t). 
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Now substitute into the second equation 


1 d^v, dv, dv, 
S ido s i — 105; = 0 
;(o: git i) (a en) Qv, 


The result is 


a second-order homogeneous differential equation for v,(t) (Try to get the single 
equation for v, by similar steps.) 
The characteristic equation is 


s? + 30s = 0 
yielding two characteristic values, 
$, —0 s, = —30 
Therefore, the total solution is (by superposition) 
v,(t) = K,e"" + Kad” = K, + K,o ^ ?9 


We need two initial conditions, v,(0*) and (dv,/dt),. = v4(0*). The first one is given, 
v,(0*) = v,(0^) = 2 V, as studied in the previous chapter. In order to obtain the second 
one, we use the first original differential equation, evaluated at t — 0* 


d 
(C) + 10v,(0*) — 10v,(0*) = 0 
dt Jg. 


Or 
(ty LL dv, = + TX 
v\(0*)=(—]") _ = 10v,(0*) — 10»,(0*) = —20 
0* 


At t 2 0* we have then from our solution 
v, (0^) = 2 = K, + K,e° = K, + K, 
v’,(0*) = —20 = (—30K,e-2"),. = —30K, 


where, in the last equation, we performed the differentiation 


` = E + K,e™?™) = —30K;e 3% 
The two equations for K, and K, 
K,+K,=2 
—30K, = —20 
yield 
K,= 3 K, = 3 
Finally, 


v(t)-$-$e?""  t20 


Its plot is shown in Figure 8-1(c), showing a decay from the initial value, v,(0*) — 2, to 
the final steady-state value of $, with a time constant of 4; second. 

An alternate way of solving the second-order differential equation and extensions 
of this example are given in the problems listed here. E 


Probs. 8-1, 
8-2, 8-3 
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A much more elegant and easy way to solve Example 8-1 is outlined as follows: 


EXAMPLE 8-1 (continued) 


The two original simultaneous first-order differential equations in the two state variables v,(t) 
and v,(t) are repeated here 


dv,(t) 
T + 10(v, — 0, =0 

1 dv,(t) 
5 d: + 10(v, — v,) 2 0 


with the given initial state v,(0 ) = 2, v,(0 ) = 0. 
Without any substitutions or manipulations, we rewrite these two differential equations 
in matrix form 


dv,(t) 
dt š 10 —10][ v,(t) | [90 
dv,(t) E | s |" lo] 
dt 
or 
d v,()] [-10 10 ][ v,(t) v,(0. ) B 2]. 
dt NAI 20 Bed ea |i |" |o | sen 
That is, 
: D e Bi 0 )gi 
ge x(t) x(0 ) given 
where 


v,(t) 
v(t) 
is the column matrix of the state variables, called briefly the state matrix (or state vector). 
We have, then, a first-order matrix differential equation for the unknown state matrix x(t), 


with the (expected!) initial condition matrix x(0 ) given. 
In principle, this is as easy a problem as the scalar first-order differential equation 


x(t) —— 
ue ax(t) x(0 ) given *À 


We will study in detail such first-order matrix differential equations in later 
chapters on state variable analysis. What makes them so attractive, among many 
reasons, are the facts that: (1) state variable equations are readily formulated by using 
KCL and KVL, as we saw in this preliminary example, and (2) state variables always 
yield only first-order differential equations and never an integral! (3) all the matrix 
calculations needed to solve the first-order matrix differential equation are standard 
and are readily available in technical computer libraries. 

With such attractive promises of things to come, we must continue now with 
some additional important developments and concepts. 
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Let us now consider the zero-input response of the LC circuit shown in Figure 8-2(a). 
It is a second-order circuit, since the two dynamic elements can have two independent 
initial conditions, v«(0 ) and i,(0 ). Specifically here, we are given v«(0 ) 4 0 and 
i (07) 20. Att = 0 the switch closes, and we must solve the network for all t > 0. 

Again, before plunging into differential equations, let us try to understand what 
will happen in a qualitative way. The charged capacitor will discharge through the 
inductor, causing a current i; (t), and the inductor's energy will increase from its initial 
zero value. Since there is no resistor in the circuit, no energy will be dissipated in heat. 
The inductive energy will then flow back to the capacitor which, again, will discharge 
into the inductor, and so on. Some sort of oscillation will occur. The situation is 
analogous, as we saw in previous chapters, to the mechanical system shown in Figure 
8-2(b): The mass m, analogous to the capacitor C, is given an initial displacement 
x(0 ) and then released; the spring K, analogous to the inductor L, will extend and 
shrink in an oscillating fashion; here the lack of air friction and of internal spring 
friction is analogous to R = 0 in our circuit. 

Let us derive and solve the equations for the LC circuit. The graph is shown in 
Figure 8-2(c), where, as always, the capacitor is chosen as a tree branch and the 
inductor as a link. The two state variables are v(t) and i,(t). KCL at the top (or 
bottom) node is 


—£4 i, =0 (8-1) 


Uc(t) 


(a) (c) 


Uc (0~)/woL 


Uc(t) 


i, (1) 
vc (07) L- 
L 


—vç(07) 


Wt (rad) 


€29f (rad) 
—vc (07)/woL 


(d) (e) 
Figure 8-2 An LC circuit. 
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and KVL is 
L—— vc =0 (8-2) 


These are two simultaneous first-order differential equations. To obtain the single 
equivalent second-order differential equation, we differentiate Equation 8-2 once 


2; 
and substitute into Equation 8-1, getting 

TA + i, =0 (8-4) 
a second-order homogeneous (zero-input) equation. 

The characteristic equation is 
LCs? +1=0 (8-5) 

or 

———— (8-6) 

LC 


where we introduce c2 = 1/LC, a positive number, since L > 0, C > 0. The two 
characteristic values, or natural frequencies, are 


Sı = +J@o S2 = —JWo (8-7) 


where j = ./ —1 is the unit imaginary number. Here s, and s; are pure imaginary and 
conjugate. The zero-input (here the total) solution for i,(t) is therefore 


i,(t) = K,e" + K,e = Ke" + Ke" Jot (8-8) 


with K, and K, as the two arbitrary constants. While this expression is satisfactory in 
the mathematical sense, it conveys very little in the engineering, physical sense. Let us 
call on Euler’s identity for an imaginary exponential function 


e*J? = cos 0 + j sin 0 (8-9) 

Then Equation 8-8 reads 
i,(t) = K,(cos wot + j sin oot) + K,(cos wot — j sin Wot) (8-10) 

Collecting terms, we have 
i(t) = K, cos ogt + K, sin oet (8-11) 


where we use K, = K, + K, and K,—Jj(K, — K;) as the two new arbitrary 
constants. Don't be disturbed by j multiplying (K, — K,); just like K, and K,, j is 
also a constant, and so is K4. The nature of K,, real or imaginary, has yet been 
determined. For now, it is just a constant. 
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Next, we need two initial conditions for i; (t). We have ij (0 ) = 0. In order to 
calculate i,(0*) = (di,/dt))., use Equation 8-2 at t = 0* 
j di 1 , 1 
i,(0*) = (a. =F 00") = y m0") (8-12) 
We might remind ourselves here, from Chapter 7, that v. (0*) = v«(0 ) and i,(0*) = 
i,(0~ ). Without these facts, we cannot relate i; (0 ) to v((0 ) because, prior to t = 0, 
these are independent of each other. 
With the two initial conditions established, we can calculate K4 and K, in 
Equation 8-11. First, Equation 8-11 at t — 0* reads 


íi) = O0= K+ + .K,*0 (8-13) 
or 
K,=0 (8-14) 
Next, differentiate Equation 8-11 and use t = 0* 
0* 
i,(0*) — n = (@oK4 COS Wot)o+ = Oo K, (8-15) 
Or 
+ 
gs REL d (8-16) 
oL 


The final solution is therefore 


i(t) = ec ! d Wot (8-17) 
OoL 


From Equations 8-17 and 8-2 we get 


vc(t) = L = = vc(0  ) cos wot (8-17a) 
and its plot is shown in dotted lines in Figure 8-2(d). These plots of the behavior of 
i,(t) and v(t) confirm our previous qualitative argument: At t = 0, the capacitor’s 
energy is at its maximum, 3 Cv2(0), and i,(0) = 0. Then the capacitor discharges 
through L, vc and its energy decrease, while i; and its energy increase. At wot = 1/2, 
Vc = vy = 0 and therefore p, = 0 = dw, /dt, because at this instant the inductor's 
energy is maximum. Then the process reverses itself: The inductor's current and 
energy decrease, while the capacitor's increase. 

Several observations are in order here: 


1. The current i,(t) is a pure sinusoid, oscillating between vc(0 )/o4 L and 
—vc(0 )/ogL. The positive peak of oscillation is the amplitude of the 
sinusoidal waveform, or its maximum value I,, 


"i vc(0 ) 


8-18 
o (8-18) 
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2. The waveform of i, is repetitive. The smallest “piece” of i; (t) which repeats 


itself is called a cycle. Such a cycle is shown in Figure 8-2(e). Any other cycle 
is also valid, provided its end is 2z radians from its beginning. The time for 
one cycle is called the period of the sinusoid, in seconds, and is denoted by T. 
We have therefore 


OgT = 2n (8-19) 
Or 
T= = S (8-20) 
Wo 


. The number of cycles per second (cps) is called the frequency of the sinusoid, 


f. If one cycle takes T seconds, then, in 1 s there are 


1 
T (8-21) 
cycles. The unit for frequency is the hertz (Hz), named after the German 
physicist Heinrich Hertz (1857-1894). The quantity c has the units of 
radians per second, as seen in Equation 8-19, and is called the radian 
frequency. It is because of this term, when used in Equation 8-7, that we 
extend the name “natural frequencies” to all characteristic values, whether 
the response actually oscillates or not. Sinusoidal sources and responses are 
very common in all aspects of electrical engineering. We'll have much more to 
say and study about them in later chapters. 


. The current i, (t) is due only to initial conditions, without any source. It is the 


zero-input response, and it happens to be entirely steady-state. There is no 
transient part in i, (t). Here, again, we must make a clear distinction between 
the total response, consisting of the zero-input part plus the zero-state part, 
and the time behavior of the total response, being the transient part plus the 
steady-state part. Sometimes the zero-input part is the transient part (but not 
in the present case); in general, we cannot make such identifications. 


. Ideal lossless L and C are useful in models and in many approximations of 


real-life circuits. However, there may be some nonnegligible resistance in the 
circuit, as we saw in the previous chapters. We'll consider such cases later. 


8-3 THE STEP RESPONSE OF THE LC CIRCUIT 


As we recall, the step response is the zero-state (zero initial conditions) response to a 
unit step input. Specifically, let us consider the circuit of Figure 8-3(a), where the input 
is a unit step voltage u(t) and L and C have zero initial conditions. The graph is shown 
in Figure 8-3(b). We can use here the state variables v,(t) and i, (t), as usual. In fact, it 
is always advisable to do so. However, if only for the sake of variety (“the spice of 


Probs. 8-4, 
8-5 
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+ 
u(t) C q(t) 


(b) (c) 
Figure 8-3 The step response of an LC circuit. 


life”), let us use here q(t), the charge across the capacitor, as the unknown. More 
seriously, there are learning advantages here, not just variety. We have 


1 
velt) = alt) (8-22) 
and 
! dq(t) 
i (t) = it) = (8-23) 
and so q(t) is an acceptable variable. The appropriate initial conditions are 
q(0*) = Cv (0*) = Cv (0 ) 20 (8-24) 
and 
d 
i,(0*) = A -q(0*) =0 (8-25) 
dt |o 


To get the differential equation for the circuit, write KVL using Equations 8-22 and 
8-23: 


d (dq 1 
— E = » 
u(t) + L ( E + «0 =0 (8-26) 
or 
du] 
L—-+= = | x 
Fz tow t>0 (8-27) 


One excellent reason for using g(t), and not a loop current, emerges again: No 
integrals for the capacitive voltage! 
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This nonhomogeneous differential equation has the characteristic equation 
1 
Ls? +—=0 8-2 
s* + C (8-28) 


with the two natural frequencies 
Sı — JO S2 = —J@ (8-29) 
as expected, the same as before. The homogeneous solution is 
dy(t) = K; cos ost + K, sin Mot (8-30) 


The particular solution, a generalization of the right-hand side of Equation 8-27, is a 
constant, gp = A. Therefore 


L d + aA = 1 (8-31) 
or 
A £C (8-32) 
The total solution is then 
q(t) = dg + qp = K; cos wot + K, siti Wot +C (8-33) 
The first initial condition yields 
qo" )}=0=K,4C (8-34) 
The second initial condition yields 
q(0*) = 0 = (—K,@, Sin Wot + K200 COS Wot)y+ = K300 (8-35) 
From Equations 8-34 and 8-35 we have 
K,=0 K,=-—C (8-36) 
and so the total solution (Equation 8-33) becomes 
q(t) = C(1 — cos ogt) (8-37) 
and 
vc(t) = T = 1 — cos Wot [20 (8-38) 


is shown in Figure 8-3(c) It is the zero-state step response, and it is entirely 
steady-state. 
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We consider the parallel RLC circuit in Figure 8-4. It is a second-order network 
(n = 2), with the two initial conditions v,(0~) and i,(0 ) arbitrarily given. Again, we 
use the state variables v,(t) of the tree branch, and i,(t) of the link. Our preliminary 


Probs. 8-6, 
8-7 
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(a) (b) 
Figure 8-4 Parallel RLC circuit. 


suspicion is that, due to the energy dissipated in R, there will be some damping. The 
details, of course, must be worked out fully. 
KCL at the top node is, with (+) for currents leaving, 


p ihn (8-39) 


where, again, we use the variable i,(t) to avoid the integral for the inductive term, 
ij = (1/L) fo vc(x) dx + i, (0^). The second equation is obtained from KVL 


ve = L— (8-40) 
Differentiating Equation 8-40 and substituting into Equation 8-39 yields 


i, Ld,.. 
LC i8 t Rd +i, =0 (8-41) 
the desired second-order differential equation. If we compare it with the LC (lossless) 
case in the previous section, we recognize the additional term (L/R) di,/dt here; in 
fact, with R — oo (open circuited), we get Equation 8-4 as a special case of Equation 
8-41. In the mechanical system of Figure 8-2(b), the added resistive term is analogous 
to the friction of a dashpot. The entire system would then model, for example, a shock 
absorber of a car: mass, spring and dashpot. 

Before we get into the solution of Equation 8-41, a word of caution and relief: 
Many steps will look quite complicated, because we will be working with letters 
(R, L, C) and not with numbers. There is no need to panic, though. These steps are 
quite logical and follow exactly the general pattern established so far. Also, with 
another sigh of relief, we don't have to memorize any of the final results. When we 
reach some conclusions, we'll draw them. Later, as each problem presents itself with 
numbers, not with letters, it will be easier to solve it directly on its own, rather than try 
to memorize previous formulas. 

With these remarks in mind, let us proceed. The characteristic equation for the 
circuit is, after division by LC = 1/w@, 


1 
$ +— s+o=0 (8-42) 


Prob. 8-8 
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and this quadratic equation has two roots, 


1 ] 5 " 
81,2 = -ze t Jaze) — @o (8-43) 


the two natural frequencies (characteristic values) of the circuit. Their values will 
depend, in particular, on the square root in Equation 8-43. In passing, we notice that 
with R > œ, an open circuit, the characteristic equation and its two roots are reduced 
to the previous lossless LC case. 

Let us define the critical resistance, R,,, as the value of R which makes the square 
root in Equation 8-43 vanish; that is, 


Ld NT, 8-44 
2R„C 1C Pg 


R e. L 8-45 
et^» C (8- ) 


The damping ratio ¢ is defined as the ratio of the critical resistance to the actual 
resistance 


Or 


sr (8-46) 


With these terms, the characteristic equation becomes 
s? + 2009s + we = 0 (8-47) 


and the two characteristic values are 


S12 = — Oo + og 0C —1 (8-48) 


We have three cases to consider: 


1. ¢> Lor R < Ra, the characteristic values are real and distinct. 

2.¢=1,or R = Ra, the characteristic values are real and equal. 

3. €<1, or R > Ra, the characteristic values are complex and conjugate of 
each other, s, = sf. 


Let us stress that no memorization is required. The derivation using R,,, C, and 
Og was done primarily for two reasons: (1) these are commonly used engineering 
variables, and (2) the final results, Equations 8-47 and 8-48, are in their so-called 
standard forms. However, in each problem we should obtain our answers directly 
from scratch, as illustrated in the following examples. 


EXAMPLE 8-2 
In the parallel RLC circuit we are givent 


R=200 L=1H C 


ll 
ot 
T 


T Remember that these are scaled values. See Appendix C. 


Prob. 8-13 
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Solution. The characteristic equation, quickly rederived, is Equation 8-42, which 
becomes here 
s? -125s - 25 20 


Therefore, the two characteristic values are 
S12 = —0.63 + j4.96 


and we have case 3. Now verify formally, by using Equations 8-45 and 8-46, 


1 /L 
Re = 5 [c 7325-250 


pa Ree 2 _ 195 Lj E 
R 20 
EXAMPLE 8-3 
Let now 
R = 2.5Q L=1H C=4F 


and let us solve this problem on its own, without any memorization. 
Solution. For KCL 
ig + ip + ic = 0 


we have here 


1 , 1 dvc 
amwe CRI 
and KVL is 
di, 
Uc = Ur == dt 
Therefore 


1 i di, ; 1 di, 0 
25| at) atar 
For which, after multiplication by 25, we have the characteristic equation 
s?+ 10s +25=0 


or 
(s+ 5)? =0 


$,—585— —3 


Evidently, this is case 2. Now confirm using Equations 8-45, 8-46, and 8-48 


D (Lo, 
Ra =3 [p 73 25 2250-R 


2 
Rer 
(=F =l 
1 
Qy = —— = 5 
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EXAMPLE 8-4 


Let now 
R=2440 L=1H C=4F 


Solution. Here we get the characteristic equation 
s? + 10.25s +25 = 0 
with the natural frequencies 
$, = —4 Sa = —6.25 
¢ 1.025 (>il 


clearly case 1. You should verify these results in full detail. m 


Now we are ready to write the solution to our problem, the zero-input response 
i, (t) for each case: 


Case1. When both characteristic values are real and distinct, we notice from 
Equation 8-48 or 8-43 that they are real and negative, because ./¢? — 1 < & when 


C > 1. Then 
s, = —l@ + os C —1 = —a (8-49) 
s2 = —C09 — as / — 1 = — (8-50) 
where « and f are positive numbers. Therefore, our solution is 


L(t) = Ke" + Ke"? (8-51) 


and is the sum of two decaying exponentials. This waveform is called overdamped. 


EXAMPLE 8-5 

In Example 8-4, let the two initial conditions be given as 
i(0-)=—-1  v(0-)=0 

Calculate and plot i,(t). 


Solution. We have here 
lf) = Kets + Kye“ 
The first initial condition yields 
—1=K,+K, 


For the second one, we write from Equation 8-40 


di 
(at) = vc(0*) = vc(O ) = 0 = (—625K,e 9?5 A Rre y 
0+ 


The two equations for K, and K, are therefore 


K, + K, = —1 
6.25K, + 4K, = 0 


Probs. 8-9, 
8-10, 8-11, 
8-12 
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Their solution is 
K, = 1.77 K, = -27 
and 
ij (t) = 1.77e7 625" — 2.77e7“ t0 


In Figure 8-5 we show in dotted lines the two separate exponentials. The plot of i; (t) is 
their sum, shown in a solid line. 


i, (t) 


Á -2.T1e^*t 


Figure 8-5 Example 8-5, an overdamped response. EL] 


Case2. Here there are two equal, negative real characteristic values 
S1 = S2 = —l@p = — 0g (8-52) 
where ¢ = 1. The solution is therefore 
L(t) = Kye °* + K,te °° (8-53) 


where the second term requires multiplication by t because of the repeated root, as we 
learned in Chapter 7. Just in case we forget to multiply by t, the result would be 
i(t) = K4e °* + Kye "" = Kse ?", an obvious mistake since we need two 
arbitrary constants. So, we can't go very far with the mistake; it forces us to stop. 
The two constants K, and K, are evaluated from the given initial conditions. 


EXAMPLE 8-6 
In Example 8-3, let i,(0*) = 0 and i,(0*) = 6 be given or precalculated. 


Solution. Then the first initial condition yields 
0 = K, + K,:0 > K0 
and the second one 
i (0*) = [K4(—a@ote°% + e^ 99], 


or 
6=K, 
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and so 
i,(t) = 6te ^^! t>0 


The plot of i,(t) is shown in Figure 8-6. The waveform of 6te~ ?' begins to rise, reaches a 
maximum (verify the values shown), and then decays. This behavior is typical to the term 
K,te ® in the critically damped case. With differential initial conditions, when K, 4 0, 
the decaying exponential term K,e °” must be added to the plot. 


Figure 8-6 Example 8-6, a critically damped response. m 


Case3. Here, the two natural frequencies are complex conjugate 


Sı = — wo + joo 1—¢? 
S2 = st = — wo — JMov/ 1—¢? 


For convenience, let us introduce in this case the new variable 


Wy = oy /1— C (8-54) 


Then the solution is 
i (t) = Kze Sot joa 4. K, (7 0o- joa 
= e U(K eied 4. Ke iea) (8-55) 
As in the LC case, we use Euler's identity for e*/® and obtain 
i(t) = Ke" sin (wt + 0) (8-56) 


where you should fill the missing steps. The two arbitrary constants are K and 0. 

The waveform of i,(t) in Equation 8-56 is a sinusoid, oscillating at the damped 
radian frequency c, given by Equation 8-54. The subscript d reminds us of this fact. 
The amplitude of the oscillations is exponentially decaying, Ke °°". This waveform is 
called underdamped. 


EXAMPLE 8-7 
In Example 8-2, let ij (0*) = 0 and i; (0*) = — 1. 


Solution. Factor out e 9:9?! 


i,(t) = "Mission 6:5. nales Je Kg 75995 


=e 9-9? R, cos 4.96t + Kg sin 4.96t) 


Prob. 8-14 


227 


8-4 THE RLC PARALLEL CIRCUIT AND ITS ZERO-INPUT RESPONSE 


If we let 
K,= K sin 0 
R; = K cos 0 
then 
R, cos 4.96t + Kg sin 4.96t = K sin (4.96t + 0) 


due to the trigonometric identity 
sin (x + y) = sin x cos y + cos x sin y 


Consequently 
i(t) = Ke 9'9?' sin (4.96t + 0) 


To verify formally, use now Equation 8-54. In Example 8-2, we had 
C — 0.125 


then 
0, = 0S4 /1-— (? = (5)(0.992) = 4.96 


and Equation 8-55 follows. Once more, we stress that memorization is not needed; the 


answer 
i, (t) = e 9 9"(K. cos 4.96t + Kg sin 4.967) 
is obtained directly from the problem, and is perfectly correct. The equivalent form, 


Equation 8-56, is somewhat easier to visualize and to plot. 
To evaluate K and 0, use the initial conditions: 
i(0*)=0=K sin 0 


and 
i007) = K[ —0.63e °-°* sin (4.96t + 0) + 4.96e 9-9?! cos (4.96t + 0)]9. = —1 


To illustrate our approach without memorization, let us start with 
i,(t) = Kie” + Kc 


which is appropriate here. Differentiation yields 
di 
== Kısı" + K,s,e 


dt 
For t = 0*, these two equations became 
K, + K, = 0 
K,s, + K,S, = —1 
We are leaving s, and s; in letter notation, rather than putting here s; = — 0.63 4- j4.96, 
s, = —0.63 — j4.96 and risking all kinds of numerical errors in the preliminary steps. 
The solution of the two constants is 
K,= (0.101 
1 1 
— j0.101 


Pa 4. Be ~ 79.92 


where we've used 1/( —j) = j and 1/j = —j. We also note that K, = KT in this example 


228 8/SECOND-ORDER CIRCUITS HIGHER-ORDER CIRCUITS 


Now the solution is 
i, (t) = jo. 101e(^ 9:9? Tj4.96)t — io 10i, 9.63 Mes 
Factor 0.101je~ °-°* to get 
i,(t) - 0.10127 9-631j( 974.96: NN q^ P998 
Use Euler's identity 
| e — gd 
sin x — —»— 
to get finally 
i (t) = —0.202e~ 9-9?! sin 4.96t t0 


The plot of i,(t) is done best by first plotting separately ( — sin 4.961) and (0.202e 9935, 
then multiplying the two curves point by point. See Figure 8-7. It is a damped sinusoid, 
oscillating at c, = 4.96 rad/s within the envelope of —0.202e 993. 


—sin 4.96t 


0.2026 -9.63t 


Figure 8-7 Example 8-7, an underdamped response. mM Prob. 8-15 


These three cases are summarized as follows: 


1. The overdamped response has two natural frequencies which are real, 
negative, distinct numbers. The waveform is the sum of two decaying 
exponentials. 
2. The critically damped response has two real, negative, and equal natural 
frequencies. The waveform is the sum of a decaying exponential and of the 
same exponential waveform multiplied by t. 
3. The underdamped response has two natural frequencies, complex and 
conjugate. The waveform is a sinusoid with a radian frequency equal to the 
imaginary part of the natural frequency; the amplitude decays exponentially 
with the real part of the natural frequency. Prob. 8-16 
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To conclude this section, let us consider the following example. 


EXAMPLE 8-8 


In the network of Figure 8-8(a), the switch, having been in position a for a very long time, is 
moved from a to b at t = 0. Calculate v,(t) for t > 0. 


t=0 i(t) 


E 
oc (f) (Q, H, F) 


(a) 


d vc(t) 
2A 3 4. (0) 


(b) (c) 
Figure 8-8 Example 8-8. 


Solution. First, we must establish v&(0 ) and i,(0 ). Since the current source, for 
— oo «t < 0,is constant, the inductor will behave, after that long a time, as a short circuit 
(s.c.) and the capacitor as an open circuit (o.c.). Refer to Chapter 7 and Problem 7-36 to 
review these ideas. Briefly, if a steady-state, constant current flows in L, then L di/dt — 0; 
with a steady-state, constant voltage across C, C dv/dt = 0. The equivalent resistive 
network, at t = 07, is therefore as shown in Figure 8-8(b); from it we see that 


i(0 )=0 (0 )=6 
Since there are no all-capacitive loops or all-inductive nodes, these are also the initial 
conditions at t = 0* 

i(0*) 20 v(0*)=6 
for the network after t = 0 in Figure 8-8(c). Using the state variables vc (t) and i, (t), we 
write for this network KCL 


dvc(t) 
0.1 -p i (t) tim 
and KVL 


1 di,(t) ; 
z gr * «D + 3i, (t) = 0 t0 


230 


8/SECOND-ORDER CIRCUITS HIGHER-ORDER CIRCUITS 


These equations reduce, as usual, to 
o1 27€ 3[ 0.1 "c ed) 
5| a + dq + Uc = 


d^v(t) dv((t) 
dz +6 dt + 20v,(t) = 0 


or 


Do these steps in detail! The characteristic equation is 

s?+6s+20=0 
and the characteristic values are 

$129 = —3 + j3.22 
Therefore 

v-(t) = Ke" * sin (3.32t + 0) 

To find i, (t), we write 
uD 


i = 0.1 Ke~ ?'[3.32 cos (3.32t + 0) — 3 sin (3.32t + 0)] 


Initial conditions at t = 0* yield 
v-(0*) = K sin 0 = 6 
i,(0*) = 3.32 cos 0 — 3 sin 0 = 0 


From the second equation, we get 


sin 0 334 
= tan 0 = —— ’. 0=479° 
cos 0 3 
The first equation then yields 
K = E = 8.1 
~ sind 


Therefore 
v(t) = 8.1e7 * sin (3.32t + 47.99) t>o 


8-5 THE STEP RESPONSE OF AN RLC SERIES CIRCUIT 


We consider now the zero-state response of an RLC circuit to a unit step input. As 
before, it is an easy experiment to set up in the laboratory. Its results, experimentally 


and theoretically, are important. 


A series RLC circuit, excited by a voltage source v(t) = u(t), is shown in Figure 
8-9(a). The two first-order differential equations in i; (t) and v,(t) for t > 0 are 


d 
C =" sið (KCL) 


Probs. 8-17, 
8-18, 8-19, 
8-20 
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R R 


v (f) = u(t) 


+ 
ve 
(a) (b) 
Figure 8-9 Step response of an RLC circuit. 
and 
di 
L 5 + Ri,(t) + v(t) = 1 (KVL) (8-58) 


The difference between this case and its zero input is only the right-hand side of 
Equation 8-58, as expected. Differentiation of Equation 8-57 and substitution into 
Equation 8-58 give 


—— + RO gom (8-59) 


the second-order, nonhomogeneous differential equation for vt). 
The homogeneous (zero-input) solution is 


vgy(t) = Ke + Kae (8-60) 
for the overdamped and the underdamped cases; it is 
Vg(t) = Kad" + Kate” (8-61) 


for the critically damped case. Here s, and s, are the natural frequencies, and the 
characteristic equation is, from Equation 8-59 


R 1 
S Ponte (8-62) 


The particular solution, chosen as a generalization of the source on the right- 
hand side of Equation 8-59, is a constant 


vp(t) = A (8-63) 


Substitution in Equation 8-59 yields 


2 
AS UNE S TP (8-64) 


Lc 
dt? dt 
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that is, 
A=1 (8-65) 


The total solution is 
v(t) = vg(t) + v(t) = K,e° + K e” + 1 (8-66) 


for the overdamped and underdamped cases. The evaluation of K, and K, is done 
now (not earlier). In this circuit, ve(0*) = ve(07)=0 and i,(0*) =i,(0-) =0. 
Therefore 


v-(0*) — K, -+ K, + 1 — 0 (8-67) 
and 


i,(0*) = Cv.(0*) = C(K,s, + K353) = 0 (8-68) 


These two equations provide the numerical values for K, and K,. With these, 
Equation 8-66 is the final answer. 

It is important to remember that no memorization is required (read over this 
last sentence: It is not self-contradictory!). The steps are standard, and they should be 
followed methodically for each problem with its specific numerical values. 

In the zero-state response of Equation 8-66, we recognize the transient part 


v(t) = Kot + Korn (8-69) 


Figure 8-10 Typical plots of the zero-state step response. 
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because it approaches zero as t — oo in all three cases (over-, under-, and critically 
damped). The steady-state part is nonzero as t — oo 


vt) = 1 (8-70) 


This part is easy to recognize by our previous method: For a dc (constant) input, an 
inductor becomes a short circuit as t > oo and a capacitor an open circuit. See Figure 
8-9(b). From this figure, we see immediately that v((oo) = 1. Also, as a bonus, we see 
that i; (o0) = 0. These two values may be used as v((0 ) and i, (0 )) for a new circuit 
which, at a new t = 0, includes the capacitor and the inductor in a new configuration. 

Typical plots of the zero-state step response are shown in Figure 8-10 for: (a) the 
overdamped, (b) critically damped, and (c) underdamped cases. 


8-6 HIGHER-ORDER NETWORKS: LOOP, NODE, AND STATE 
EQUATIONS 


Having solved in full detail first- and second-order networks, we face now the most 
general problem in network analysis: A given network consists of linear, constant 
resistors, capacitors, inductors (including mutuals), independent and dependent 
sources; also given, or precalculated, are initial conditions. At t = 0, it is excited by 
one or more sources of various waveforms. We must calculate the total response, that 
is, some or all of the currents and voltages of the elements. 

From our studies of graphs and of resistive networks (Chapters 2 and 3), 
we know how to choose intelligently loop analysis or node analysis. In both cases, 
the resulting simultaneous equations for RLC circuits will contain derivatives, 
ic = C dv/dt, vj, = Ldi/dt, as well as integrals, vc = (1/C) fo v(x) dx + v«(0 ), i, = 
(1/L) fo i(x) dx + ij(0 ). Therefore, loop analysis or node analysis will lead to 
simultaneous integro-differential equations. The direct solution of such equations is an 
extremely difficult task. It is somewhat comforting to be able to predict by inspection 
the order n of the network. This would be the order of the single differential equation 
which is equivalent to all the simultaneous equations, but it is much more difficult to 
actually obtain this equation! Just recall the relative difficulty of deriving it for second- 
order networks. 

With dynamic elements (L, M, C), we can also formulate state equations using 
capacitive voltages and inductive currents as variables. These equations, as we saw, 
will contain only the unknowns and their first derivatives, but no integrals. This is 
already a significant relief; however, we still have n simultaneous first-order 
differential equations. Again, these are equivalent to a single nth-order differential 
equation. We know n in advance, but to obtain that equation is another matter. 

Does all this sound hopeless? Definitely not. Rest assured that, before too long, 
we'll learn some powerful and relatively simple methods for solving such simultaneous 
equations. As an added promise, these methods will reduce the integro-differential 
equations to algebraic ones. Then we'll be able to handle them easily, just as in the all- 
resistive cases. For the time being, let us concentrate just on the correct formulation of 
these equations. 


Probs. 8-20 
8-21, 8-22, 
8-23, 8-24, 
8-25 
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Loop Equations. For these, we must use 


Up(t) = Rig(t) 
di,(t) 
dt 


Uc(t) = vc(0 ) + E: i ic(x) dx 
C Je- 


v, (t) = L 


(8-71) 


where each branch current, ip, ij or ic, is expressed in terms of the chosen loop 
currents. Before studying an example, it is well worth our while to review the 
derivation of the expressions in Equation 8-71. 

There is no problem with v,(t) = Ri,(t); this is the defining v-i relationship for 
the resistor. For an inductor, the defining relation is $(t) = Li(t), flux being 
proportional to current. Then, since v,(t) = do/dt, we have v,(t) = L di,(t)/dt. 

The i-v expression for the capacitor is obtained from its defining relation 


q(x) = Cuc(x) (8-72) 


Here we are using x as the variable for time. There should be no disagreement about 
that; any letter can be used, not just t. See Figure 8-11. Differentiating Equation 8-72 
yields 


dv¢(x) 
dx 


ic(x) = C (8-73) 
the i-v relationship. We need its inverse, the v-i relationship. From Equation 8-73 we 
write 

dvx) 1 


dx Ce) (8-74) 


and then integrate both sides with respect to x (= time), from x = 0. to any later time 
x-—t 


Nu dvx) = A Nu ic(x) dx (8-75) 
, D 


The left-hand side yields ve(t) — v«(0 ), and therefore 
1 t 
v(t) = vc(O ) + C | ic(x) dx (8-76) 
" 


which is the desired v-i relationship. It is clear now why we needed to use the dummy 
variable x (or y, or u, or č, or any other letter): It is the variable of integration, and t is 
the upper limit of the integral. The final answer, v,(t), is a function of t, as expected. 


cc’ X ud 


x70 x=t 


Figure 8-11 Dummy variable for time. 
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EXAMPLE 8-9 


Consider the network shown in Figure 8-12. 


i(07)=2A v(07)=6V 
— Ó $ 
( 


i 
3 0.4 


2e u(t) a Ory )=2 VAR 0.1 v) | 
Jd 


U 


(£2, H, F) 
Figure 8-12 Example 8-9. 


Solution. A quick count confirms the advantage of loop analysis (three unknowns) over 
node analysis (five unknowns). Initial conditions are indicated; where not indicated, 
assume they are zero. The sources are applied at t = 0, as indicated by the multiplying 
unit step function u(t). 

The three loop currents are conveniently chosen as shown i,(t), i (t), and i,(t). 
KVL around the first loop reads, with the conventional (+ ) for a drop and ( — ) for a rise, 


dit) (1 [('. - 
P ‘or | [i4(x) — i5(x)] dx — 2 + 10O[i,(t) — i3(t)] — 2e "u(t) = 0 
E 0 


Let us review each term carefully: 


1. The voltage drop across the inductor, in the direction of the loop, is + 3di,(t)/dt. 
The initial current i,(0 ) = —2 does not contribute to this drop. Should you 
forget what to do, try L di,(0 )/dt and see what you get! The initial current will 
be used much later to evaluate arbitrary constants in the solution. 

2. The voltage drop across the capacitor, in the direction of the loop, is written 
according to Equation 8-71. Here i(x) = i,(x) — i,(x) and e4(0 ) = —2, a rise 
in the direction of the loop. 

3. The voltage drop across the resistor is 10(i, — i4) in the first loop. 

4. The voltage source is a rise in the first loop. 


The second loop equation is 


0 


1 t t 
[6 + 04 | i (x) ax | + 1i (t) — 10u(t) + fz + il | [i,(x) — i,(x)] is — 


and you should confirm every term here. The third loop equation is 


10Lis(0 — 1,0] + 10u() + 15 BO 4 | dg) dx + 4i (t) = 0 
j 0 


These are the three simultaneous integro-differential equations for this network 
‘a 


Prob. 8-26, 


236 8/SECOND-ORDER CIRCUITS HIGHER-ORDER CIRCUITS 


In a second example, let us practice with mutual inductance and with dependent 
sources. 


EXAMPLE 8-10 


Solution. For the network shown in Figure 8-13 we write the first loop equation as 


: di, „di, um 
3i (t) + (4 7] ^ 2 i) + fa + 100 | [i,(x) + i,(x)] ix} — 6u(t) = 0 
0 


The mutually induced term needs a quick review: The inducing current i, does not enter 
its own dot; therefore, it induces a voltage M di,/dt which is negative at the other dot. In 
the first loop, therefore, this is a voltage rise. 

Around the second loop we write 


: di,(t) di,(t) a . j 
1i (t) + |: T 2 E | + fa + 100 f [i,(x) + i,(x)] ax} -2[-i,10)]20 
0 


Here the mutually induced term is M di,/dt. The inducing current i,(t) enters its own dot; 
therefore, the induced voltage is positive at the other dot. In the second loop, this voltage 
is a rise. 

Collecting terms and using the operators D and 1/D as in Problem 8-26, we have 
the final two integro-differential equations in matrix form 


444 — = 
D D | TROJ [—4 + 6u(e) 
-2-2p419 4,345,419 jo] 2d | 
D D 


(2. H, F) Probs. 8-27, 
Figure 8-13 Example 8-10. M 8-28, 8-29 


Node Equations. Here we use the branch i-v relationships 
ig(t) = Gvg(t) 


iy = c? (8-77) 
and 


i0 i0) e | dx 
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Be sure to review to your full satisfaction the last i-v relation for the inductor. It helps 
also to remember the duality properties between L and C. 


EXAMPLE 8-11 


For the network shown in Figure 8-14, we need two node equations. By comparison, we need 
three loop equations; also its order is n — 3, so three state variable equations are required. 


v(07))2 10V 


i(0-)-1A| 


i(t) = 20 cos 100tu(t) £? 


(Q, H, F) 
Figure 8-14 Example 8-11. 


Solution. The two node voltages are v,(t) and v,(t), as shown. With the convention (+) 
for currents leaving and (—) for entering, KCL at the first node is 


—20 cos 100t u(t) + | zum i | v,(x) ax | + 100[v,(t) — v,(t)] 
345. 


d 
+ 0.2 7 [v,(t) — v,(t)] = 0 


where the inductive term consists of i(0~) = 2 entering the node and (1/0.1) f5- v,(x) dx 
leaving the node after t = 0. That last term is associated with the (+) reference sign 
assigned to v,(t), the tail of the current arrow being at the (+) of the voltage. 

In a similar way, KCL at the second node reads 


0.2 d [v,(t) — v,(t)] + 100[v,(t) — v,(t)] + 200 v,(t) + | T zi ig v(x) ax | =0 


0 


Here, the given initial current i(0 ) = 1 leaves the node, without any association to the 
chosen reference sign (+) of v,. The term (1/0.4)[5- v(x) dx is leaving the node because 
of the choice of reference (+) of v,. The final form of these two integro-differential 
equations is 


10 
0.2D + 100 + p —0.2D — 100 v,(t)| [20 cos 100r u(t) + 2 
2.5 v(t) | m 
—0.2D — 100 300 + 02D + >> 


Question: Where does the initial voltage across C enter into these equations? BN 


Such a general approach is also valid with dependent sources. With mutual 
inductances, node equations are very complicated; instead, we will use loop equations 
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or state equations. Only in Chapter 14 will we learn how to handle mutual 
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inductances in node analysis. 


State Equations. We will later devote an entire chapter to the systematic formulation 
and solution of state equations. However, we have enough preliminary “feel” from 


our studies of RL, RC, and RLC circuits to study an example. 


EXAMPLE 8-12 


Consider the network shown in Figure 8-15. 


i, = 2e~* u(t) 


Figure 8-15 Example 8-12. 


Solution. By inspection, its order is n = 3, and therefore the three unknowns will be 


d 
uc(t) 


vc(t), ij, (t), and ij, (t). Assume their initial values are v(0 ) = —2 V, ij,(0) — 1A, 
ij (0 ) = 0. As in our previous studies (and with further elaboration in the later chapter), 
we choose the tree and the co-tree as shown. 


A fundamental cut set (KCL) equation is written with the capacitor as the only tree 


branch. It is 


or 


ic(t) + i, (0) + i, (0) — i (t) = 0 


r — dvc u is š — 4t 
ic(t) = 0.01 — = —i,, (t) — i,,(t) + 2e “u(t) 


dt 


the first differential equation. 
A fundamental loop (KVL) equation is written with L, as the only link. It is 


But 


di, 
0.1 TE + v(t) — velt) + valt) = 0 


va(t) = 4i4(t) = 47, + i1,@] 


Consequently, the second state equation is 


di,, ! 
0.1 "m —4i,, — 4i,, + vc — 12u(t) 


the second differential equation. 


Probs. 8-30, 
8-31, 8-32 
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A fundamental loop equation with L, as the link yields 


di, (t) 


0.2 = — velt) + Ai, (0) + i10] = 0 


or 


02 md = ve(t)— 4i, (t) — 4i, (t) 


the third differential equation. 

After conveniently multiplying the first equation by 100, the second by 10 and the 
third by 5, we get the three simultaneous first-order differential equations in v((t), i, (t), 
and i, (t) as follows: 


dv,(t) 

dt 

' 0 —100 —100][w«(0) O 100 

a = 110 — 40 —40 i (t) T1108 0 Beso 
di, (t) 5 —20 -—20][iL() M. 

dt 


This is the standard form of state equations, written as 
d 
x x(t) = Ax(t) + Be(t) 


Here x(t) is the state vector 


ve(t) 
x(t) = | iy, (t) 


iy (t) 


containing the n unknown state variables. The vector e(t) is the matrix of the independent 
sources. Matrices A and B are constant matrices resulting from the formulation of these 
equations. 

The solution of these equations will require the use of the given initial state vector, 
the three initial conditions 


v0) 
x(0 )— ij (0°) 
i, (0) 

As mentioned, this is only a preliminary example. Since we'll devote an entire 
chapter to state equations, let us concentrate in the following chapters only on loop 
analysis and node analysis. Is 

PROBLEMS 


8-1 


In Example 8-1, we solved the second-order differential equation 


PP. gg rg 

dt? dt 
Solve it by an alternate way, as follows: (a) Integrate it once, to obtain a non- 
homogeneous first-order differential equation. (b) Solve this equation, remembering to 


Probs. 8-33, 
8-34 
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8-3 


8-4 


8-7 
8-8 


8-10 


*8-11 
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get both the homogeneous and the particular solutions. Verify that your answer agrees 
with the one in Example 8-1. 


In Example 8-1: 

(a) Obtain the differential equation for v,(t). 

(b) Verify that the characteristic equation here is the same as for v,(t). It should 
be—after all, the circuit does not care how you obtain it! 

(c) Solve completely for v,(t), having calculated the necessary initial condition v5(0 *) = 
(dv; /dt)g. . 

(d) Plot v,(t) vs. t and compare with Figure 8-1(c). Does the plot make sense? Compare 
the steady-state values of v,(t) and v,(t). Why are they what they are? 

(e) Calculate the current through the resistor in terms of the two state variables v,(t) and 
v(t). 

(£) Calculate the energy balance in this circuit for t > 0. The initial energy stored in the 
capacitors must be equal to the energy dissipated in the resistor plus the final energy 
stored in the capacitors. 


Repeat Example 8-1 if: 

(a) 100°) = v07) 22V 

(b) wc,(0) = 3(1)(2)? = 2J = we (07) 

For the LC circuit of Figure 8-2, let L = 704 mH, C = 10 uF, ve(07) = 10 V, i; (0^) = 0. 

(a) Plot accurately i,(t) vs. t. Note: In Figure 8-2(d) the plot is versus wot. Identify 
clearly the zero points along the t axis. 

(b) Calculate the (natural) frequency f of i,(t). 

(c) Calculate the period T of i,(t). 

(d) Obtain its state matrix differential equation. 


Repeat the solution of the LC circuit, as in Section 8-2, this time with v«(0 ) z 0 and 
i (0 ) z 0. Hint: The derivation is the same through, and including, Equation 8-11. 


In the solution of the step response of an LC circuit (Section 8-3), check the dimensions 
(units) in Equation 8-33: On the left we have coulombs, and so K, and K, must be also 
in coulombs. What about C? Capacitance is in farads! 


Calculate the current and the voltage for the inductor in Figure 8-3. 


In the parallel RLC, zero-input circuit of Figure 8-4, use $t), the flux in the inductor, as a 
single unknown and obtain the second-order differential equation for it. What would be 
the two initial conditions for this case? 


In the parallel RLC circuit, what corresponds to € = 0? How does this justify the name 

damping factor? 

For a series RLC circuit, derive: 

(a) The differential equation for the zero-input response. 

(b) The characteristic equation and the characteristic values in their standard forms 
(Equations 8-47 and 8-48). 

(c) The expressions for the damping factor ¢ and for the critical resistance, R,,. Be 
careful: These are different from the parallel circuit. 

(d) The classification of the characteristic values into three cases. 

(e) Repeat (a), using q(t) and $,(t) as state variables. 


Explore fully the values and the location of the two characteristic roots s, and s; = s* 
when ¢ < 1. Each root, being a complex number, has a real part and an imaginary part 


Sı = — wo + joy 1 — ¢? 
S2 = — wo — jog / 1 — he 
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Let a typical pair of roots be shown on the complex number plane as in the figure, where 
the real axis is designated as o and the imaginary axis jo. Then s = o + jo in general. 
The two roots are shown with the symbol x. (a) As ¢ varies, 0 € ¢ < 1, show the 
location of s, and s,. Prove that their location (locus) is on a semicircle centered at the 
origin with a radius r = c. (b) Extend your investigation of their locus to the remaining 
two cases, when 6 = 1 and when 1 < Ẹ < oo. 


jo The complex 
plane 


Problem 8-11 


8-12 Another engineering term used with the RLC circuit, in addition to wọ, C, and R,,, is the 
Q factor, defined for the parallel RLC circuit as 


1 
ues @ RC 
Derive the relation between Q and ¢. Repeat for the series RLC circuit (Problem 8-10) 
where 
|. OL 
cs 


8-13 In the parallel RLC circuit, we have R = 10 OQ, L = 0.2 H. Find the range of values for C 
if the zero-input response is: (a) overdamped, (b) critically damped, (c) underdamped. 


8-14 For the critically damped case (Equation 8-53 and Example 8-6) are there initial 
conditions i, (0*) and i;(0*) which will make K, = 0? Prove your answer. 


8-15 In a parallel RLC circuit, we have R = 100 Q, L = 1 mH, C = 0.1 uF. Given i,(0*) = 1 
and v,(0*) = — 1, calculate and plot accurately v(t) for t > 0. 


8-16 The settling time of a circuit is a convenient measure of how fast the transient voltage or 
current will decay to zero. For the zero-input RLC circuit, let the settling time be the time 
needed for the response to decay to 1 percent of its maximum value. Calculate the settling 
times for Examples 8-5, 8-6, and 8-7. Don't forget to calculate first the maximum value in 
each case. 


8-17 The switch in the circuit shown has been in position a for a very long time. At t = 0, it is 
moved to position b. Calculate and plot i,(t) for t > 0. 


(Q, H, F) 


Problem 8-17 
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8-18 In the circuit shown, the switch has been closed for a long time. At t — 0, it is opened. 
Calculate and plot i,(t) for t > 0. 


i; (t) 
(Q,H,F) Problem 8-18 


8-19 In the network shown, the switch is moved from a to b at t = 0, having been in a for a 
long time. Calculate v,(t) and i, (t) for t > 0. 


Problem 8-19 


*8-20 From our studies of first- and second-order circuits, we recognize that their zero-input 
response waveforms depend on the natural frequencies. These natural frequencies are 
complex numbers of the general form 

s=0 jo 


See Problem 8-11. In the RC and RL first-order circuits, we found that s = — o, real and 
negative (w = 0). The LC circuit has s, , = + jo, pure imaginary (c = 0), and the RLC 
circuit has either real negative or complex conjugate natural frequencies (o z 0, œ # 0). 


v(t) = Ke *! 


Problem 8-20 
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Prepare a table showing the waveform plotted vs. t, as related to the location of a 
natural frequency. The first entry is given as an illustration. Do it for the following cases: 


(b) Sa = —b where b > a a>0,b>0 
(c) $4 = S4 = —C c>0 

(d) s,=0 

(e) S6» 57 = + jo, 

(f) Sg, S9 = d jo, Or > We 
(g) $19,514, = —AtJjo, 

(h) $12,813 = —b+jo, 

(i) $14,315 = —b + jo, 


What effect has the distance of s along the o axis on the waveform? And the distance 
along the jo axis? 


8-21 In the network shown, the switch is opened at t = 0, after having been closed for a long 
time. Calculate and plot i, (t) for t > 0. 


i, (1) 


(Q, H, F) 
Problem 8-21 


8-22 In the network shown, the switch is moved from position a to b at t = 0, after having 
been in position a for a long time. Calculate and plot i,(t) for t > 0. 


3A 


Problem 8-22 
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8-23 The two switches have been in positions a for a long time. At t = 0 they are moved to 
positions b. Calculate the energy balance in the new circuit for t > 0, as follows: 
(a) The energy stored initially 
(b) The total energy dissipated by the 2-O resistor 


($2, H, F) 


Problem 8-23 


8-24 For the circuit shown, find: 
(a) The characteristic equation 
(b) The characteristic values 
(c) The zero-input response i(t) within arbitrary multiplying constants, and its 
classification as over-, under-, or critically damped 


(Q, H, F) 


Problem 8-24 


8-25 An RLC circuit is described by the equation 


d'i di .. 4 

dà +6 n + 9i = 10e 

with i(0 ) = —1, (0 ) = 4. 

(a) Calculate i(t) completely. For the particular solution, refer to Table 7-1 for your 
choice. 

(b) Identify the zero-state and the zero-input parts in your solution. 

(c) Identify the transient part and the steady-state part in your solution. 
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8-26 In mathematical notation, there are two operators defined as 


d 
Dz 


T the differentiation operator 


and 


1 t 
p* | ( )dx the integration operator 
g- 


So, for example, we write 


CON 
L "d = LDi(t) 


and 


al (x) d ~~ i(t) 
€]. (x) dx = Gp! 
Use this notation to rewrite the final three loop equations in Example 8-9 in matrix form 
as 


i,(t) 

i,(t) 
where M contains the resistors, inductors, capacitors, D, and 1/D. The column matrix e 
contains voltage sources and capacitive initial voltages. 


8-27 For the network shown in the figure, write the loop equations in their final matrix form, 
as in Problem 8-26. 


i(0-)=4A s 
e eps 
M=1.1 S 
á 0.2 


d ~~ Ug 
pu T 
12u(t) e 4) J (a, e 2v, 


5 
0.3 0.1 
* w(0-)- 10V 
Problem 8-27 
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8-28 Write two fundamental loop equations for the network shown for the indicated graph. 


i(07)=2 A 


— 


0.5 


3u(t) v(0-) = 10 V 


10 


— a j — — — 


| 
| 
| 
fiosa Y 
| 
| 


v(0-)=3 V 


Tree branch 
—— — Link 


(Q, H, F) 
Problem 8-28 


8-29 For the network shown, write fundamental loop equations. A chosen tree is shown, as 
well as the fundamental loops. All initial conditions are zero. Be very careful when you 
express each branch current in terms of the loop currents. 


10e^' u(t) 


0.4 (82, H, F) 


—>— 


i3 


—— 


Problem 8-29 


PROBLEMS 247 


8-30 For the network shown, write two node equations in their final matrix form. 


0.04 


10u(t) 


(82, H, F) 


Problem 8-30 


8-31 For the network shown, choose intelligently between loop and node equations. Write 
these equations. 


10u(t) p 1 = ail v(0-)=6 V 


(Q, H, F) 
Problem 8-31 
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8-32 Write two node equations for the network shown. What is the form of the single 
differential equation for v,(t), if we could obtain it? 


i(O-)=1A 1/4 
a 


v(07) = 
ib 


(Q, H, F) 
Problem 8-32 


8-33 Write, as explicitly as you can by inspection, the single equivalent differential equation 
for v(t) in Example 8-12. 


8-34 Formulate the state equations for the network in Problem 8-31. Use the approach 
suggested in Example 8-12. For the tree, use the voltage source and the capacitor. 


Chapter 9 


Sinusoidal Steady-State Analysis 


9-1 SINUSOIDAL SOURCES 


In the previous two chapters, we learned about several responses of RLC circuits. In 
particular, we studied the case of a sinusoidal zero-input response in an LC circuit. 
Please review Section 8-2 to refresh your memory. 

Sinusoidal sources and responses are very common in many circuits. For 
example, the household supply voltage in the United States is sinusoidal and is 
expressed as 


v(t) = V, sin wt (9-1) 


See Figure 9-1. Here, the amplitude of v(t) is V,, = 170 V and the radian frequency is 
w = 377 rad/s, as studied in Chapter 8. We will review these concepts and expand our 
study in this chapter. 


Figure 9-1 Plot of v(t) = 170 sin 377t. 
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Before dealing with more general expressions and plots of sinusoidal waveforms, 
let us agree to deal only with the cosine function, rather than with both the cosine and 
the sine. We can do it because of the trigonometric identity 


sin x = cos (s — 5) (9-2) 


With this easy convention, we eliminate a lot of worry and extra work: Any sine 
function will be converted to a cosine, as in Equation 9-2. Later, we'll see other 
advantages of this convention. (Of course, by a similar convention, we could have 
decided to use only the sine function.) 

The plot of the function f(t) — A,, cos ot is shown in Figure 9-2(a), plotted 
versus ot. In Figure 9-2(b) we see the same plot versus t. The difference between the 
two abscissas is merely a scaling factor. If we multiply t, in seconds, by c, we get ot in 
radians; points along wt are angles, for example, 0, 2/4, 2, 2r, .... Conversely, if ct is 
divided (scaled) by c, the abscissa is in seconds, and the corresponding points are 0, 
T/4w, n/w, 2x/o, .... 

A cycle of a periodic (repetitive) function, you recall, is the smallest portion that 
repeats itself to produce the original function. The time duration of one cycle is called 
the period and is designated by T (in seconds). In Figure 9-2 we show one cycle and its 
period. We see that 

aor = 25 (9-3) 


The frequency of the periodic waveform is the number of cycles per second (cps) and is 
1 

= — H 9-4 

f=, H (9-4) 


where the unit, hertz, is named after the German scientist Heinrich Hertz (1857-1894). 
For example, the U.S. residential voltage waveform is a sinusoid with f = 60 Hz, 
meaning that in 1 second the sinusoid goes through 60 cycles. From Equations 9-3 
and 9-4 we obtain another useful relationship 

2n 


= T^ 2nf (9-5) 


f(t) * A, cos wt f(t) = A, cos wt 


wt 


| 
| | | 
a pec endi 


(a) (b) 


Figure 9-2 Plots of a cosine waveform. 


Prob. 9-1 
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v(t) = Vin cos | tot 3 ) 


T 
3 ilt) = Ln cos (cor - 3 ) 


wt 


(a) (b) 
Figure 9-3 Sinusoidal waveforms with phase angles. (a) Positive 0. (b) Negative 0. 


For example, the radian frequency of the household voltage is œ = (27)(60) = 
377 rad/s as shown in Figure 9-1. 

Other examples of sinusoidal frequencies are provided by commercial radio. 
Stations broadcasting on the AM band have a range of 540 to 1600 kHz (recall: 
1 kHz = 10? Hz), while those broadcasting on the FM band have frequencies in the 
range of 88 to 108 MHz, where 1 MHz = 10° Hz. 

The most general sinusoidal waveform is given by an extension of Figure 9-2. 
That is, 


g(t) = A,, cos (wt + 0) (9-6) 


where g(t) can be either a voltage or a current, and @ is the initial phase angle (in 
radians). In Figure 9-3 we show two plots: (a) when 0, is positive, 0, = 2/3, and (b) 
when 0, is negative, 0, = — 7/4. We see that, in the first case, the cosine waveform is 
shifted to the left by 0, radians along the wt axis, and in the second case—to the right 
by 0, radians. 

It is common in engineering practice to use degrees. Therefore, expressions like 
v(t) = V,, cos (wt + 60°), i(t) = Im cos (wt — 45?) are acceptable and widely used, even 
though not strictly consistent in units. 

If we compare f(t) = A,, cos ot in Figure 9-2(b) with v(t) = V,, cos (wt + 60°) in 
Figure 9-3(a), we see that a point on v(t) is reached in time ahead of the corresponding 
point of f(t). We say that v(t) leads f (t) by 60°. Similarly, i(t) of Figure 9-3(b) lags (is 
behind) f(t) by 45°, because a point on i(t) arrives in time later than the corresponding 
point of f(t). In Figure 9-3, v(t) leads i(t) by 60° — (— 45°) = 105°. 

Let us pause for a summary: N 


1. A sinusoidal waveform, expressed as in Equation 9-6, is completely 
characterized by three parameters: Its amplitude, A,,, its radian frequency o, 
and its phase angle 0. 

2. Of two sinusoidal waveforms of the same frequency, one leads the other or 
lags behind it, depending on their phase angles. If both have the same phase 
angles, the waveforms are in phase. See Figure 9-4. 


Probs. 9-2, 
9-3, 9-4 


Probs. 9-6, 
9-7, 9-8 
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Figure 9-4 Two sinusoids in phase. 


EXAMPLE 9-1 


In Figure 9-5(a) we have two sinusoidal waveforms v,(t) and v,(t). Write the cosine expressions 
for each one. Which one leads the other, and by what angle? 


(a) A 
Nill 40 ^N wt 


v, (T) 


(b) 


40° + 90° 
= 130° 


Figure 9-5 Example 9-1. 


Solution. Without any memorization or reference to Figure 9-3, let us redraw v,(t) as a 
cosine waveform without a phase angle. This is shown in Figure 9-5(b). Its expression is 


v,(1) = 10 cos wi 


where œf is the temporary abscissa. (Yes, we do have to remember the basic waveform of 
cos x.) The relationship between the two abscissas is obviously 


wt = wt — 130° 
Therefore 
v,(t) = 10 cos (wt — 130°) 
In a similar way we find 
v(t) = 4 cos (ct — 54°) 
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From the figure, or from these expressions, we see that v,(t) leads v,(t) by 76°; alternately, 
v,(t) lags behind v,(t) by 76°. a 


9-2 FIRST-ORDER CIRCUITS: CLASSICAL SOLUTION 


Let us consider the RL circuit shown in Figure 9-6. It is, for example, a simple model 
of an induction motor driven by a sinusoidal voltage source. We are interested in the 
zero-state response, so i,(0 ) = 0. The differential equation for i(t) is obtained by 
writing KVL: 

di(t) 


Lb de + Ri(t) = Vin cos wt t0 (9-7) 


From our previous studies, we know that the transient part of the current is 
LA) = Kee (9-8) 


and it will vanish as t increases. 

We wish to concentrate on the particular solution only, due to the sinusoidal 
right-hand side. According to our studies in Chapter 7 (Table 7-1), the particular 
solution will be of the form 


ip(t) = I,, cos (wt + 0) (9-9) 


Here, the amplitude /,, and the phase 0 of the current are unknown and must be 
determined. However, c is the same as in the voltage source, because differentiation, 
L di/dt, and multiplication by a constant, Ri, cannot change œw in Equation 9-9. 

As usual, we must substitute the assumed solution, Equation 9-9, into Equation 
9-7. To simplify the resulting calculations, we first rewrite Equation 9-9 as 


HO = I Re jek) (9-10) 
where we used Euler’s identity 


e/* = cos x + jsin x = Re {e/*} + j Im {e*} (9-11) 


29 


with the notation “Re” meaning “the real part of ...” and “Im” meaning “the 


imaginary part of ... ." 
With this notation, Equation 9-10 is substituted into Equation 9-7 to give 


LI, Re(joe'** *9) + RT, Refet = y. Refet} (9-12) 


u(t) = V,, cos wt 


Figure 9-6 An RL circuit. 
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As a second simplification, let us drop the “Re” altogether from Equation 9-12. 
Why can we do it? Because Equation 9-12 expresses an equality among the real parts 
of complex numbers; to satisfy this equality, it is certainly sufficient to equate the 
complex numbers themselves! Thus, Equation 9-12 reduces to 


joLI,, ee” + RI, eit e” = V,, ei (9-13) 
The common mutiplying factor e/^' may be cancelled on both sides, and we have 
L,(joL + R)e? = V, (9-14) 


We recognize with delight that, by using Euler’s identity, Equation 9-10, our original 
differential equation, Equation 9-7, has been reduced to an algebraic equation (no 
derivatives), Equation 9-13 or 9-14. This is a much simpler equation to solve! 

Since Equation 9-14 has complex numbers, we equate magnitudes and then 
angles. Equating magnitudes on both sides, we remember that the amplitudes I, and 
V,, are real, positive numbers. The result is 


I, -|joL + R|-|e?| = V, (9-15) 
and since |e?| = 1, we get 
V, 
ACTU NON (9-16) 


"o JR? + (oL)? 


Next, equate angles on both sides of Equation 9-14, 
0-4 tant V 80 (9-17) 
to get 
0 = dani (9-18) 
R 
We have found the required I„ and 0. Therefore, Equation 9-10 reads 


V, L 

ip(t) = I,, cos (wt + 0) = ———————— cos (or —tan ! = (9-19) 
./R? + (oLY R 

This is the zero-state solution i,(t). As we see here, it is entirely steady-state, and it is 

drawn in Figure 9-7, together with the sinusoidal waveform of the input v(t). The 

current i(t) lags behind v(t) by 0. 


Figure 9-7 Voltage and current in an RL circuit. 
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Let us pause and review: 


1. For a sinusoidal input, the zero-state particular solution is also a sinusoid of 
the same o, but with a different amplitude and a different phase angle. 

2. The amplitude of the current response is related to the amplitude of the 
voltage and to c, R, and L. 

3. The phase of the current response is related to c, R, and L (but not to the 
amplitude of the input). 

4. These relationships are fairly complicated, even for a simple first-order 
circuit. They involve a lot of manipulations. 


What do we do in more complicated circuits? There ought to be an easier way to 
calculate the steady-state response for higher-order circuits with simultaneous 
integro-differential equations! Fortunately, there is such a way; it is called the phasor 
transform. 


9-3 WHAT IS A TRANSFORM? 


In general, we can say that a transform is a simplified method of doing something 
difficult. Many transform methods occur in everyday life, and we don't even think 
about them in this light. Here are a few: 


1. Our languages (English, Japanese, etc.) are a transform. A language is a 
simplified method of communicating. Just think how difficult, or even totally 
impossible, it would be to communicate without a common language 
between you and your listener. A stranded traveler in a foreign country can 
attest to this difficulty. 

2. The alphabet is a transform. The letter B represents in a simple way the sound 
associated with it. By itself, the symbol B means nothing. We have agreed, in 
advance, that it represents that particular sound. 

3. Money is a transform. It is a simplified and indirect way to trade. The difficult 
and direct way of bartering may still be practiced, but just think how hard it 
is: You must have exactly what I may need (two sheep, for example), and, in 
return, I must have exactly what you need (a horse, for example), if we are to 
trade directly. With a monetary system, or a bead system, or a precious metal 
system, the values of the sheep and the horse are represented in dollars, or in 
ounces of gold, thereby simplifying trade. You don't have to give me sheep for 
my horse if it is not mutually agreeable. Instead, you give me the money 
transform of the value of the horse. 

4. Of several mathematical transforms that are already familiar to us, one is the 
binary code. It is an indirect and easy way for computers (and even people) to 
handle mathematical operations. For example, the decimal multiplication 
(12 x 5), is transformed in binary code into (1100 x 101), by looking up in 
binary tables the binary transform for 12 and 5. The binary multiplication 


Probs. 9-10, 
9-11, 9-12, 
9-13 
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Classical solution: 
direct and difficult 
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yields 111100, and by looking it up in the binary tables, we see that it 
represents 60 decimal. 


. Another mathematical transform is the logarithmic one. Consider, for 


example, the calculation of x = (9.5)!?. The direct and difficult way to 
calculate x would be as follows: 


1/3 
x = (8 + 1.5)! = |s( + 7) | 


Then we use the binomial expansion theorem on the inner parentheses: 


1.5\ 1/3 1/1.5\ 1/—2\1 /1.5\? 
aS a] a at el pt fo — a 
= 2.118 


Quite difficult! We must first find, or guess, the nearest “nice” cube root 
(=8 here); then we must remember, or hunt down, the binomial expansion 
series, and worry about its convergence. 

The logarithmic transform method is much simpler, though indirect. 
We use tables to represent the number 9.5 by its logarithm (base 10, say): 
log 9.5 = 0.978. Instead of the direct and difficult operation of raising to the 
power of 4, the logarithmic transform requires a simpler step, multiplication 
by 3. Therefore, 


log x = (1) 0.978 = 0.326 
Finally, we look up in the logarithmic tables, and find the answer 


x = log (0.326) = 2.118 


A given 


roblem 
P Transform method 


The problem is 
transformed 
(coded) 


Simpler 
operations 


Transformed 
(coded) answer 


Answer 


Decode 


Figure 9-8 The transform method. 
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Let us summarize the features of a transform method: 


. It is a simpler, indirect way of performing difficult operations. 

. Itis a code which must be understood by everyone who uses it. Otherwise, it 
is useless. 

3. It has a set of rules, as well as *two-way" listings (tables) for encoding and 

decoding. These ideas are shown in Figure 9-8. 


N mi 


A thorough review of complex numbers (Appendix B) is suggested here. 


9-4 THE PHASOR TRANSFORM 


The phasor transform method is particularly suitable for solving problems in the 
sinusoidal steady state, such as the one in the previous section. Encouraged by the 
simplified results there, let us develop the code and the operations of the phasor 
transform. Consider, again, the general sinusoidal waveform 


f(t) = Fm cos (wt + 0) (9-20) 


where f(t) is a generic notation for the time function (voltage, current, charge, flux, 
etc.). With Euler's identity, we can write 


fO = Re {fa (9-21) 
and let us agree to encode it as follows 
f(t) ^F, e" (9-22) 


This is our phasor transform (code): The sinusoidal time function f(t) is transformed 
into (represented by) the complex number 


F = Fe” (9-23) 


The arrow in Equation 9-22 reminds us that this is a code, a representation —not an 
equality. 

In words, we drop from Equation 9-21 the “Re” and e/^' (remember how it 
happened in Section 9-2?). The remaining complex number F = F,,e/? = F,,,/0 is the 
phasor transform of f (t). Also, given the phasor F, we decode it back into the time 
domain according to Equation 9-21; that is, we multiply F by e/^', then take the real 
part of the result, to obtain f (t). Symbolically, we write 


f(t) 5F (9-24) 


to indicate this “two-way” transform, from the time domain into complex numbers, 
and back. 

It is worth repeating that f(t) and F are not equal to each other. They are 
transforms of each other. In a similar way, in the logarithmic transform, we 
represented 9.5 by 0.978; these two numbers are not equal to each other. 


Probs. 9-14, 
9-15, 9-16 
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Let us try a few examples: 


EXAMPLE 9-2 
What is the phasor transform of v(t) = 170 sin 377t, as in Equation 9-1? 


Solution. First, we convert it into its cosine equivalent, as agreed: 
v(t) = 170 cos (377t — 90°) = Re (1702/0777 900) 
and therefore its phasor transform is 
V = 170/ —90? = —j170 


and we must remember (implicitly) œ = 377 here, because e/^' had been cancelled. BH 


EXAMPLE 9-3 
What is the current i(t) if its phasor transform is given as 


T= 10/15" 
at œ = 4000 rad/s? 


Solution. Using Equation 9-21, we write immediatly 
i(t) = 10 cos (4000t + 15°) 


The two phasors in Examples 9-2 and 9-3 are drawn in Figure 9-9, with convenient 
choices of scales for their lengths. 


Im Im 


Scale: 1 cm = 4A 


Scale: 1 cm = 100 V 


Re 


V 2—j170 (w = 377) I710/15? (c = 4000) 


Figure 9-9 Two phasors of Examples 9-2 and 9-3. 5 


There is a simple and elegant way to obtain the sinusoidal time function f(t) 
from its phasor F. Let the given phasor be F = F,,/0, as in Equation 9-23. It is plotted 
as OA in Figure 9-10. Starting from this position, let the phasor rotate 
counterclockwise, in the positive sense, with a constant angular velocity w rad/s. Then 
at t = t,, say, it will be in the position OB, at an angle (wt, + 0). According to 
Equation 9-21, f(t,) is OB’, the projection of OB on the real axis! We plot OB’ as the 
value of f (t,) versus wt, and continue with other values of t, getting OC’, OD’, etc. The 
sinusoidal function f(t) = F,, cos (wt + 0) is thus obtained point by point. 
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f(t) * F4 cos (wt + 0) 


Figure 9-10 Graphical f(t) from F. 


9-5 DIFFERENTIATION, INTEGRATION, AND THEIR TRANSFORMS. 


There are two relatively difficult operations in the classical time-domain loop or node 
analysis, differentiation and integration. Let us see how these are simplified in the 
phasor transform. 

Let us write f(t) as in Equation 9-21, repeated here 


f(t) = Re {F,, 0} (9-21) 


with its phasor transform, as before, 


F = F,,e” (9-23) 
Take now the first derivative of f(t) in Equation 9-21 
df (t 
E = Re {Fp jæ: efer*9) (9-25) 
where we used the fact that 
d d 


QR P-ReyQUj 


(Prove this to yourself!) But the phasor transform of the function inside the braces of 
Equation 9-25 is, by our convention, 


PO cs jo e (9-26) 


With Equation 9-23, we can write Equation 9-26 as 


TO o joF (9-27) 
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In summary, we have shown that if 
f(t) 5F (9-24) 


then 


TO o joF (9-27) 


Therefore, differentiation in the time domain of f(t) is represented by multiplication 
by jo of the corresponding phasor F. There is no doubt that multiplication is a 
simpler operation than differentiation! 


EXAMPLE 9-4 


Let us calculate the steady-state solution of the RC circuit shown in Figure 9-11. 


$ 
v(t) 


i(t) = 30 cos 1007 d 5 0.01 (Q, F) 


Figure 9-11 Example 9-4. 
Solution. The node equation for v(t) is 


dv(t) 
0.01 EC + 2w(t) = 30 cos 100t 


Take the phasor transform of this equation, term by term, with œ = 100 remembered 
0.01(j100)V + 2V = 30/0° 


As expected, the original differential equation has beer transformed into an algebraic 
equation which is much easier to solve. We collect terms 


(2 + j1)V = 30/0° 


and solve algebraically for V: 


30/0" 30/0 
 24jl 224/266 


= 13.42/—26.6° 
The time function v(t) is therefore 


V > v(t) = 13.42 cos (100t — 26.6°) 


This is the end. Short and simple! If you are still in doubt, rework this example by the 
classical method of solution and compare with the RL circuit in Section 9-2. 7] 


Probs. 9-19, 
9-20 
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Let us now consider integration. The time-domain expressions of interest to us 
are 


1 t 
et) = c. | ic(x) dx (9-282) 
" 


and 
i(t) = : | i v; (x) dx (9-28b) 
m 


the zero-state voltage across a capacitor, and the zero-state current through an 
inductor, respectively. Again, in the sinusoidal steady-state analysis, we are solving 
only for the zero-state response; therefore v(0 ) and i;(0 ) are missing from these 
equations. 

Use again the generic notation, and write either integral in Equation 9-28 as 


| ! f(x) dx = g(t) (9-29a) 


where the dummy variable x must be used. Also, we denote the entire integral by a 
single name, g(t). Our problem is then to find G, the phasor transfer of g(t). 
From Equation 9-29(a), we have 


d 
fo = (9-296) 


and the phasor transform of Equation 9-29(b) is 


F = (jo)G (9-30a) 
as we learned before. Consequently, 
1 
G =—F (9-30b) 
jo 
that is, 
: 1 
| f(x) dx o —F (9-30c) 
0- Jo 


In words, integration of f(t) is represented by division by jo of the corresponding 
phasor F. Again, division is a simpler operation than integration. We also recognize 
that this result makes sense: Differentiation and integration are inverse operations of 
each other in the time domain, and so are multiplication and division by jo in the 
phasor domain. 


9-6 SIMULTANEOUS PHASOR NETWORK EQUATIONS 


We are ready now to approach the bigger problem, the steady-state solution of 
simultaneous loop or node equations. First, let us illustrate it with one example for 
both cases. 


Probs. 9-21, 
9-22, 9-23, 
9-24, 9-25, 
9-26 
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EXAMPLE 9-5 


Consider the network shown in Figure 9-12(a). One node equation or two loop equations will 
solve it. 


v, (£) = 10 cos 10?; v; (t) = 20 cos (10? ¢ + 30°) 


(a) 


+ + 
v, + v) v, (1) 
Z 
+v, (t) 


(b) (c) 
Figure 9-12 Example 9-5. 


Solution. For now, let us do it both ways. First, by loop currents, as shown in Figure 
9-12(b). The two loop equations are, with (+) for a drop and (—) for a rise, 
di 


3 x 107? E" + 3[i,(t) — i,(t)] — 10 cos 1000: = 0 


1 t 
s] i,(x) dx — 20 cos (1000t + 30°) + 3[i,(t) — i,()] = 0 
0 


Notice that this is the zero-state formulation and solution; therefore, v (0 ) = 0 in the 
term for the capacitive voltage. The classical solution of these two simultaneous integro- 
differential equations is hopelessly difficult. Instead, let us use the phasor transform. It is 
worth repeating what we can and cannot do with phasors, and under what conditions: 
1. We can use phasors because only pure sinusoids at a single frequency (@ = 1000) are 
involved. 2. Phasors are complex numbers. They represent sinusoidal time-domain 
functions. 3. We are getting only the steady-state part of the zero-state solution. Phasors 
cannot solve homogeneous integro-differential equations. 4. All initial conditions are 
zero. 

With this in mind, we take the phasor transform of the two loop equations. The 
results are 


3 x 10° °(j1000)I, + 3[], — L] — 10/0 = 0 
1 I, 
——_—___— ———_ — 20/30? + 31, — = 
750 x 10 571000 — 2080 + 3I — 3I, = 0 
As expected, these are algebraic equations. Collect terms and rearrange for solution 
(3 + j3)I, — 3L, = 10 
— 31, + (3 — j4)L, = 20/30° 
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Solving by determinants, we get 


10 -3 
p "12990. 37^ 8196—j10 _ 82.57/=6.96° _ -—€— 
3+j3 -3 12-78 1237-1404 ^" — 
-3 we 
? +j3 10 
p. 3 O| _ 51.96 +8196 _ 9704/5763 _ — ar or 
i34 5 12—j3  1237[—1404 
-3 3-4 


Therefore, the two loop currents are 


I, > i,(t) = 6.68 cos (1000t + 7.087) 
I, > i,(t) = 7.84 cos (1000t + 71.67°) 


For node analysis, see Figure 9-12(c) where a reference node was chosen and all 
other nodes have been labeled. There is only one unknown node voltage, v,(t). We write 
one KCL equation at this node (+ leaving, — entering): 


c mb NA | ^ Tag d net is 0 
» 


250 x 19-6 4D | 
dt 3 3 x 10^? 


Here, i (07) = 0 for the zero-state solution, and this term is missing from the expression 
for the inductive current. The phasor transform of this time-domain equation is an 
algebraic equation, 


V, — 20/30° 1 V,—20/30° —10/0 — 


— 0 
3 * $x 10° j1000 


(250 x 10~°)(j1000)V, + 


Collect terms in V, 
(0.33 — j0.083)V, = 9.107 — j5.774 


and solve algebraically 


y, = 2107 — 9.775 31.38/—18.34* 
= 533—083 MB 


Therefore, the time-domain solution is 
V, — v,(t) = 31.38 cos (1000t — 18.34°) 


It would be interesting to check the correctness of these two solutions by calculating, for 
example, the current in the capacitor using the node analysis. This current is found using 
the answer for v,(t) as 


ic(t) = C 


dvc(t) —É56 dv,(t) 
x. 250 x 10 di 
= — (250 x 107 9)(31.38)1000 sin (1000t — 18.34?) 
= 7.845 cos (1000t + 71.667) 


which agrees with the answer found by loop analysis. mu 


As can be seen, it is always a good habit to list a complex number in both forms, 
rectangular and polar. This is easily done on your hand-held calculator. Either form is 
then available when needed. 


Probs. 9-27, 
9-28 
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9-7 OHM'S LAW IN PHASOR NOTATION. IMPEDANCES AND 
ADMITTANCES 


Before we extend these results to larger networks, let us make some general 
observations and introduce certain useful concepts. Our observations concern the v-i 
and i-v relationships of R, L, and C in the time domain and their respective phasor 
transforms. 


Resistor R For any waveforms in general, and for sinusoids in particular, we have 
Ohm’s law: 
Ua(t) = Rig(t) (9-31) 
Its phasor transform eads 
Vr = Rik (9-32) 


Typical sinusoidal waveforms for ig(t) and v,(t) are shown in Figure 9-13(a), and we 
see that they are in phase. Their amplitudes (positive scalar numbers) are related by 


Vas = Riga (9-33) 
The two phasors 
I, = Ig,/ —* (9-34) 
and 
Vr = Vas /—& (9-35) 


are drawn as a phasor diagram in Figure 9-13(b), with convenient scales chosen for 
their lengths. The two phasors are collinear (parallel) because the two sinusoids are in 
phase. 


ig (t) = Ig, cos (wt — a) 
Ug (f) * Vgm cos (cot — a) 


wt 


Scale: 


l cm=?A 
Im l cm =? V 


Figure 9-13 Resistor relations. 
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The i-v relationship for the resistor is 
1 
ip(t) = Gv,(t) G= R (9-36) 
and for pure sinusoids the phasor relationship is 
I, = GV, (9-37) 
the algebraic inverse of Equation 9-32. 
Nothing surprising about this, you say? Maybe so. However, we should 


recognize that Equations 9-32 and 9-37 are Ohm's law in the phasor transform. The 
fact that they resemble Ohm's law for any waveform in the time domain 


vr(t) = Rig(t) ikt) = Gug(t) (9-38) 


is only because of the very simple algebraic form of Equation 9-38. 
Inductor L The time-domain r-i relation is 
di, 
OLO (9-39) 


for all waveforms. For a sinusoidal case, the phasor transform of Equation 9-39 reads 
V,=L-jo-l, =joLl, (9-40) 
This phasor relation between complex numbers gives us, first, the relationship 
between the magnitude of the amplitudes V,m and I,,,, of the two sinusoids 
Vim = OLl rm (9-41) 
and, next, between the phase angles 
x Vy =90°+ «I, (9-42) 


(The multiplier j in Equation 9-40 has an angle of 90?.) 

The two sinusoidal waveforms are plotted in Figure 9-14(a), and we see that 
v(t) leads i,(t) by 90°, or i,(t) lags v,(t) by 90°. The product oL, relating their 
amplitudes in Equation 9-41, is in ohms, and more will be said about it soon. The two 
phasors 


I; =I tm (9-43) 
V, e Viml@ + 90° (9-44) 


are drawn to scale in Figure 9-14(b) as the phasor diagram. They show clearly the 
phase difference between v, (t) and i,(t), as Vy is ahead of I, by 90°. 

In every phasor diagram, we are free to choose convenient scales for drawing 
lengths of phasors. Don't forget to mark your choice of scales, so that true values (V,, 
or Im) can be read from the phasor diagram. 

The i-v relation for the inductor, under zero-state conditions, is 


i(t) = ; | v, (x) dx (9-45) 
g- 
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vr (t) = Vim cos (cot + 0 + 90°) 


i, (1) = Ij, cos (wt + 0) 


(a) 


Cot 


(b) 


Figure 9-14 Inductor relations. 


and the phasor transform of Equation 9-45 is 


(dV d 


= +> >; 
Ljo  joL 


V, (9-46) 


since integration is transformed into division by jw. Equations 9-40 and 9-46 are, of 
course, algebraic inverses of each other. 


Capacitor C We should be able to write all the relationships by duality with L. 
However, let us rederive them for the added practice. The time domain, zero-state v-i 
relation is 


v(t) = E | dd) dx (9-47a) 


0 


for all waveforms. For sinusoids, the phasor transform of Equation 9-47a reads 


DAP EM (9-47b) 


1 
€) 


to obtain the relation between the two amplitudes. Next, equate angles 


x Vo — — 90° + x Ic (9-47d) 
^. since 1/j contributes — 90°. 
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Uc(t) = Vom cos (wt + 6 — 90°) 
ic(t) a lcm cos (wt + $) 


to 
Ta 


/ 


(a) 


Vc 


Figure 9-15 Capacitor relations. 


The two sinusoidal waveforms are plotted in Figure 9-15(a), with i-(t) leading 
vc(t) by 90°. The same information is available in the phasor diagram, plotted to scale 
in Figure 9-15(b). 

The i-v relationship for the capacitor is 


i) = CY (9-48a) 
and the immediate phasor transform of this equation yields 
Ic = j@CVe (9-48b) 
which is the algebraic inverse of Equation 9-47b. 
To summarize, let us repeat the V-I phasor relations 
Vre = Rl, (9-32) 
V; — jobi (9-40) 
Ve c Ic (9-47b) 


Beautiful, aren't they? They all have the same general algebraic form, called Ohm's law 
in phasor notation, 


V — ZI (9-49) 
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where Z is a complex number called the sinusoidal impedance. Specifically, for a 
resistor, 


Z,=R (9-50) 
for an inductor, 
Z, = joL (9-51) 
and for a capacitor, 
1 1 
i aun E ai e 9-52 
n joC d wC ( ) 


In each case, the impedance multiplies the phasor current I to give the phasor voltage 
V. For the resistor, the impedance is a real number. For the inductor or the capacitor, 
it is a purely imaginary number. 

In more general cricuits, the impedance—as a complex number — may be written 
in its rectangular form as 


Z-R-jX (9-53) 


where R is its resistive part and X is its reactive part. Thus, for a single resistor we can 
write 


Zi; —-R-«j0-2Rg-tjXg (9-54) 


with the resistive part equal to the resistance R and with zero reactive part. For a 
single inductor, we have from Equation 9-51 


Z, 20 t joL = R, 4 jX, (9-55) 
and so its resistive part is zero, while its reactive part is 
xX, =oL (9-56) 


and is called the reactance of the inductor, in ohms. Similarly, for the capacitor, we 
write from Equation 9-52 


1 
Ze=0-j-5 = Re +jXc (9-57) 


and therefore its resistive part is zero, while its reactance is 


1 


Xp = —— 
" wC 


(9-58) 
in ohms. 

It is extremely important to repeat the difference between a phasor and an 
impedance. They are both complex numbers. A phasor is a convenient representation 
of a sinusoidal time function. An impedance does not represent any time function; it is 
just a complex number which multiplies a phasor current to give a phasor voltage. 

As we saw, Equation 9-49 carries two pieces of information. First, the magnitude 
of V equals the magnitude of ZI, that is 


IV| = |ZI| = |Z|- |I] (9-59) 
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and this result expresses the relation between the amplitudes of voltages and currents 

in all three cases, as in Equations 9-33, 9-41, and 9-47c. Second, the angle of V equals 

the angle of ZI, which, in turn, equals the sum of the angles of Z and of I: 
xV=<xZ+ xI (9-60) 


The three cases were obtained in Equations 9-32, 9-42, and 9-47d. 
The inverse I-V phasor relations are 


I, = GY, (9-61) 
1 
I; = — 9-62 
i-i (9-62) 
Ik = joCVe (9-63) 
and they are all of the general form 
I= YV (9-64) 
The complex number Y is called the sinusoidal admittance. Quite obviously, 
1 1 
Yk = G = — = 9-65 
x dw mes (9-65) 
1 1 
Y, =— => 9-66 
LP joL Z; p 
and 
1 
Yc = joC = — (9-67) 
Zc 


The admittance of each element is the reciprocal of its impedance; it is the complex 
number (not a phasor) which multiplies the phasor V to give the phasor I. 
In general, the admittance, as a complex number, is written as 


Y=G+jB (9-68) 


where G is the conductance, and B the susceptance, both in mhos (©). For an inductor, 
we have from Equation 9-66 


1 
Y, =0-j— 9-69 
L J int. ( ) 
that is, 
1 
G,=0 B, = —— (9-70) 
oL 

Similarly, for a capacitor, 

Yc =0+jaC (9-71) 


with 
Gc — 0 Bc = wC (9-72) 
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Finally, the phasor Equation 9-64 means that 


I| = [XY] (9-73) 
and 
xI=<xY+xvV (9-74) Probs. 9-31, 
‘ a 9-32, 9-33, 
Verify to your satisfaction these results for each element. 9-34 


All these relations are summarized in Table 9-1. Then several examples follow. 


TABLE 9-1 PHASOR RELATIONSHIPS FOR R, L, C 


Element Time relations Phasor relations Impedance Admittance 
Up(t) = Rig(t) Vg — Rip Zg—R 
R 
di,(t) 
vy (t) - L di V, =joLI, Z, — joL = jx, 
L 
] f 1 1 ' 
i,(t) = L ae I, ~ joL V, L joL —jB, 
Lf. 1 , 
vc(t) = C ,, Addi Ve = oC Ic Ze M. = —jX. 
C 
dvc(t) = 
i-(t) = C dt Ic = joCV. Yc = joC = jB.c 
EXAMPLE 9-6 


Following the previous approach and Example 9-5, let us formulate directly, and then solve the 
loop equation for the network shown in Figure 9-16(a), without the time-domain equation. 


Solution. In Figure 9-16(b), we transformed the source and the current into their 
respective phasors and calculated the impedances of the elements. In particular, notice 
the minus sign in the impedance of the capacitor Ze = 1/(jaC) = —j/(@C). Using Ohm's 
law (Equation 9-49) we write KVL in phasor form for this loop. The usual convention is 
(+) for a voltage drop and (—) for a rise: 


—8/20* + 2I + (j3)1 + (—j4I = 0 
Collect terms 
(2 + j3 — j4)I = 8/20° 
(2 — j1)I = 8/20° 
8/20° 8/20* 
Les 33 m: a = 3.58/46.56° 
Therefore, the steady-state current is 


i(t) = 3.58 cos (10t + 46.56°) 
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2 2 
v(t) = 8 cos(107 + 20?) Cm) 03 . V=8/20° I j3 = = j10(0.3) 
1 PEE TE 
40 -j^- 1/f10(75) 
(Q, H, F) 
(a) Impedances w = 10 rad/s 
(b) 
Im 
I V 
Re 


(c) 
Figure 9-16 Example 9-6. 


Compare, again, the amount of work here with that needed by the classical method in 
Chapter 7. The two phasors V and I are shown in Figure 9-16(c). da 


EXAMPLE 9-7 
Write directly the phasor node equation for the network shown in Figure 9-17(a) and solve for 
v(t). 


+ + 
v(t) V 


i(t) » 10 cos 377t j5 


0.013 F 
I= 10 /0* 


Admittances w = 377 rad/s 
(a) (b) 


(c) 
Figure 9-17 Example 9-7. 
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Solution. The circuit in Figure 9-17(b) shows the phasor transforms of i(t) and v(t), as 
well as the admittances of the elements. Check that minus sign in Y,! Now write KCL 
using Ohm's law of Equation 9-64. Use (+) for currents leaving, (—) for entering 
10/0° + (—j2)V + 3V + (j5)V =0 
(3 + j3)V = 10/180° 
10/180°  10/180* " 
V= 34] ^ 424/45" = 2.36/135 


Therefore, the zero-state, steady-state solution for v(t) is 
t) = 2.36 cos (377t + 135° 
in ( T ) Probs. 9-35, 
The phasor diagram in Figure 9-17(c) shows V and I. m 9-36 


9-8 GENERAL PHASOR NODE ANALYSIS 
The steps to be taken are based on the previous examples: 


1. Redraw the circuit with phasor notation for all voltages and currents. There 
will be p < n — 1 unknown phasor node voltages V,, V2,..., Vp, where n is 
the number of nodes. Label the elements (R, L, C) by their admittances. 

2. Write KCL at each unknown node, using the I-V relation for each element 
connected to this node. 

3. The resulting equations, in matrix form, read 


Yia Jaa Jis "^" Jap Vi J; 
Joi Y22 J23 *** Jag Ya E Jz (9-75) 
Ypi Yp2 Yp Ypp Ys J, 
or 
Y,V, =J, (9-76) 


Here Y, is the node admittance matrix, V, is the column matrix of the p 
unknown phasor node voltages, and J, is the column matrix of the known 
phasor sources. We did this development for purely resistive networks in 
Chapter 2, Equation 2-11. It is very instructive to compare it here. 


EXAMPLE 9-8 
For the network in Figure 9-18(a), we have two unknowns, v,(t) and v,(t). 


Solution. The circuit is redrawn in phasor notation and with admittances in Figure 
9-18(b). Use (+) for currents leaving and ( —) for currents entering to write KCL at node 


3V, + (-JIXV, — V4) —:U 
and at node V, 
(2)V, + JAXV, — Va) + CZjL5((V, — 1.2) = 0 
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+ 
v,(t) vy (1) 


v(t) = 1.2 cos 4f V, = 1.2 10° 


Admittances w = 4 rad/s 


(a) ` (b) 
Figure 9-18 Example 9-8. 


Collect and rearrange terms 
(3 —jLV, +j1V,=0 
AV, — j0.5V, = —j1.8 


In matrix form, these two equations are 


3-ia ji TV] [ 0 
Jo esr. s peg 


Their solution is obtained by Cramer's rule (a good opportunity here to practice small 
determinants with complex numbers): 


La -os 
dE iS dii 1.8/180° 
SP et ns ML ae I CP 
j—H ji | 05-J15 158/—T7L6 
Hoc 
P M 
l1  -—ji8 | -—18—j54 5.7/—108.4° 
VO r 8 OE 8 T 
0.5 — j1.5 05—jL5S  1.58/—71.6 
Therefore 


v,(t) = 1.14 cos (4t — 108.4°) 

v(t) = 3.6 cos (4t — 36.8°) 
are the two steady-state node voltages. A good piece of advice is repeated here, if you 
haven’t discovered it for yourself by now: When working with complex numbers, have 
them written in both rectangular and polar forms. It’s fairly easy to do routinely; as soon 


as you get a number in one form, convert it into the other. You never know when you'll 
need it—and you'll have it ready then! B Prob. 9-37 


EXAMPLE 9-9 
Apply phasor node analysis to the network shown in Figure 9-19(a). 


Solution. In Figure 9-19(b) we redraw the circuit with phasor notation and with 
admittances. Use (—) for currents entering and write KCL at the node V, as 


3V, T (—J2:5XV, P V) + JAY; E V.) =0 
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i,(t) = 20 cos 10r 


I, = 20 0° 


Admittances w = 10 rad/s 


(b) 
Figure 9-19 Example 9-9. 


At the node V,, KCL is, with I, = 3V,, 

10V, + j4V, + ( —j2.5(V, — Va) + 23V) 20 
At node V,, KCL is 

— 20/0? + (—j5)V, + jY(V, — V) — 28V) = 0 


Collect terms and arrange in the matrix form 


3 — j0.5 j2.5 -i]Iv, 0 
64-j25 104+ 1.5 o |]v,| =| 0 
i e 0 -Bi | Vv. 20 


These are three simultaneous linear algebraic equations with complex coefficients. 
Cramer’s rule for solving them is still valid, but it is long and very tedious for 
determinants larger than (2 x 2). Several hand-held calculators and most computer 
libraries have efficient routines to solve such equations. The solution here is 


V, = —1.787 — j0.175 = 1.796/—174.4° 
V, = 1.087 + j0.39 = 1.155/19.7° 
V, = 1.542 + j3.21 = 3.56/64.3° 
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Therefore, the steady-state node voltages are 


v,(t) = 1.796 cos (10t — 174.4?) 
v,(t) = 1.155 cos (10t + 19.7?) 
v (t) = 3.56 cos (10t + 64.3°) a 


A related comment to these examples involves the reciprocity theorem. Just as in 
Chapter 2 for purely resistive networks, we say here that a network is reciprocal if Y, 
is symmetric, that is, if y,,, = Ymy- The network in Example 9-8 is reciprocal, but the 
one in Example 9-9 is not. Typically, dependent sources may cause nonreciprocity. 


9-9 GENERAL PHASOR LOOP ANALYSIS 
The following steps are based on the previous examples: 


1. Redraw the circuit with phasor notation for voltages and currents. There will 
be q < l unknown phasor loop currents, I4, I}, ..., I}, where is the number of 
links. Label the elements (R, L, C, M) by their impedances. 

2. Write KVL around each loop, using the V-I relation for each element in this 
loop. 

3. The resulting equations, in matrix form, read 


Zii 712 Ziq I, E, 
Z21 422 224 I, v E; (9-77) 
Zq1 742 Zaq I, E, 

that is, 


The square matrix Z, is the loop impedance matrix, and it is symmetric for a reciprocal 
network; I, is the column matrix of the q unknown phasor loop currents, and E, is the 
column matrix of known phasor sources. A special case of these equations was done 
for purely resistive networks in Chapter 2, Equation 2-12, and the two should be 
compared. Question: Why don't we need the phasor transform there? 


EXAMPLE 9-10 
A three-loop network is shown in Figure 9-20(a), including mutual inductance and a dependent 


source (but not the kitchen sink). 


Solution. The phasor transformed circuit, with impedances, is shown in Figure 9-20(b). 
In particular, note the impedance due to M, the mutual inductance; you solved it, we 
hope, in Problem 9-34. 

KVL around the first loop, with (+) for a drop and ( — ) for a rise, reads 


(—j1), — Lj) — 3d, — Lj) + 31, + j31, + j2.51, = 0 


Probs. 9-38, 
9-39, 9-40 


276 


9/SINUSOIDAL STEADY-STATE ANALYSIS 


vu, (f) = 2 cos 500r 


(a) 


e jwM = j2.5 


Impedances w = 500 rad/s 


(b) 
Figure 9-20 Example 9-10. 


Here we use I, = (I, — I,). The mutually induced voltage is the last term in this equation. 
It is a drop across the j3 inductor, in the direction of the loop, because the inducing 
current I, does not enter its own dot on the j4 inductor. Around the second loop we write 
jid, — 13) + (—j4)L + 41, + $0, — 1) = 0 
Around the third loop we have 
—2/0° + j4l, + j2.51, + (—j2)I, + 105 — L) + (—j1)0; — L) - I; = 0 


Here, the term j2.51, is the mutually induced voltage in the j4 inductor due to I,. 
Collect terms in matrix form 


25+j2 O 054 3.5] Ih 0 
05 4-j3 —05—ji] |] =| 0 
ps  -—J 14 |Ik 2/0° 


The solution of these three linear equations yields 


I, = —0.316 — j0.444 = 0.545/—125.4° 
I, = —0.042 + j0.157 = 0.163/104.9° 
I, = 0.484 + j0.097 = 0.494/11.3° 
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Therefore 
i,(t) = 0.545 cos (500t — 125.4°) 
i,(t) = 0.163 cos (500r + 104.9?) 
i,(t) = 0.494 cos (500t + 11.3°) 
As a final note, this network is nonreciprocal, since Z, is not symmetric. E 
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The phasor transform method not only provides a powerful algebraic tool for 
solution; it can be used also in a graphical way, with amazing simplicity and results. 
After all, phasors are complex numbers. In a phasor diagram, they can be added and 
subtracted graphically. The results can be measured directly with a ruler and a 
protractor, and the answer is readily available from the scale used in that diagram. 

Several such simple graphical solutions were given in some of the problems so 
far. Let us illustrate the method with a few additional examples. 


EXAMPLE 9-11 


In the network shown in Figure 9-21 actual measurements with a voltmeter and an ammeter 
provided the following values: 


|Va]260V — |V,]250V  |Vc] 2 100V — [I4] = 10A 


The absolute value signs remind us that voltmeters and ammeters give only scalar (pure 
number) readings. 

It is required to draw a complete phasor diagram and, from it, to determine the source 
voltage V.. 


Solution. In Figure 9-21(b) we draw to scale OH = Ip = 10/0°. The choice of 0° for Ip is 
arbitrary, since nothing else was given. Since V, is in phase with I4, we know that 
V4 = 60/05, shown as OA. The phasor OH is also I, and Iç, since 


in this circuit. 

Next, we know that V, leads I, by 90°. Draw it to scale as OB. Next, we know that 
Vç lags behind Iç by 90°; it is drawn to scale as OD. 

KVL around the loop tells us that 


V, — Và 4 Vy, c Vc 


The phasor (complex number) addition is done by the familiar “head-to-tail” rule: Start 
with V, = OA ; at the head A of V4 draw V, — AE — OB, then at the head E of V, draw 
V. = OD = EF. The sum V, +V, 4 Vc is therefore OA + AE + EF = OF = v 
Measuring the length of OF yields 


IV] 2 78 V 


Probs. 9-41, 
9-42. 9-43 
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(b) 
Ip = Ij; = Ic 


Scale: 
l1 cm = 20V 
l cm=2A 


40° 


ae) 0 F 


Figure 9-21 Example 9-11. 
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on the scale used here. The angle of V, is measured as —40°. Thus 
V, = 78/—40° 
and 
: v (t) = 78 cos (wt — 40°) 


Take a minute or so to verify this answer analytically. You'll be pleasantly surprised. 

What if we were told, in advance, that the phase angle of the source is 0°? Our 
entire phasor diagram is still valid, but it must be rotated about O counterclockwise until 
OF is horizontal at 0°. This is shown in Figure 9-21(c). Then we have V k = 60/40°, 
V, = 50/130°, and V. = 100/—50°, read directly from the phasor diagram. This 
illustrates the arbitrariness in choosing I, at 0°, unless given otherwise. In fact, the 
general rule is: Unless otherwise given, choose the common phasor at 0° when possible. 
Here, in the series circuit, the common phasor is Ip = I, = Ic. 

We recognize here also an important fact: The voltage across a single element in a 
circuit, Vc, can exceed in magnitude that of the total voltage applied, V,. In other words, 
the length (magnitude) of OD can be greater than the length of OF. 

An unfortunately common mistake is to say that since the measured voltages 
across R, L, and C are 60, 50, and 100, then "obviously" the source voltage is 
60 + 50 + 100 = 210 V. The mistake here is, of course, in neglecting the phase relations 
among those voltages; while it is true that 


V. = Vg + Vr + Vc 
in magnitude, however, 


IV = |Vg + V, Vcl Val |V] Vcl L4 


EXAMPLE 9-12 


In Figure 9-22(a) we show an electric generator, a source of electric energy. The three generated 
voltages are sinusoidal. If 


v,(t) = V, cos ot 
v,(t) = V,, cos (cot — 120°) 
find v(t) using a graphical phasor approach. 


E 
Scale: 1 cm = 10 V 

*x 

E 
£ Ve (9) A 
` + 

E 

Up Y 

^ 

(a) 
B D 


(b) 
Figure 9-22 Example 9-12. 


Probs. 9-44, 
9-45 
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Solution. We have from KVL 
v (t) + v(t) + v(t) = 0 

or, in phasor notation, 

V, Vy T V,—0 
That is, 

Y, —(Y,- Vu) 
The plot of V, = V,,/0° is shown as OA. The phasor V, = V,,{ — 120° is drawn as OB, of 
equal magnitude and lagging 120° behind V,. The sum (V, + V,) is OA + AD = OD, 


with AD = OB. Therefore V, = —OD = OE, and the geometry of the diagram tells us 
immediately that 


V, = V,,/120° 
In the time domain, then, 
v(t) = V, cos (ct + 120°) A 


We see that the phasor diagram provides a very clear picture of the relationships 
among voltages and currents, as well as a quick geometrical way of calculation. In our 
studies we will continue to use phasor diagrams whenever they are appropriate. 


9-11 SERIES AND PARALLEL CONNECTIONS. 
VOLTAGE AND CURRENT DIVIDERS 


Another useful extension from resistive networks (Chapter 2) is applicable to im- 
pedances. We say that several impedances are connected in series if the same current 
phasor flows through them. In Figure 9-23 we show n impedances, Z,, Z3,..., Zn 
connected in series. KVL, in phasor form, reads here 


= 47,1 + Z.1+ «-+Z,1=0 (9-79) 
or 
V=(Z,+Z,+ +Z) = Zegl (9-80) 
That is 
Lea = 2, Zy (9-81) 
k=1 


Figure 9-23 Series-connected impedances. 
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The rule is, then: Impedances in series add up to give the total equivalent impedance. 
In retrospect, the rule about series resistances adding up (Chapter 4) is a special case. 


EXAMPLE 9-13 


Consider the series connection of R and L with a sinusoidal voltage source. 


Solution. The total impedance seen by the source is 


Z=R+jX, 
where X, is the reactance of the inductor. Therefore the phasor current will be 
Y 
Z R-cjoL 
If V = V,/0°, then 
. V,, [0° i er wL 
E = —tan ` — 
ü R 


R? + o?L? [tan ^! (oL/R) 


as obtained by time-domain methods in Equations 9-16 and 9-18. 
The circuit and the phasor diagram are shown in Figure 9-24. From it we see that 
in such a circuit, I always lags V. We refer to such circuits as inductive. 


(a) Impedances I 


(b) 
Figure 9-24 Example 9-13. rs] 


EXAMPLE 9-14 


A series RC circuit with a sinusoidal source is shown in Figure 9-25. 


Solution. We write immediately 


Impedances 
(a) 
Figure 9-25 Example 9-14. 
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where X. is the negative reactance of the capacitor. Therefore 


V V, [0° — 
[= = 2 2^2W31/2 =r = | tan — 
Z [LR -(1/o^C^)| ^/tan (—1/oCR) o RC 
and I leads V. Such a circuit is called capacitive. p" 


In the general case, a total impedance can be written as 
Z=R+jX, X,>0 (9-82) 
for an inductive circuit, or as 
Z=R+jX¢ Xc «0 (9-83) 
for a capacitive circuit. Since V — ZI, the angle of Z is added to the angle of I to give 


the angle of V. Therefore, in the inductive case, I lags behind V by 


X 
0, = tan`! = (9-84) 


and in the capacitive case I leads V by 
X 
0. = tan! ri (9-85) 


EXAMPLE 9-15 
A series RLC circuit is shown in Figure 9-26(a). Calculate I and draw the phasors V and I. 


vr) =6 cos 100; 0.03 
0.0025 


(Q, H, F) 
(a) 


Figure 9-26 Example 9-15. 


(b) 


Solution. Here 


l l 


so the circuit is capacitive. We have 


6/0° 6/0° 
=_= = - = 2.68/26.6° 
2—jl  224/—26.6 "—R 


and the phasor diagram is shown in Figure 9-26(b). BH 9-47 
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EXAMPLE 9-16 
For the same circuit as in Figure 9-26, let the source be a unit step voltage 


v(t) = u(t) 


What is the impedance of the R, L, C series connection? 


Solution. Careful, now! If you are tempted to write jæL or 1/(j@C), what is œ? There is 
no o here. The source is not sinusoidal, and so the whole idea of sinusoidal impedance 
cannot be used. What can be done? The answer will have to wait until Chapters 13 and 
14, where a more generalized impedance will be developed. In the meantime, the classical 
time-domain methods must be used to solve such problems. This was done in Chapter 8. 

ie 


Several admittances are said to be connected in parallel if they have the same 
voltage phasor V across them. In Figure 9-27 we show n such admittances. By a dual 
derivation of Equations 9-79 to 9-81, we get 


1,55 > Yi (9-86) 


the total equivalent admittance being the sum of these admittances. This result, when 
applied to pure resistors, becomes the special case of adding up conductances 
(Chapter 4). 


Figure 9-27  Parallel-connected admittances. 


EXAMPLE 9-17 


A parallel connection of R (=1/G) and L is excited by a sinusoidal current source. 


Solution. The total admittance seen by the source is 
Y=G ae G 4 jB 
= * joL = TJ L 
where B, is the negative susceptance of the inductor. If I = /,,/0°, then the phasor voltage 
across the admittance will be according to Ohm's law 


I I, /0° PE d 
V => s  ————— sytan^! 
Y  J/G? + B2/tan-!( —CAoLG) oLG 


The circuit and the phasor diagram are shown in Figure 9-28, showing the V leading I, as 
it should in an inductive circuit. 


V 


Admittances 
(a) (b) 
Figure 9-28 Example 9-17. a 


Prob. 9-48 
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Generally, a total admittance can be written as 
Y =G +jBL B, «0 (9-87) 
for an inductive circuit, and 
Y = G + jBc Bc 0 (9-88) 


for a capacitive circuit. Since I = YV, the angle of Y is added to the angle of V to give 
the angle of I. In an inductive circuit, then, the voltage V leads the current by 


0, = tan ^! = (9-89) 
while in a capacitive circuit V lags behind I by 
B 
0. = tan“ t —E (9-90) 


G 


There is no need to memorize equations like 9-84, 9-85, 9-89, or 9-90. Rather, 
solve each specific problem on its own, and the results will follow. 


EXAMPLE 9-18 


For the circuit shown in Figure 9-29(a) we are given 


L, = 150 uH C, = 50 uF 


1.16 Q 


126 uH 


(a) (b) 
Figure 9-29 Example 9-18. 


Solution. The impedance of the R,L, branch is a series connection 
ludi. Z, = 1.1 + j10*(150)10 75 = 1.1 +j1.5 inductive 
The impedance of the R,C, branch is, again, a series connection 


1 


- + 30 30)107* —2-—j2 capacitive 


Z, 
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The R,L, and R,C, branches are connected in parallel; therefore, their total admittance 
is 

1 1 
Ed fis t3 — j2 
= (0.318 — j0.434) + (0.25 + j0.25) 
= 0.818 — j0.184 = 0.838/—12.7° inductive 


Ya =Y, +Y, 


How do we know that Y,, is inductive? Simple: The susceptance, the imaginary 
part of Y,,, is negative. Alternatively, Ohm's law is I = YV; so if V is at an (arbitrary) 
angle a, the angle of I will be (— 12.7? + a), which is lagging behind V. In an inductive 
circuit I lags behind V. 

Finally, the total impedance Z, seen by the source is a series connection of L4 and 
the rest 


1 
Z, = j10*(100)1075 + — = jl + 1.19/12.7° 
12 
= j1 + 1.16 + j0.26 = 1.16 + j1.26 = 1.71/47.4° 


and is inductive because, the reactive part of Z, is positive. Alternatively, in V = ZI, the 
angle of Z is added to that of I. Here, then, the phasor V leads I by 47.4°, clearly an 
inductive circuit. 

As far as the source is concerned, the entire circuit in Figure 9-29(a) is equivalent to 
the simpler circuit in Figure 9-29(b). The current i(t) in both cases is found from 


1 
" - 47.4? 
I= Y,V = zyz 10/0" = 58/— 


therefore 
i(t) = 5.8 cos (10*t — 47.4°) L^ 


If there are dependent sources, or if elements are not in simple series-parallel 
combinations, the more general approach is similar to the one learned in Chapter 4: 
Connect an arbitrary phasor source, and calculate the proper phasor response. We 
illustrate with an example similar to Example 4-4. 


EXAMPLE 9-19 


Find the equivalent impedance at terminals 1-2 of the network shown in Figure 9-30. Here Z, 
and Z, are known impedances, and « is a given constant for the dependent source. 


I, (1l o) L, 


-p ——»— 


pee DTE 
| 
rts + 
I. \ Á ) | Z —- Z, 
ere 
| 
| 
es EE E EA 


2 


Figure 9-30 Example 9-19. 


Probs. 9-49, 
9-50 
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Solution. We connect an arbitrary current source I, as shown in dotted lines, and 
calculate V,.. Then, obviously, V, = ZI, and Z can be found. 
We see that I, = I,, and also that the current through Z, is (1 + œI. KVL then 


yields 
—V. t Z,L, + Z,(1 + 3)1, 2 0 
Or 
V. = [Z, + (1 + 4)Z,]l, 
That is, 


Z=2Z,+(1+4)Z, H 


Voltage and Current Dividers As in the purely resistive case, we derive a useful relation 
for the phasor voltage divider. Specifically, let the network shown in Figure 9-31 
consist of k impedances in series across a total voltage V. Then 


Z; 
Y= y , 
AE. (pn) 


is the voltage across any impedance Z,. 
In a dual fashion, the current divider equation for Figure 9-32 is 


Y, 
L== I 9-92 
k= yy (9-92) 


Derive both expressions in detail. It takes only a couple of simple steps. 


Zy 


a M a (—— HÓA 4V bor 
Figure 9-31 Voltage divider. 


Figure 9-32 Current divider. 


Probs. 9-51, 
9-52, 9-53 
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EXAMPLE 9-20 
In the network of Figure 9-26, Example 9-15, the voltage drop across the inductor is 


j3 
V,= i 6/0° = 8.04/116.6° 
= 
This checks with I as obtained there, since 


V; = Zil = (j3)2.68/26.6" = 8.04/116.6° 


Similarly, 
2 
V= 2—j 6/0° = 5.36/26.6° 
and 


— id 
Ve- = 6/0° = 10.71/—63.4° m 


EXAMPLE 9-21 
In Example 9-7, Figure 9-17, we have 


3 
Ik — 10/0? = 7.07/135° 
» El i5 a Has 


0? = 


45* 


L 


Here, the minus sign in each current divider equation accounts for the conventional reference 
of each current, the tail being at the (+) of V, by comparison with the given reference for the 
total I. 3 


9-12 THÉVENIN'S AND NORTON'S THEOREMS 


These two powerful theorems are also the extensions of their resistive cases studied in 
Chapter 5. Let us outline each one in turn here. 

As far as an arbitrary observer network is concerned, Figure 9-33(a), the linear 
network to the left at terminals A-B can be replaced by its Thévenin equivalent circuit, 
as shown in Figure 9-33(b), consisting of a phasor Thévenin voltage source V4, in 
series with a Thévenin impedance Z4. 

To obtain V44, we disconnect the observer from terminals A-B, as in Figure 
9-33(c) Leave the linear network untouched. The Thévenin voltage V4, is the 
open-circuit voltage that appears across terminals A-B. 

To calculate Z44, take the linear network in Figure 9-33(c) and set all the 
independent sources in it to zero: Independent current sources are open-circuited, and 
independent voltage sources are short-circuited, as in Figure 9-33(d). Dependent 
sources must remain untouched. Then find the impedance seen at terminals A-B, by 
series-parallel calculations (when possible), or by the general method studied earlier. 
This is Z44. Connect V4, and Z4, to the observer, as in Figure 9-33(b). 


Prob. 9-54 
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A 


Linear 
network: Observer 
impedances network Vrh 
and sources 


Observer 
network 


(a) (b) 


Linear 
network: 
independent 
sources = 0 


Linear 
network: 


(c) (d) 


Figure 9-33 Thévenin’s theorem. 


The only restriction on the validity of Thévenin’s theorem is that there must be 


no coupling between the linear network and the observer. Such a coupling can occur 
through mutual inductance (one inductor inside the observer, the other inside the 
linear network), or with a controlled source and its controller (one inside the linear 
network, the other inside the observer). 


EXAMPLE 9-22 


Let us find V, across the capacitor in Example 9-8, Figure 9-18, by Thévenin’s theorem. 


Solution. Here, the capacitor is the observer, and everything else is in the linear 
network. As the first step, remove the observer. This is shown in Figure 9-34(b). The 
calculation of Vp, is then simply by a voltage divider 


$-jl 
Ven = 1——- 12/0? = 0.744/—7.13° 
Th 4-4 ji + j0.67 B LL 
Notice how easy this is: The original network is complicated, but Thévenin's theorem 
simplifies it. 
In the next step, we set all independent sources to zero, resulting in Figure 9-34(c). 
The Thévenin impedance between A and B is then 


Zr, = (j0.67)||(4 + j1) = 0.414/82.9° 


Be sure to check the numerical steps in detail. Finally, then, we draw Figure 9-34(d), 
replacing the observer and connecting it to the Thévenin equivalent network. Here V, 
may be found again by a voltage divider equation 
V, = is Vin = 3.61/—36.67° 
» = 705 + 0414/8295 Vr» — $.01/—36.07 


which agrees with Example 9-8. 
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v= ie y= 1,270 


Impedances Impedances 


(a) (b) 


j0.67 Vin = 0.744 /-7.13° V, 


B 
Impedances Impedances 


(c) (d) 
Figure 9-34 Example 9-22. E 


EXAMPLE 9-23 


To illustrate Thévenin's theorem with dependent sources, consider the network in Figure 
9-35(a). We wish to find the Thévenin equivalent circuit with respect to Z, as the observer. 
Specifically, let Z, — R,, a resistor. 


Solution. In Figure 9-35(b), the impedance Z, is removed. The controller 1, and the 
controlled source od, carry the “hat” (^) to remind us that these currents are not the 
same as in the original network in Figure 9-35(a), because of the removal of Z,. Still, the 
controller-controlled relation is maintained. Also, in Figure 9-35(b), Í, flows as shown in 
Z., since terminal A is open-circuited. We have therefore 


Vn = -Z1, 
To find I,, write KVL around the outer loop 


-V -Z +å -Z,1, - Z1, =0 
or 


» Vi 


ee MET" Nu. RISO 
+ A. 2,1 + @) + Z, 
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(c) 


Zrn A 

Vin Z, 
B 
(d) 
Figure 9-35 Example 9-23. 
So 
e —Z.V, 
Van = —ZÀ, = 


Zt Z4 a) + Z, 


To find Zyn, we set V; to zero in Figure 9-35(b) and obtain the circuit of Figure 
9-35(c). We recognize that Z4, is the parallel combination of Z, and the impedance found 
earlier in Example 9-19, Figure 9-30. Therefore 


Zr, = Z.Z, + (1 + Zp] 
With Vrn and Z4, calculated, we connect the final circuit as in Figure 9-35(d). w 
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EXAMPLE 9-24 


In Figure 9-35(a), find the Thévenin equivalent with respect to Z, as the observer, when Z, is an 
inductor (Z, = joL,) coupled mutually to another inductor, Z, = jæL, . The mutual impedance 
is, as usual, joM with its given dot markings on L, and L,. 


Solution. Hold it! Thévenin's theorem cannot be applied here because of the coupling 
between the observer and the linear network. In fact, it is instructive to solve this problem 
by a conventional loop analysis and to recognize that I, the current through Z,, is not of 
the form dictated by Figure 9-35(d) 


V 
Lu 
Zr, + Z, p 


In summary, then: Thévenin's theorem can be applied provided the network seen by 
the observer consists of linear elements (R, L, C, M) plus independent and dependent 
sources. The observer is totally arbitrary, linear or nonlinear. There must not be any 
coupling between the linear network and the observer. 

In a dual manner, we can replace the linear network by its Norton's equivalent 
circuit, as shown in Figure 9-36(b). The equivalent current source (phasor) Iy is the 
current in the short-circuit terminals A-B after removing the observer, as in Figure 
9-36(c). The Norton impedance, Zy, is the same as the Thévenin impedance, Z,,, but 
here it is connected in parallel with L,, as shown in Figure 9-36(b). 

To establish the equivalence between Norton and Thévenin, consider Figure 
9-36(d) where the linear network is represented by its Thévenin equivalent circuit. 
Shorting terminals A-B here is the same as shorting them in Figure 9-36(c). Therefore 


V 
Iy = 7 (9-93) 


Linear 
network: 


Observer 
network 


Observer 


impedan 
p CSS network 


and sources 


Zn A 
D dl 
Linear 
network: 
impedances 
and sources Vth Lo Iy 
(c) 
B 


(d) 
Figure 9-36 | Norton's theorem. 


Probs. 9-55, 
9-56, 9-57, 
9-58 
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On the other hand, let us find the Thévenin equivalent circuit seen by the observer in 
Figure 9-36(b): After the observer is removed, the open-circuit voltage across A-B is 


Vin = Zyly (9-94) 
which is the same as in Equation 9-93 if 
Zy = Zn (9-95) 


We have therefore established the equivalence between the Norton and Thévenin 
circuits. 

The use of Norton's circuit may sometimes be easier, particularly in finding 
Zy = Z44. Instead of having to connect a test source I, and calculating V,, as in 
Example 9-19, Figure 9-30, we can short-circuit terminals A-B, as in Figure 9-36(c), 
calculate Iy, and then find Zy from Equation 9-93 or 9-94. The following example 
illustrates this method. 


EXAMPLE 9-25 


In the network shown in Figure 9-37(a) the observer has already been removed. 


Ztn = 2.24 L —63.4? 


Iy *8.93/—26,6" Zy = 2.24 / —63.4? 


(c) (d) 


(e) 


Figure 9-37 Example 9-25. 
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Solution. We find immediately V ,4 = Vy, as 
Vin = V, — 3V, = —2V, = —2(j1)10/0° = 20/—90° 


since there is no drop across the 1-Q resistor. . 

Now short-circuit terminals A-B, as in Figure 9-37(b). Again, the “hat” ( ) over 
the controller and the controlled source remind us that these are not the same as in 
Figure 9-37(a). In Figure 9-37(b) we write KVL around the outer loop as 


11,+3V,-¥,=0 .. I - —2V, 

and 

, = jl(10 — Ip) 
Consequently 

— E = j10 — jl, 
or 

Iy = 8.93/—26.6° 
Finally 


Vy —— 20/—90° 
I, —893/—26.6^ 


The Thévenin equivalent circuit is shown in Figure 9-37(c), while Norton's is shown in 
Figure 9-37(d). 

To confirm our results, let us recalculate Z4, in Figure 9-37(e) with a test current 
I,. As required, the independent current source is set to zero, but the dependent voltage 
source remains. We write KVL 


Zy = Zp = = 2.24/—63.4° 


—V,.+ 11, + fll, — 3(j1)], = 0 
or 
V, = (1 =J2L 
That is, 
Zr, = 1 — j2 = 2.24/—63.4° 


There are no fixed rules about which method works better or faster. You will 
develop your own taste and preference as you solve more and more problems. The real 
beauty is in the variety of the possible approaches! 3 


In concluding this discussion, let us recognize that the equivalence between 
Thévenin's and Norton's circuits is, in effect, a source transformation: To an observer, 
a (phasor) voltage source in series with an impedance is equivalent to a (phasor) 
current source in parallel with that impedance, and with Equation 9-93 relating them. 


Probs. 9-59, 
9-60 


Probs. 9-61, 
9-62 
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PROBLEMS 


9-1 


9-3 


9-4 


9-5 


Convert the following waveforms into their cosine equivalent: 


(a) v,(t) = 20 sin (sm + i) 
(b) i (t) = 13.6 sin (sm " A 
(c) i,(t) — 0.1 sin (10% + 4 
(d) v4(t) = 4 sin (t — x) 


Assume that the speed of propagation of radio waves is the speed of light, i.e., 
c = 3 x 10? m/s. The wavelength, in meters, of a sinusoidal signal is given by å 


, & 
i=- 


f 
What is the range of wavelengths of the AM band? The FM band? 


The International Telecommunication Union (ITU) has defined several frequency bands. 
Of these the very high frequency (VHF) range is 30 to 300 MHz, the ultra high frequency 
(UHF) is 300 to 3000 MHz, and the very low frequency (VLF) is 3 to 30 kHz. List the 
wavelength ranges for VHF, UHF, VLF. 


A typical syllable of human speech has a duration of approximately 4s. What is the 
corresponding frequency? Radian frequency? 


Two musical notes are said to be an octave apart if their frequencies are related by 
f; = 2f,. If the note “middle A” has a frequency of 440 Hz, what is the frequency of a 
“high A” which is 2 octaves up? 


Plot accurately on graph paper: 
(a) v(t) = 12 cos (377t + 30°) vs. 377t 
(b) i(t) = 10 cos (377t — 15°) vs. 377t 


Which waveform lags and by what degree? 


Plot accurately i(t) = 10 cos (50t — 15°) vs. 50t and compare with Problem 9-6(b). Can 
you say which of these two waveforms leads or lags? Why? 


Plot accurately 

(a) v,(t) = 100 cos (1000¢ + 10°) 
(b) v,(t) = 20 cos (1000t — 170°) 
and discuss the leading or lagging between v, and v,. 

The following identity is useful in our studies. Prove it: 


A 
A sin x + B cos x = ./A? + B? cos (xim) 


Hint: Use the identity for the cosine 
cos (x + y) = cos x cos y F sin x sin y 


and the right-angle triangle shown in the figure. 
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Pu 
B 


9-10 (a) In the parallel RC circuit shown, find the steady-state response v(t) by the classical 
solution of the differential equation. Draw accurately i(t) and v(t). 
(b) Could you have written the solution by inspection, considering the duality of this 
circuit and of the series RL circuit in the text? Explain fully. 


Problem 9-9 


* wt) 


i(t) = I,, cos wt (H e 
A Problem 9-10 


9-11 In the series RC circuit shown, use v((t) as a state variable. Calculate the steady-state 
expression for v,(t) by solving classically the differential equation for it. 


250 uF 


tuoli) 
v(t) = 10 cos 1000ż 20 


Problem 9-11 


9-12 In the op amp circuit shown, find the steady-state output voltage v,(t) using the classical 
method of solution. 


V i, (£) = 10 sin 4t (Q, F) 


Problem 9-12 
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9-13 Calculate the steady-state inductive current i, (t). Note the dependent source! 


9-14 
9-15 


9-16 


9-17 


9-18 


9-19 


4i, 


v(t) =20 cost ($2, H) 


Problem 9-13 


List and describe two additional transform methods, one nonmathematical. 


List all the difficult, direct algebraic operations and their corresponding easy operations in 
the logarithmic transform. l 


Calculate longhand (directly) 
(2.4)? 
x= 


Joa 


then use the logarithmic transform. Note: Calculators are not allowed here, except as a 
source of logarithm tables. 


For each of the following waveforms: (a) plot it versus t; (b) write its phasor transform; 
(c) plot the phasor in the complex plane. 


(a) v, (t) = 25 cos (100t — 80°) 
(b) i,(t) = 40 sin (377t + 25°) 
(c) v(t) = 170 cos (t + 90°) 

(d) v4(t) = 32 cos (10t + 130°) 
(e) is(t) = —10.6 cos (20t + 60°) 


Don’t forget our convention to use only cosines. 


Plot each phasor on the complex plane; then write the time function represented by it: 


(a) I, = 3.6/— 14? (c = 10) 
(b) V, = —34 j4 (w = 377) 
(c) I, = —1.2 —j3.0 (c) = 10^) 
(d) V, = 43e!"/7 (œ = 200) 
(e) I, = 0.058 — j0.067 (œ = 1000) 


Prove the following properties of the phasor transform: 
(a) The transform of a sum of functions is the sum of the individual phasors 


[LAO +AOl]eoF, + F; 
(b) A constant multiplying a function also multiplies its phasor 


af (t) «F 
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These properties qualify the phasor as a linear transform. Do these properties hold in the 
logarithmic transform? 


9-20 Explain carefully why, despite the property listed in Problem 9-19, we cannot take the 
phasor transform of f(t) = [10 cos (377t + 40°) + 3 cos (100t — 10°)]. 


9-21 In the example shown in Figure 9-11, replace the capacitor by an inductor L — 0.01 H. 
Write the time-domain node equation and solve it by phasors. 


9-22 In the op amp circuit shown in Problem 9-12, find the steady-state voltage v,(t) using 
phasor methods. 


9-23 In the network shown, calculate the steady-state voltage v,(t) using phasor methods. 
Reminisce of the classical solution to this problem. 


10 "X 


v(t) = 120 cos 40r 0lSelu() (Q,H,F) 


0.0063 Fi 


Problem 9-23 


9-24 For each of the following equations, calculate the steady-state solution by the phasor 


method. 
dv 
(a) 4 E + 3v = 8.5 cos Qt + 110°) 
(b) La 6 " 500i = 0.2 30t — 14? 
34g T ant i = 0.2 cos (30t — 14°) 
d*v dv 
(c) qe + g + Y= 16 sin 3 
(d) E 7 n 12i = 20 t + 30° 
qt iggt lia cos (t + 30°) 
d?y t M 
(e) 24 Gs — 15y = 31 cos (5 + 45°] 
ie dv d (dv 
int: — = — | — | 
d? dd] 
9-25 Find the complete solutions of the differential equations in Problem 9-24 (a), (c), (d), given 
that 
(a) v0 )20 
dv 
07) = 1 — = —3 
©) (07) A 


(d) i(07)=0 z = —2 
b 
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9-26 Use phasor methods to write f(t) as a single cosine waveform 
f (t) = 10 cos (377t — 30°) + 20 cos (377t + 60°) — 40 cos 377t 


Next, try to do it directly in the time domain (using Problem 9-9), to really appreciate 
phasors. 


9-27 Use the phasor method to calculate the steady-state i,(t) in the circuit shown. Do it by 
loop analysis, starting with the time-domain equations. 


0.04 


| i, (t) 2 X 1073 


v(t) = 10 cos 100: (Q,H,F) Problem 9-27 


9-28 Calculate the steady-state v((t) in the circuit shown by phasor methods. Do it by node 
analysis and write first the time-domain equation(s). 


- 
2i 


v(t) = 20 cos (50t + 40?) 


(2, H, F) 


Problem 9-28 


9-29 A single element is in the box, and the phasor diagram for it is shown to scale. Identify the 
element (R, L, or C) and its value (in Q, H, F). Write the expressions for v(t) and i(t). 


Im 


V l cm=10A 
l cm=4V 
l w = 200 rad/s 
i(t) ? 
"or Re 
enis i 


Problem 9-29 


9-30 For the resistor shown, and the given references of ip(t) and v,p(t), we are told that 
ip(t) = 4.3 cos (100t + 45°) 


Plot to scale Ip and Vz. Be careful here! 
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$— — — —AAAANv-—— ——— —8 
eese UR (yt Problem 9-30 


9-31 The figure shows a simple model of a power transmission line, those overhead wires along 
highways and fields. The impedances are calculated for Europe, where the frequency is 
f = 50 Hz. (a) What is the value of the inductor in henrys? (b) Calculate the impedances of 
this model in the United States, where f = 60 Hz. 


74.8 6 
3 
.————————————————————9 
Source Transmission line Load 


Problem 9-31 


9-32 A certain filter network is shown in the figure. Calculate the impedance of each element 
when the filter is excited by a sinusoidal source at: (a) f, = 100 Hz, (b) f, = 1 kHz, 
(c) f3 = 1 MHz. 


20 Q 0.3 mH 0.01 mH 


10 id | 0.5 uF 
ES d a EE Problem 9-32 


9-33 In each case, partial information is given for a single element. Calculate the missing details 
and draw to scale the phasor diagram: 


(a) V4 = 10/115? v. (t) =? R-2050 

I, =? i (t) =? f-60Hz Z=? 
(b) V=? v (t) =? C = 100 uF 

L=? i(t) = 0.6 cos (314t — 10°) f=? Z=? 


Xc=? Bez? 


© V=? v,(t) =? L=03mH  f-10kHz 
I, = 4240" Ee? E 1. eat pat 
id) V=? vc(t) = 1.1 cos (2710°t — 0) UT f+? 
I. = 0.4/35° i (t) =? Nos. - Bam? 
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9-34 Develop the phasor relations and the related impedances for two mutually coupled 
inductors as shown in the figure. In each case start with the time-domain equations, then 
apply to them the phasor transform. 


P j 
LD ALD 
e M e l e M 
" ÉL -oc£? E. k 
UV} ] "2 U5 v] ] 42 U5 
| e 
k 


(a) (b) Problem 9-34 


9-35 Calculate the individual branch currents Ip, I}, and Için Example 9-7 and draw them to 
scale in the phasor diagram of Figure 9-17(c). On this phasor diagram, verify graphically 
that I = I, + I, + I... 

9-36 Use phasor analysis to solve the circuit in Figure 9-6 in the text, confirming effortlessly 
the results in Equations 9-16, 9-18, and 9-19. 


9-37 Complete Example 9-8, Figure 9-18, as follows: (a) Calculate the individual branch 
currents from the knowledge of V, and V,. (b) Plot the phasor diagram to scale, showing 
V. Va, V, and all the branch currents. 

9-38 For Example 9-9, Figure 9-19, calculate all the branch currents (phasors) from the 
known V,, V,, and V,. Draw these currents to scale on a phasor diagram and verify 
graphically that KCL is satisfied at each of the three nodes. This is an excellent check on 
the correctness of the entire solution. 


9-39 Set up the phasor node equations, then solve for v,(t) in the network shown. 


Admittances f =60 Hz 


Problem 9-39 


9-40 For the op amp circuit shown, calculate the steady-state output voltage v,(t). Classify in 
words the operation of this circuit. 
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1 
4 
Vin(t) = Vm cos 1007 


[ 0.02 


AU 
(Q, F) 
Problem 9-40 


9-41 Complete Example 9-10 as follows: Calculate the phasor voltage across the j1 inductor, 
the — j4 capacitor, and the 4-Q resistor by using the solutions of I,, I,, and I}. Plot these 


voltages to scale on a phasor diagram and verify graphically that, together with 41,, they 
satisfy KVL. 


9-42 (a) Write the two loop equations for the network shown. (b) Solve for I, and I,. 
(c) Calculate the time-domain expression for the voltage drop across the capacitor. 


e joM 7 j2 


Impedances 
w = 2r (60) 


V = 40/ 60? 
Problem 9-42 


9-43 Solve Example 9-8 by loop analysis. From your solution calculate V, and V, and 
compare with the answers in the text. 


9-44 In Example 9-11, Figure 9-21, we are given the following measurements: 
|V,| = [V4] = 60 V 


and there are no defects in the circuit such as open-circuited or short-circuited elements. 


Draw a voltage phasor diagram. What is |V..|? |V; |? Are those answers unique? Explain 
fully. 
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9-45 Consider an all-resistive network, similar to Example 9-11 and shown in the figure. It 


consists of a single input voltage source V, and several resistors in an arbitrary 
connection. No dependent sources and no op amps are included. Can any one of the 
resistor's voltages exceed in magnitude | V,|, as happened in Example 9-11? Explain fully. 


All-R 
network. 
No dependent 
sources 


Problem 9-45 


9-46 In Example 9-15, Figure 9-26, let the source be v(t) = 6 cos 150t. Calculate I, and draw 


the phasor diagram with V and I. Is this circuit inductive or capacitive? 


9-47 In a series RLC circuit excited by v(t) = V,, cos ot, find the relationships among R, L, C, 


and o for the circuit to be (a) inductive; (b) capacitive; (c) resistive, when V and I are in 
phase. 


9-48 In a parallel RC circuit excited by a current source I = /,,/0°, calculate the total 


admittance and the voltage V. Draw a phasor diagram. 


9-49 Rework Example 9-18 step by step for 


(a) v(t) = 10 cos 100t 
(b) v(t) = 10 cos 10°t 


9-50 In the network shown, individual elements are given by their impedances. Write the 


expression for the equivalent impedance of the ladder network as a continued fraction 
(see Example 4-2 in Chapter 4). Then simplify it to its polar form 


Leg = 2.4/0. 


Is this an inductive or a capacitive circuit? 


Impedances 


Problem 9-50 


9-51 Prove that the equivalent impedance of two impedances in parallel is 


Z = Z,Z, 
" Z +Z, 
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that is, the familiar rule, *product over sum." Prove also, without any fancy algebra, that 
this rule cannot be true for three (or more) impedances 


Z,2;,Z, 


E 4 ye 
1” gud ZZ 


Hint: Units (dimensions) of this equation. See also Problem 4-2. 


9-52 Derive the delta-wye (A-Y) equivalence for impedances, by generalizing on Section 4-4 in 
Chapter 4. Specifically, prove that 


z ZZ. Z- P 
| ZSTZ,4MZ, dE" 
ZZ. Z = P 
^ Z,+Z, + Z, * 
z Za Zo Z = P 
1 GhRAEQLE * Bs 
where P = Z, Z, + Z;Z4 + Z,Z;. 
l l 
2 Z, 
3 Z P, 


Problem 9-52 


9-53 (a) Calculate V in the network shown by using node analysis. 
(b) Repeat, by first converting the center Y into a A, then finding the total impedance 
seen by the source. 


Impedances 


Problem 9-53 
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9-54 Solve Example 9-8, Figure 9-18, by using combined impedances, admittances, and 
voltage and current dividers. Draw a phasor diagram showing V,. V,, and V,. 

9-55 Solve Problem 9-53 by Thévenin's theorem, the observer being the capacitor whose 
voltage is V. 

9-56 Calculate I, in Problem 9-42 by making the 3-Q resistor the observer. 

9-57 In the figure shown, calculate I, by loop analysis. Show that the answer is not amenable 
to a Thévenin equivalent circuit with respect to jwL, as the observer, ie, I, 4 
Vin/(Zrn + joL,). 


Problem 9-57 


9-58 In the figure, we show the equivalent circuit of a transistor circuit (the so-called common- 
emitter circuit). Find its Thévenin equivalent circuit with respect to the load resistor R, 
for a sinusoidal input v,(t). 


Problem 9-58 


9-59 Solve Problem 9-53 by Norton’s theorem, with the capacitor as the observer. Next, but 
not earlier, compare with your solution to Problem 9-55. 


9-60 Solve Problem 9-58 by Norton’s theorem. 


9-61 (a) In the figure, write KVL for loop 2 and thereby prove that when you write a KVL 
equation in a loop adjacent to a current source, that equation performs 
automatically a source transformation. 

(b) Dually, prove that a KCL node equation adjacent to a voltage source performs 
automatically a source transformation. Do it by writing KCL at node 2. 


a 


Z V, 


Observer 
network 


Observer 
L EM b network 


(a) (b) 
Problem 9-61 
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9-62 Find the steady-state current i,(t) by using phasors. Scrambled hint: O, no, it is supper! + 


i(t) = 10 cos 50t v(t) =10 cos (1007 + 30?) 


(Q, H, F) 


Problem 9-62 


+ ¡uonrsodiadng 


Chapter 10 


Resonance and Frequency 
Response 


10-1 RESONANCE AND RLC CIRCUITS 


Resonance is a common phenomenon in many systems. Consider, for example, a 
company of soldiers marching to the periodic “left, right, left" of the drill sergeant. 
When they approach a foot bridge, the sergeant discontinues the rhythmic “left, right, 
left" and lets the soldiers march at their individual and unequal paces. Why? If they 
keep the uniform and periodic pace, the bridge may resonate and its vibrations may 
cause it to collapse. 

Another common resonance occurs when you tune your radio receiver to a 
favorite station. Many simultaneous signals at different frequencies reach the antenna 
of the radio. A special filter circuit is tuned by you to resonate only to the particular 
frequency of your choice. 

To develop these ideas, let us first do an example. 


EXAMPLE 10-1 


Consider the LC circuit shown in Figure 10-1. Let us solve this problem in the classical way. 


Solution. The second-order differential equation is, as in Chapter 8, 


d^v(t) 
LC i8 + v-(t) = V,cos o,t 
The characteristic equation is 
LCs? +1=0 
with the natural frequencies 
, ) , 1 
$,— JOg 52 — —J®o 0 = TA 
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L 
oOo 
iz 
+ 
v(1) * V, cos wt Uc C 


Figure 10-1 Example 10-1. 


Therefore, the homogeneous solution is 
Ucy(t) = A cos (Mot + 0) 


The particular solution, as studied in Chapter 7 (Table 7-1) must be according to the 
source 


Ucp(t) = B cos (œt + a) 
provided c, # «y. Then the total solution is 
vc(t) = A cos (Mot + 0) + B cos (œt + «) 


with oscillations at the natural frequency o, as well as at the input (source) frequency o. 
The calculation of B and « can be done, of course, with phasors: We take the phasor 
transform, at c, of the differential equation and obtain 


LC(jo,)* Vc + Ve = Val 


Or 


What happens if o, = @) = 1/(LC)!?? The homogeneous solution is still 
vc(t) = A cos (ost + 0) = A cos (@,t + 0) 
but the particular solution, according to Table 7-1, must be 
Ucp(t) = Bt cos (wt + a) 


Notice the multiplication by t. This is necessary because the homogeneous solution is of 
the same form as the source. In more precise terms, the input V,, cos œt excites a natural 
frequency of the circuit, co, = c. This frequency is the resonant frequency of the circuit. 
When this happens, the particular solution tends to grow very large 


lim Bt cos (@,t + x) > oo 


t00 


and that’s the same reason for the march on the bridge. The smart drill sergeant breaks 
up the periodic input to the bridge, so as not to excite a natural frequency of the bridge, 
thus preventing resonance. 

The same conclusion is reached by the phasor calculation. When œ, = 
1(LC)!!? = wo, we see that 


Vc > oo 
since the denominator is zero then. E 
The conclusion that we reached is important enough to be repeated. In fact, we 


will define resonance as the condition of a circuit having a natural frequency excited 
by an input. This frequency is the resonant frequency. 


Prob. 10-1 
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10-2 SERIES RLC RESONANCE 


To investigate further the phenomenon of resonance, let us consider a series RLC 
circuit excited by a sinusoidal voltage source 


v(t) = V,, cos wt (10-1) 


as shown in Figure 10-2(a). This time, however, we will let c, the sinusoidal frequency 

of the source, be a variable rather than a single fixed number. This way, we'll be able to 

study the behavior of the response as a function of œ. Such a dependence on o is called 

a frequency response. All other parameters, V,, R, L, and C, are kept constant. 
First, the series impedance seen by the source is 


1 1 
Z=R+ joL + —=R+ ji oL —— (10-2) 
joC wC 


The reactive term of Z is X = oL — 1/(coC) and is dependent on œw. We plot it in 
Figure 10-2(b) as shown: The inductive reactance, X; = œL is a straight line through 


V= Vn D jX; = Jol 


Figure 10-2 Series RLC circuit. 
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the origin with a slope = L. The capacitive reactance Xç = —1/mC is a rectangular 
hyperbola. The total reactance X is shown in a solid line, and we see that it falls into 
three categories: 


1. X < 0: Starting at œ = 0 (dc) when the inductor is a short circuit (cL = 0) 
and the capacitor an open circuit, 1/@C — oo, the total reactance is capacitive 
and the impedance is capacitive in nature. Typically, in this range, we have 


Z,-R-jX, w = 0, (10-3) 


Such an impedance, a complex number (not a phasor), is drawn in Figure 
10-2(c). As c increases, X decreases in magnitude, and a typical impedance is 


Z; = R — jX, Ws > WM; (10-4) 
and is shown on the same plot. The locus of these capacitive impedances is 


the vertical line shown in Figure 10-2(c), at a fixed distance R from the origin. 
2. X = 0: At a certain frequency, o = Wo, the total reactance is zero. Then 


1 
L——~=0 10-5 
Wo W)C ( ) 
that is 
1 
Wo = —— (10-6) 
JLG 

At this frequency, the impedance of the circuit is purely resistive 

Z=R (10-7) 


and is a real, positive number. 

3. X >0: As the frequency increases, c > c, the total reactance becomes 
inductive, oL — 1/mC > 0, and the impedance is inductive in nature. A 
typical impedance here is 


Z4 = R + jX} (4 > Wo (10-8) 


and is shown in Figure 10-2(c). As œ becomes larger (c — oo), the inductor 
becomes an open circuit, œL — oo, while the capacitor is a short circuit, 
1/oC — 0. 


If we write Z in its polar form, we have 
Z=(|Z\/0, (10-9) 


where the magnitude of Z is 


IZ|=./R2+X2 0<w<o (10-10) 
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IZ] 


(a) 


(b) 


Figure 10-3 Magnitude and phase of Z. 
and its angle is 
an) 0 « 0 « og 
07; = 40 w = Wo (10-11) 
tan  — w > Wo 


These two frequency response curves are plotted in Figure 10-3(a) and (b). 
We are ready now to consider the frequency response of the current I. We write 
for this circuit 


I—-— 10-12 
7 (10-12) 


From this, the magnitude of I is 


V V 
II BL MM. ee (10-13) 


IZI /R? + x? 


and the phase angle of I is 


Prob. 10-2 
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| 
V 


I| 
m 
R 


(a) 


(b) 


Figure 10-4 Magnitude and phase of I. 


Here we used the given 0, = 0° and Equation 10-11 for 07. The frequency response 
plots for I are shown in Figure 10-4(a), (b). It is worthwhile to notice that |I| is 
proportional, by the constant multiplier V,, to 1/|Z|. Thus, Figure 10-4(a) is 
essentially the inverse of Figure 10-3(a). Physically, Figure 10-4(a) also makes sense: 
At dc (o = 0), the capacitor is an open circuit and no current flows. As œ increases, the 
current increases in magnitude and reaches its maximum at the resonant frequency o, 
because then |Z| is at its minimal value, |Z| = R. As o increases, |Z| increases and 
consequently, | I| decreases. As œw — oo, the inductor acts as an open circuit and |I| = 0 
then. 

It is very interesting to note the behavior of the phase of I. At œw œ O it leads V by 
90° (capacitive circuit); at resonance, it is in phase with V; as œ > oo, it lags behind V 
by 90* (inductive circuit). 

This discussion explains, in principle, the tuning of some radios. As you turn the 
knob, you vary the resonant frequency o, by changing the value of a capacitor C. At 
the chosen wg, the current is maximum. This current is converted into sound energy in 
the speaker of the radio, and you hear your chosen station. 

Before we summarize the important features of this discussion, a few additional 
aspects must be considered. First, the effect of R on the various responses. When 
R = 0, the circuit is lossless (LC), as analyzed in Example 10-1. The impedance is pure 
imaginary, Z = + jX. Its magnitude and phase plots are shown in Figure 10-5(a) and 
(b) for various values of R. The effects of R on the frequency response of I are shown in 
Figure 10-5(c) and (d). The fact that |I| > oo at o9 when R = 0 agrees with the same 
conclusion in Example 10-1. 


Probs. 10-3, 
10-4 
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Large R 
i Small R 


-— 


(a) 


W 
Wo 
0; Small R | = 0 0, 
90? [^ === 90° M ]———- R20 
| UE R small 
| ^" Large R 
"d 


(b) 


—90* 


Figure 10-5 Effects of R. 


Recall our discussion of the Q factor, or simply Q, of the circuit in Chapter 8. For 
the RLC series circuit, it is defined as 
WoL 


= (10-15) 


Q = 


and therefore the smaller R, the higher Q. This quality factor is the measure of the 
“slimness” of the plot of |I|, Figure 10-5(c): The higher Q, the slimmer |I| around wọ, 
hence a better selectivity, for example, of your radio receiver. With a low Q, the 
magnitude of |I| at c is not much different than at neighboring frequencies, and 
you'll receive a garble of two or more interfering stations. 

Another convenient measure of the slimness of |I| is the bandwidth, also 
discussed in Chapter 8. Here, let us define the bandwidth B as 


B-05,—0, (10-16) 


and it is shown in Figure 10-6. The two frequencies w, and o, are those at which |I| is 
down by a factor of 1 E 2 from its maximum. Look at your solution to Problem 10-3. 
These two frequencies are called the half-power frequencies, because then the power is 
half of that at resonance, power being proportional to the square of the current. The 
two half-power frequencies are 


"eme + EY + o$ 10-17 
127 EFT aL Wo (10-17) 

Consequently, using the expression for Q in Equation 10-15, we obtain 
fe (10-18) 


Q 
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Na 


wp cU 3 


Figure 10-6 Bandwidth. 


that is (as expected), the bandwidth is inversely proportional to Q: The higher the Q, 
the narrower the bandwidth. Also, from Equation 10-17 we get 


0405 = W (10-19) 


that is, the resonant frequency o, is the geometrical average of œw, and w3. 


10-3 ENERGY IN THE RESONANT CIRCUIT 


The entire phenomenon of resonance is based physically on the interchange of energy 
between the inductor and the capacitor. It is important to understand this 
interchange. 

In the series RLC circuit, let us take I as reference, 


[= I,,/0° (10-20) 
Then the capacitor’s voltage is 
Ve = : p2 dx — 90° (10-21) 
C  joC oC 


The corresponding time-domain expressions are 
i(t) = I,, cos ct (10-22) 


and 


I EL 
vet) = oC cos (wt — 90°) = ae sin wt (10-23) 
The electric energy in the capacitor is 


1 A 
wc = = Coe = AD sin? wt (10-24) 


Probs. 10-5, 
10-6 
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Figure 10-7 Energies in resonant circuit. 


and the magnetic energy in the inductor is 


2 
Wg = lg EL cos? ot (10-25) 
2 2 
These waveforms are plotted in Figure 10-7. We see that, at resonance, the capacitor 
delivers energy during one quarter cycle and the inductor receives it, then the roles are 
reversed during the next quarter cycle. The sum of these energies (Equations 10-24 
and 10-25) is calculated with L = 1/mZC and so 


ta p B in 


Wc + WL = x55 Sin? Wot + —=— cos? Wot = —™ (10-26) 


20% C 20% C — 2a2C 2 


which is constant. This is amazing! At resonance, the outside world does not supply 
any energy to the inductor or to the capacitor; they simply exchange their energies 
internally. The only energy needed to be supplied from the outside is the loss (heat) in 
the resistor. A lossless LC circuit which starts with an initial stored energy will 
oscillate forever, and the energy distribution will follow the waveforms of Figure 10-7. 

The last two sections were rather lengthy with details and with formulas. There 
is no need to memorize any of these. In particular, do not memorize o? = 1/LC as the 
panacea for all resonant circuits; it is not. A much better approach would be to 
understand the ideas well enough to rederive an equation when needed. 


10-4 INPUT-OUTPUT PHASOR RELATIONS 


The input-output phasor relationship, used in Chapter 9 and here, can be written in 
general as 
R = HE (10-27) 


where R is the generic notation for the phasor response (output), and E for the phasor 
excitation (input). This relationship is the extension for phasors of Equation 5-19 


r(t) = He(t) (5-19) 


Prob. 10-7 
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which was obtained in Chapter 5 for purely resistive networks. The complex number 
H is the network function for the specific R and E under consideration. In the series 
RLC circuit we had 
1 
I=—V 10-28 
: (10-28) 
and therefore R — I, E — V and H — 1/Z, the driving-point admittance of the circuit. 
In general, H is a complex number, written in its polar form as 


H = |H|/0y. (10-29) 


From Equation 10-27, we recognize that R and E will be in phase when H is a real, 


positive number, that is, when 
05 = 0° (10-30) 


As we saw in Section- 10-2, that’s when resonance occurs. We have, therefore, a 
criterion for resonance: Resonance is the condition of a circuit when the output phasor 
is in phase with the input phasor. Then Equation 10-30 holds. 

Several examples will illustrate these points. 


EXAMPLE 10-2 


The circuit shown in Figure 10-8 is driven by a sinusoidal current source. Find the condition, or 
conditions, for resonance. 


Figure 10-8 Example 10-2. 


Solution. Here Equation 10-27 reads 
V — ZI 


with H — Z, the driving-point impedance of the circuit. We have 


on B+ Amb 
pr ICT m 


where G, = 1/R,. Clearing fractions in Z, we get 


7 (16; + 1 — @* LO) + ((oLG; + oCR;) 


G, + joC 
At resonance 0, = 0°, which means that the angle of the numerator equals the angle of the 
denominator, 
., @LG,+@CR, Q0 
tan 2 = tan 1 — 
R,G,+1-—@*LC G, 
or 


OLG,+CR,) — oC 
R,G,4+1-@LC G 
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One answer is w = 0 (dc). This is also obvious by inspecting the circuit: It acts then as a 
pure resistor (R, + R5). Canceling o and solving yields 


o?LC? = C — G2L 


or 


C— GL ; 


as the second answer. For c to be a (physical) real number, we must have C > GZL. 
This example brings out the important, and often simple, check by inspection: If 
the network function H is purely resistive, 0, = 0^, at œw = 0 or œ = oo, then there is 
resonance at those frequencies. Other nonzero resonant frequencies may exist. They 
require a detailed calculation. RI 


EXAMPLE 10-3 


In the network shown in Figure 10-9, calculate the appropriate network function and value of C 
for resonance, assuming o is fixed. Here the input is E = V, and the output is R = L,. 


Figure 10-9 Example 10-3. 


Solution. Having identified these, we proceed to calculate L,. The two loop equations 


are 
joL + R, —R, I, V, 
1 = 
—R, joC + R, + R, I, 0 
and you should verify them to your satisfaction. Solving for I,, we have 
joL + R, LA 
Lose ÀÓ MÀ 
joL + R, —R, 
R +R,+R 
1 jac 1 2 
R, 


SF i a ae ae es a ee OL ONE. 3. 095. Yo 
(L/C + R,R;) + j[oL(R, + R2) — Ry/@C] 
Therefore, we identify the appropriate network function here as a transfer admittance 


H = L/C + RR) + oL, + R,) — R/oC] 
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It is a transfer function because it relates an output at one pair of terminals to an input at 
another pair of terminals; it is an admittance because, dimensionally, it multiplies a 
voltage to give a current. 

Resonance will occur when 0,, = 0°. Since the numerator's angle is zero, so must be 
the angle of the denominator. This will be true if the imaginary part in the denominator 
vanishes 


R, > 


or 


R, 


"PN PCR 
w? L(R, + R3) 


You should also verify by inspection that œ = 0 or œ = oo are not resonant frequencies. 
a 


EXAMPLE 10-4 


In the circuit shown in Figure 10-10, calculate the voltage across the resistor R,. Identify the 
network function and investigate resonance, and explain your conclusion. 


= I», 40° 


Impedances Figure 10-10 Example 10-4. 


Solution. We have V, = R,I, and I, is obtained through the current divider equation. 
Therefore 


R, + joL 
V, = R;—————————— ! 
R, + R, + j(oL — 1/@C) 


The network function here is a transfer impedance 
E R,(R, + joL) 
For resonance we must have, as the condition 0, = 0°, 
oL oL —1/oC 
R R&R, +R, 


which has no physical (positive) solution for c. (Verify this!) The conclusion is that V, Probs. 10-8, 
will never be in phase with I. There is no resonance between these two. m 10-9, 10-10 


We have studied two types of resonance: (1) the excitation of a natural 
frequency of a network by an input with the same natural frequency, and (2) the 
in-phase relationship between sinusoidal output and input. These resonances are 
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different in most cases; they are almost the same if the Q of the circuit is high, that is, 
when the bandwidth is narrow. For a particular circuit, the statement of the problem 
should make clear which type of resonance is being considered. 


10-5 FILTERS 


A filter is a network that has certain desired frequency response characteristics. The 
general idea is shown in Figure 10-11. A specific filter is coupling a source to a load. 
Depending on its design, the filter will allow certain components of frequency to pass 
from the source to the load, and will stop other components of frequencies from 
passing to the load. In the series resonant circuit (Figure 10-4 or 10-6) we recognize a 
filter that passes the signal |I| at the frequency o, and its neighborhood within that 
bandwidth. It stops (or attenuates) signals at all other frequencies, 0 to c, and œ, to 
oo, from reaching the load, the speakers of the radio in that example. 
Since the input-output relations for a filter are general, as in Equation 10-27, 


R — HE (10-27) 


we are interested in the frequency response characteristics of the filter, specifically its 
magnitude response |H| and its phase 0,5, as functions of c. An ideal filter will pass 
without distortion signals of all the frequencies in a certain range, called the passband, 
and stop completely signals of all other frequencies, called the stopband. In addition, 
an ideal filter must be lossless so that the input energy of the signal is not dissipated in 
the filter and reaches the load. 

In Figure 10-12 we show the magnitude characteristics of four major types of 
ideal filters. The ideal lowpass filter is shown in Figure 10-12(a): It passes, with a 
magnitude |H| scaled conveniently to 1, all signals from œ = 0 (dc) to a cutoff 
frequency c, and stops completely all signals of frequencies beyond w,. The ideal 
highpass filter characteristic is shown in Figure 10-2(b); no signals of frequencies less 
than the cutoff frequency are passed, and all signals beyond œ, are passed. The ideal 
bandpass and band elimination filters are shown in Fig. 10-12(c) and (d). 

These magnitude characteristics are ideal because we cannot achieve such 
perfectly square, sharp-cornered characteristics. Typically realistic characteristics are 
shown in dotted lines. The RLC series circuit (Figure 10-6) is therefore a bandpass 
filter. A filter whose magnitude characteristic is |Z|, as shown in Figure 10-5(a), is a 
bandstop filter. Are you worried about the apparent *contradiction" here? It does not 
really exist. This RLC circuit is a bandpass filter, since its proper network function 


P $ e| 7 


Figure 10-11 A filter. 


10-5 FILTERS 319 


(a) 


(b) 


Figure 10-12 Types of filters. 


is 1/Z, not Z. This points out, again, the importance of identifying the correct 
network function for each case. 


EXAMPLE 10-5 
Plot the magnitude |H| of the filter shown in Figure 10-13(a) and classify it. 


| HI 


l 
" - = 
l Twt 2 JT 


(a) (b) 
Figure 10-13 Example 10-5. 


Solution. The input-output relation here is 


and therefore H is a dimensionless voltage transfer function. Before plunging into the 
mathematics of this problem, it is worthwhile to use some elementary physical 
arguments: At dc (œ = 0) and low frequencies, the capacitor is an open circuit and 
therefore there is no current through C or R. At those frequencies, then, |V,| = |V,|. As 
frequency increases, the capacitor’s reactance decreases and so does |V,| across it. 
Finally, at œ — oc, the capacitor is a short circuit and |V,| = 0. It looks as if we have a 
(primitive) lowpass filter on our hands. 
To confirm it, write 
1/joC 


2 djoC-R ! 
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as the voltage divider equation here. Therefore 


ljoC —— 1 
— ljoC--R 1+jøRC 


and 


1 


/1 + (oRCY 


The plot of |H| is shown in Figure 10-13(b), and it is indeed a lowpass characteristic. A 
convenient way to measure w,, the cutoff frequency, is at the half-power point, as in the 
calculations of the bandwidth B. At w,, then, the magnitude is 1/,/2 of its maximum. 
Writing then 


|H| = 


1 1 


J2 A 4 (o, RCOY 


we obtain here 


EXAMPLE 10-6 


If we exchange the positions of R and C in the previous example, we obtain a highpass filter. See 
Figure 10-14. 


|H | 


(a) (b) 
Figure 10-14 Example 10-6. 


Solution. At dc and low frequencies, the capacitor prevents any current from flowing 
through R and therefore |V,| ~ 0. At high frequencies, the capacitor is a short circuit and 
|V5| = |V]. Mathematically, we calculate 


o RC 


J1 + (RC)? 


and c, = 1/RC also. You should fill in the details of the calculations, as well as the plot of Probs. 10-1 
|H]. B 10-12, 10-1: 


|H| = 
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10-1 In the circuit shown, calculate the particular solution i,(t) by the classical way of 
differential equations. Plot it. Consider two cases: 


R 
(a) X Py 
(b) » -7 


When does resonance occur? 


v(t)= V, e^?! 


Problem 10-1 
10-2 Prove that the polar plot of Y in the series RLC circuit (Figures 10-2, 10-3) is a circle, as 
shown. Hint: Write 


1 REJA 
LiB I F Se 2 
R+jX R^-c-X 


then set, as usual, 
R +X 


fey dac 
R? + X? R? + X? 


and relate G and B in the B-G plane. 


B 


w increases 


Problem 10-2 
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10-3 


10-4 


10-5 


10-6 


10-7 


10-8 


10-9 
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(a) In Figure 10-4(a), calculate the two frequencies at which the magnitude of I is 
V,,/(Rx/2), that is, 1 Aa of its maximum value. 
(b) In Figure 10-4(b), calculate the frequencies at which the phase of I is +45°. 


Based on Problem 10-2 and on Equations 10-13 and 10-14, draw the polar plot of Lin the 
series RLC circuit. 


(a) Prove that the two half-power frequencies (Equation 10-17) can be written as 


0,,5 = Oy / C +140) 


where ¢ is the damping factor studied in Chapter 8. 
(b) Under what approximation can we write 


w, = Wo — Wo 


0, = Wo + [Wo 
(c) Prove that the bandwidth (Equation 10-18) can be written as 
B = 200g 


Prove that c is the arithmetic average of the two half-power frequencies if the abscissa is 
on a logarithmic scale, log œ, rather than a linear scale, œ. See Equation 10-19. 


Provide a detailed derivation, with equations and figures, for the parallel RLC resonant 
circuit. Follow the steps in Section 10-2 for your derivation, noting as you go such 
features as duality. 


In the circuit shown, the value of the inductor is 


1 


L = 
oC 


Calculate the output voltage across the resistor R. How does it vary with R? 


i(t) 7 I4, cos et 


Problem 10-8 


Calculate and name the network function H in the circuit shown. Investigate resonance. 
The two resistors are equal. 
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Impedances 


Problem 10-9 


10-10 Design a series RLC circuit to the following specifications: resonance at fọ = 1.2 MHz, 
bandwidth 4000 Hz, and an input impedance of magnitude 100 Q at f = 2f,. 


10-11 For each of the filters shown, calculate H, plot |H|, and classify the filter: 
(a) Z, = joL; Z, = R. 
(b) Z, is a parallel R,C, circuit; Z, is a parallel R,C, circuit. 
(c) Z, is a series RL circuit; Z, is a parallel RC circuit. (Note: The same R in both 
circuits.) 
(d) Z, is an inductor L; Z, is a parallel RC circuit. 


Problem 10-11 


10-12 For the filter shown, we have RC = 1. (a) Calculate the voltage transfer function in 
V, = HV, and prove that resonance occurs at o = 1. / 6. (b) Plot |H| and classify this 
filter. 


Problem 10-12 


10-13 Calculate H for the filter shown, plot |H| and 0,5, and classify this filter. In order to 
understand the particular use of this filter, consider carefully its phase response, 05. 


Problem 10-13 


Chapter 11 


Power in the Sinusoidal 
Steady State 


The study of power accompanied our studies of the various elements from the earliest 
chapters. In this chapter, we discuss in detail power calculations for the sinusoidal 
steady state. This is an extremely important and practical topic, since the most 
common sources of electric energy operate in the sinusoidal steady state. Electric 
power companies provide the generation, transmission, and distribution of this 
energy. 


11-1 INSTANTANEOUS AND AVERAGE POWER 


Consider a one-port network whose sinusoidal impedance is Z, with the associated V 
and I at its two terminals, as shown in Figure 11-1(a). Let us assume that 


y = Fault (11-1) 
and 
I= In (9; (11-2) 


These two phasors are shown in Figure 11-1(c). The time-domain expressions for 
voltage and current are therefore 


v(t) = V, cos (wt + 0,) (11-3) 
and 


i(t) = I, cos (wt + 0;) (11-4) 
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i(t) 
——— 


pa 
v(t) 


(a) (b) 


(c) 
p 
V. 
m / U 
In | / / 
Pat- -l \ 4 - — 
l I 
] l 
| | 
| l 
| wt 


(d) 
Figure 11-1 Instantaneous v(t), i(t), and p(t). 
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referenced as in Figure 11-1(b). These are plotted in Figure 11-1(d). With these 
associated references, we remember that the instantaneous power in the circuit is 


P(t) = v(t)i(t) (11-5) 
Here we obtain from Equations 11-3 and 11-4 
P(t) = VI, COS (ot + 0,) cos (wt + 0,) W (11-6) 


and the plot of p(t) is also shown in Figure 11-1(d). In practice, this plot can be 
obtained point by point, by multiplying a value of v(t), say, v(t,) by the corresponding 
value of i(t), i(t,). Several observations can be made immediately: 


1. The instantaneous power is zero whenever v(t) or i(t) is zero. At these 
instants, no power is delivered to or from the circuit. 

2. The instantaneous power is positive whenever both v and i are of the same 
sign (both positive or both negative). Then, by our convention, power is 
delivered to the circuit. 

3. The instantaneous power is negative whenever v and i are of opposite signs. 
Then power is delivered by the circuit. 

4. The instantaneous power appears to oscillate at twice the frequency o. 

5. The average value of p(t) appears to be positive; that is, the circuit receives a 
net (average) power. 


To support these observations more rigorously, let us use the trigonometric 
identity of the product of two cosine functions 


cos x cos y = $[cos (x — y) + cos (x + y)] (11-7) 


in Equation 11-6. With x = wt + 0, and y = wt + 0; the result is 


EI VI 
p(t) = E “cos (0, — 0) + Dp 7 cos (2ot + 0, + 0;) (11-8) 


We recognize immediately the average (constant) power 


VI 
P,-—5"cos(6,—0) W (11-9) 


av 


and the second term as a double-frequency term oscillating about P,, with the 
frequency 2o. 
The angle (0, — 0;) is the angle between the phasors V and I. Since 


V — ZI (11-10) 
we have 
0, = 0, + 0; (11-11) 
Or 


0, — 0, — 6, (11-12) 
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When there will be no room for misunderstanding, we'll write simply 
020, = 0, — 0; (11-13) 
and define the power factor (p.f.) of the circuit as 
p.f. 2 cos 0 (11-14) 


the cosine of the angle between V and I. We know that 0 < cos 0 < 1. Then Equation 
11-9 becomes 


V 
Ps 7 008 @ (11-15) 


The meaning of “power factor” can be interpreted as the percentage, from 0 to 1, of 
the maximum value of the average power V,,,/,,,/2. 


EXAMPLE 11-1 
In a single resistor, we have 

Up(t) = V, cos (ot + 0,) 
and 


Up(t) 


ip(t) - R 


= [,, cos (ot + 0;) 


Solution. The phasor relationship is 


that is, V and I are in phase, as in Figure 11-2(b). Therefore, the power factor is 
cos 0 = cos 0° = 1 and the average power is 


id i. OE. 
2 3 


and the resistor receives power (and converts it into heat, light, etc.). 
To review the time-domain relations, we have here 


P(t) = Vg(tig(t) = Vln cos? (ot + 6,) 


Since 
cos? x = $ + 4 cos 2x 
we have 
Vt AS 


p(t) = + cos (2ot + 0,) 


2 


The average of p,(t) is indeed V, 1,/2. The plots of va(t), ig(t), and p(t) are shown in 
Figure 11-2(c). From it, we recognize that v,(t) and ig(t) are in phase, and that the resistor 
always receives power because, at every instant, 


py(t) = 0 
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i(t) Im 


Re 


(a) (b) 


ve) Probs. 11-1 
Figure 11-2 Example 11-1. B 11-2 


EXAMPLE 11-2 
In a single capacitor C, we have 
u(t) = V,, cos (wt + 0,) 


and 
4 dv¢ 
i{t)=C u^ OCV, cos (ot + 0, + 90°) 
= I, cos (ot + 0, + 90?) 


Solution. The phasor relationship is 


| 1 
C ^ joC 
as shown in Figure 11-3(b), with I, leading Vo by 90°. The power factor here is 
cos 0 = cos (0, — 0;) = cos (— 90°) = 0 


Ic 0, = 0, T 90° 


and 


11-1 INSTANTANEOUS AND AVERAGE POWER 329 


In the sinusoidal steady state, the capacitor is lossless, since the average power in it is 
zero. 
The time-domain calculations yield 


VI 
Pelt) = ve(t)ic(t) = V, I, cos (wt + 0,) cos (wt + 0, + 90°) = 5 ™ cos (2wt + 90?) 


which is a sinusoid of double frequency with zero average, as in Figure 11-3(c). Over 
one-quarter cycle of v(t) or i(t), the capacitor receives power, p(t) > 0, and over the next 
quarter cycle it delivers back the same power, p,(t) < 0. 


(a) (b) 


(c) 
Figure 11-3 Example 11-2. a 


EXAMPLE 11-3 
In a single inductor L, we have 

i,(t) = I,, cos (wt + 0,) 
and 


di,(t) 


v(t) = L di 


= wLI,, cos (wt + 0; + 90°) 


Solution. The phasor relationship is 
Vi = joLIlj; 0, = 0; + 90° 
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as shown in Figure 11-4(b). The phasor V, leads I, by 90*. Here the power factor is 


cos 0 = cos (0, — 0;) = cos 90° = 0 
and 
r= 0 


av 
Like the capacitor, an inductor is lossless in the sinusoidal steady state, receiving power, 
p(t) > 0, over a quarter cycle of v(t) or i(t) and returning it, p, (t) < 0, over the next 
quarter cycle. 


Im 
i, (t) 
——— Mie 
V, 

E 

v; (t) L 
90* 
Re 
(a) 
I, 
(b) 
v, (t) i, (t) 
(c) 

Figure 11-4 Example 11-3. Li 


In all these calculations, we must make sure not to forget the fundamental time- 
domain relationships. After all, only they have physical significance. Phasors are 
useful only to the extent that they allow us to interpret time-domain equations. By 
themselves, phasors are just a bunch of complex numbers without any physical, 
real-time meaning. 

In specifying the power factor for a general circuit, we use the convention of 
capacitive and inductive circuits. Specifically, in a capacitive circuit, the phasor I leads 
the phasor V, and then we say that the power factor is leading. In an inductive circuit, I Probs. 11- 
lags behind V and the power factor is lagging. See Figure 11-5. 11-4 
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I 
V 
p.f. = cos 0 (o moe, p.f. = cos 0 
V 
I 


(a) (b) 
Figure 11-5 (a) Leading p.f. (b) Lagging p.f. 


EXAMPLE 11-4 


In a certain one-port network 


V = 10/—25? 
and 
I = 30/45° 


at œ = 1000 rad/s. Calculate the power factor and the average power. Also, identify the circuit 
with its elements. 


Solution. We have here a capacitive circuit since I leads V. Also 
0 = 6, — 8; = —25° — 45° = —70° 
and therefore the power factor is 
cos (— 70°) = cos 70° = 0.342 


leading. The average power is 


10)(30 
E: X ) 0342 = 513 W 


av 
The impedance of the circuit is 


E eL. nr - n Sti R — jx 
CU 2 C n LP eam qe 


and consists of a resistor R = 0.114 Q in series with a capacitor whose reactance is 
— X, = —0.313 Q = —1/oC, and so C = 1/(0.313)(1000) = 3.2 mF. This answer, of 
course, is not unique. We could write also 


vy-l. SÉ 104/832-G4jB 
E d» ee ca 


and identify a parallel connection of a resistor of 1/1.03 = 0.98 Q and a capacitor whose 
susceptance is 2.82 U = œC, or C = 2.82 mF. 

We encounter here a basic property of circuit design, or circuit synthesis: In 
designing a circuit from given responses, there may be more than one answer. In circuit 
analysis, on the other hand, we have the circuit and calculate the responses; the answer 
here is unique. 5 
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EXAMPLE 11-5 


In a certain one-port network, the following readings are made: V, is measured with a 
voltmeter, V, = 65 V; I, is measured with an ammeter, I„ = 2.4 A; P,, is measured with a 
wattmeter, P,, — 50 W. Calculate the power factor and identify the circuit. Comment on the 
uniqueness of your answers. 


Solution. We write from Equation 11-9 


65)(2.4 
50 = OK) cos 0 
2 
cos 0 = 0.64 


Since 
cos 0 = cos (— 0) 


we have either a capacitive circuit with a leading power factor or an inductive circuit with 
the same numerical lagging power factor. 
In the capacitive case we write 


IV| 65 
== — =2719 


Z| = — = 
i£ l| 24 


and 0, = 0, — 0; = —cos ^! 0.64 = —50.21*. Consequently 
Zrc = 27.1/ —50.21? = 17.34 — j20.82 = R + j( — Xo) 
In the inductive case 


0, = 0, — 0; = cos! 0.64 = 50.21? 
Zp = 27.1/50.21° = 17.34 + j20.82 — R + JX, 


These possibilities are shown in Figure 11-6. Not only is the nature of the one-port 
network not unique (capacitive or inductive); within each category, the answers are not 
unique themselves, as we saw in Example 11-4. 

As a final comment here, we are lucky that the power factor is cos 0 and not sin 0, 
for example. Had it been sin 0, then a capacitive circuit would have 


sin( —0) = —sin 0 


(a) (b) 
Figure 11-6 Example 11-5. 
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a negative power factor, meaning that an RC circuit could deliver power—an obvious 
absurdity. Actually, it is not simple luck. Our mathematical calculations must conform to 
the laws of nature, and therefore cos 0, and not sin 0, turns out to be the power factor. 

m 


11-2 EFFECTIVE VALUES 


To introduce the idea of effective values and their meanings, we turn back to Example 
11-1. There we calculated the average power in a resistor with sinusoidal voltage and 
current. To repeat, we had 


ip(t) = I,, cos wt (11-4) 
and 


Up(t) = Rig(t) = RI, cos wt = V, cos wt (11-3) 


Here we have assumed 0; = 0° and, consequently 0, = 0° also. The power factor is 
cos 0 — 1. We found there 


P= =n (11-16) 


Now we pose the following question: What value of a constant (dc) current will 
produce the same average power in R? If we call this value I4, the effective value of 
the sinusoidal current, we have then 


RI? . 


av 


or 
m 
— ~ 0.7071. (11-18) 


I. = Ja 


The situation is depicted in Figure 11-7(a) and (b). The sinusoidal current I, cos wt 
produces the same average power in R as does the constant current I.tr- 


() 7I (21 im 
iG} = m cos ot( $) (y a (4) 
V2 


(a) (b) 
Figure 11-7 Effective value. 


Probs. 11-5, 
11-6, 11-7 
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Since 
V 
=” 11-19 
m= (11-19) 


and 
E " V 


= — 11-20 
av 2R R ( ) 


we reach the same conclusion about the effective value of a sinusoidal voltage 


V, 
Ve = = x 0707F, (11-21) 


~ 


Now we generalize this discussion to any periodic current or voltage. Such a 
waveform is shown in Figure 11-8(a). The instantaneous power in R is 


p(t) = [(t)]^ R (11-22) 
Its average over one period (and repeating thereafter) is 
EN EIU ea 
Pu => t=— i Rd 11- 
» rf roa | co r (11-23) 


Here the average of p(t) is calculated as usual, by taking the sum (integral) of all the 
instantaneous values and averaging the sum by dividing by T. Another way to look at 
the average is geometrical: We find the area under p(t) over one period (by 


(b) (c) 


Figure 11-8 A periodic function. 
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integration); then we divide by the base T to find the height of a rectangle of the same 
area. See Figure 11-8(b). 

We equate P,, in Equation 11-23 to the average power produced by the constant 
current /.q 


T 
IZR = zi [it)]?R dt (11-24) 
0 


i D. an [i(t)]? dt (11-25) 


Generically, the effective value of any periodic function f(t) is defined as 


1 fd 
Fa [7 | [SOJ at (11-26) 


This general expression can be read as “the square root of the mean (average) of the 
squared function”; more briefly, it is called the root mean square (RMS) value of f(t), 
or the effective value of f(t). By extension, it is applicable to any periodic waveform, 
current or voltage. 

We have found that the RMS value of a pure sinusoid is its amplitude 
divided by Ja This is the common value cited for sinusoids; for example, the outlet 
voltage in most U.S. households is 120 V effective; so the voltage waveform is 
ut) = 120,/2 sin 27(60)t = 170 sin 377t. If the rating of a lightbulb is, for example, 
“120 V, 100 W,” it means that with an effective voltage of 120 V, the average power 
dissipated in the bulb is 100 W. 

Using effective values, the expression for the average power (Equation 11-15) 
becomes 


From this we get 


—= —— cos 0 = Vasele cos 0 (11-27) 


iN; 


Several examples will illustrate these ideas. 


EXAMPLE 11-6 


Calculate the average value and the effective value of the triangular voltage waveform shown in 
Figure 11-9. What is the average power dissipated in a 1-Q resistor if this v(t) is the voltage 
across it? 


v(t) 


m" T AT 3T 
Figure 11-9 Example 11-6. 


336 


11/POWER IN THE SINUSOIDAL STEADY STATE 


Solution. The expression for v(t) is 


iis. 0<t<T 
v “T = 


and it is periodic thereafter. Consequently, its average value is 


V. JT B nsa 
El T ae Si 


which is also easy to recognize by inspection. The RMS (effective) value of v(t) is 


Vine = =| A e dtes 0.577 A 
ett — [m i T "B . 


The average power will be 


EXAMPLE 11-7 


A small electric motor is driven by a sinusoidal voltage source, the household outlet. The plate 
on the motor reads, “120 V, 600 W, 0.8 p.f. lagging.” Calculate the impedance of this motor and 
draw a circuit model for it. 


Solution. From Equation 11-27 we have 

600 = (120)(1,,,)0.8 
or 

Toe = 6.25 A 


If we take V as reference, we can write 


V = 120,/2/0° 


and 


I = 625,/2/ —cos + 0.8 = 6.25,/2/—36.87° 


since this is a lagging power factor. From these two phasors, the impedance of the motor 
is 


V 
Z- I 19.2/36.87° = 15.4 + j11.5 = R + jX, 


and we recognize the model as a series connection of R = 15.4 Q and L = 11.5/(27)60 = 
31 mH. 


EXAMPLE 11-8 


In the previous example, we can check our results by using Equation 11-17 


P,, = 12,,R = (625)1154 = 600 W 


since no average power is dissipated by the reactance. 
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The angle between V and I is 


ee ee 
p= 0; — tan 154 
and so the power factor is 
cos Ó — cos (‘an : Ba) = (8 m 
15.4 


EXAMPLE 11-9 


Find the average value and the effective value of i(t) shown in Figure 11-10. Also calculate the 
heat energy dissipated by R = 2 Q carrying i(t), between t = 0 and t = 4s. 


Figure 11-10 Example 11-9. 


Solution. Here we have 


TE 8 Ee ee | 
kan uo ee 


for i(t) over one period. Therefore 


1 T 1 1 3 
a ; | i t ||, Pak ) r 


This result can be recognized also by inspection. Whenever the total area under f(t) is 
zero over a period, the average value F,, is zero. To calculate I4, we write 


1 1 9 
lee = |3 | (8)? dt + | (—4)? a = 5.66 A 


The energy dissipated is 
Probs. 11-8, 


4 
w= | P,, dt = (5.66)*(2)(4) = 256 J 11-9, 11-10, 
| av (5.66) (2(4) M. xa 


11-3 REACTIVE POWER. COMPLEX POWER 


In a previous section (Examples 11-2 and 11-3) we found that the instantaneous 
power in a pure capacitor is 


mlm 


P(t) = sin 2%wt (11-28) 
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while for a pure inductor 


p, (t) = — Am sin 20t (11-29) 
The average power in each case is zero. A capacitor and an inductor do not absorb 
and dissipate power like a resistor. The instantaneous power (Equation 11-28 or 
11-29) is positive when energy is stored in L or in C, and is negative when that energy 
is removed from the element. The element is lossless since P,, — 0. Also, since 
pct) = —p,(t) at every instant, we recognize the “give-and-take” interaction of 
energy between these elements. Their total instantaneous power is zero, as is their 
average power. 
Let us derive the power relations in a general impedance Z using the geometry of 
complex numbers. An inductive circuit will have an impedance 


Z-R-jX, (11-30) 


with a lagging power factor, cos 0, as shown in Figure 11-11(a). A capacitive circuit 
has the impedance 


Z-R-jX. (11-31) 


and a leading power factor, cos 0, as shown in Figure 11-11(b). 

In power calculations, it is convenient to draw phasor currents and voltages 
with their effective (rather than peak or amplitude) lengths. Let us adopt this 
convention and let the current through Z be the phasor I 


E L0" (11-32) 


If we multiply each side of the impedance triangle in Figure 11-11(a) by I4, (a positive 
number), we'll get the voltage triangle in (c): The horizontal side is V, = V, = Lete R, 
the voltage across R; the vertical side is (in magnitude) V, = I4; X z, the voltage across 
X,; and the hypotenuse is V, = I,4,Z,in magnitude the total voltage across Z. For the 
capacitive case, the voltage triangle is shown in Figure 11-11(d), with V, in phase with 
I and V, lagging behind I by 90°. It is important to see that the voltage triangle is 


R 
Z Z Vz ISI = Veee Lege 
x x. I x = V. = 2 
? d L eff ^* L L Q, I XL 
iki a. a. ; a l 


R Vg 7 Ieg R P IR 
(c) (e) 


R Vg 7 lg R P=TepeR 
RÈ N " Sd diii." 
- Latos V, Qc7 leg X 
C ic 7 Vc C tc 
Z Z V, i Vere Leff j 
-Xa 
| (b) (d - (f) 


Figure 11-11 Impedance, voltage, and power triangles. 
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similar to the impedance triangle, since it is a scaled version of it: Every side is 
multiplied by 7,,,. Thus, 0 and cos 0 are preserved. 

Now multiply the voltage triangle by I „pp. See Figure 11-11(e),(f). The horizontal 
side becomes 


P-INR W (11-33) 


the average power dissipated in Z. For convenience, we dropped the subscript 
"average" from P, since there is no doubt about it. The vertical side becomes now 


Q, = IX VAR (11-34) 


the reactive power in the inductance. The units of Q, are the same as P; however, to 
distinguish them, the units of Q, are called volt-ampere reactive, or VAR. Reactive 
power is not dissipated or converted into another form like P. It is needed only to 
establish and maintain the electric and magnetic fields associated with capacitors and 
inductors. As an added way to distinguish between P and Q, the term real power is 
sometimes used for P. 

The hypotenuse of the power triangle is the product VI, called the 
volt-ampere (VA) or apparent power. In complex number notation, we write 


S —P + jQ (11-35) 
directly from the power triangle. Also it is seen from the power triangle that 
P = |S| cos 0 = Verl ar cos 0 (11-36) 
as expected, and 
Q, = |S| sin 0 = VI, sin 0 (11-37) 


The quantity S is called the complex power. 
For the capacitive case, Figure 11-11(f), we have a negative reactive power 


Qc = —I2,X.c = —|S| sin 0 (11-38) 


in agreement with its opposite nature to Q,. There is nothing mysterious about the 
negative reactive power of a capacitor. It does not mean that a capacitor provides 
power. All it means is that the reactive power (not the real power!) in a capacitor is of 
opposite sign to the reactive power in an inductor. The complex number equation for 
S in the capacitive case is 


S = P — jQc (11-39) 
For the general case, we can obtain the expression for S as follows. We write 
V = V.g/0, = Verge?” (11-40) 
and 
I = I 4:/0; = I, e" (11-41) 


in accordance with our new convention for phasor lengths. Then 


P = Vege] egg COS 0 = Vaca; cos (0, — 0;) 
= Re (V. e^ : Lae 75 (11-42) 
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where, as usual, Re stands for “the real part of ... .” Therefore, Equation 11-42 is 


rewritten together with Equations 11-40 and 11-41 as 
P = Re(VI*) 
where I* is the complex conjugate of the phasor I 
I* = (I ee)" = I.e 
Therefore, the complex power S is given by 
Sz VI* = P+ 0 
where the (+) sign is attributed to Q, and the (— ) sign to Qc. 


EXAMPLE 11-10 


In Example 11-7, we had 
V — 120/0* 
and 


I = 6.25/— 36.87" 


Solution. 
S = VI* = (120/0°)(6.25/36.87°) 
= 750/36.87° = 600 + j450 
Consequently 


P = Re {S} = 600 W 
and, since the imaginary part of S is positive, we have an inductive circuit 
Q, = 450 VAR 
The apparent power to this circuit is 
IS] = (120)(6.25) = 750 VA 


as maintained by the source. 


EXAMPLE 11-11 


(11-43) 


(11-44) 


(11-45) 


Two loads are connected in parallel to a voltage source, as shown in Figure 11-12(a). The 
nameplate on load A reads, “3000 W, 220 V, 0.85 p.f. lagging.” The nameplate on load B reads, 
“5000 VA, 220 V, 0.7 p.f. leading.” Use the power triangles to calculate V and I and the power 


factor of the combined load. 


Solution. First, we use V, the common phasor, as a reference at 0° 
V = 220/0° 
The power triangle of load A is obtained as follows. We are given 
P, = 3000 W 
and 
cos 6, = 0.85 lagging (inductive) 
0, = 31.79° 
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M] B 
05 

Q, = 1860 VAR 
e “i Qp 7 —3570 VAR 


P, -3kW 


(b) (c) 


P=P,+P,=6500W 


| x 
Q=Q, +Q,=-1710 VAR 


(d) 
Figure 11-12 Example 11-11. 


Then, since 


we have 


Q, = P, tan 0 = (3000)(0.62) = 1860 VAR 


the inductive reactive power. The complete power triangle for A is drawn in Figure 
11-12(b). For load B, we are given 


|S,| = 5000 VA 
and 
cos 0, = 0.7 leading (capacitive) 
6, = 45.57° 
Since 
s = COR B, 


P, = (5000)(0.7) = 3500 W 
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Also, since 
Qs  . 
— = Sin 0 
IS] 
Qg = —3570 VAR 
the capacitive reactive power. The power triangle for load B is shown in 
Figure 11-12(c). 
The total power triangle at the source has therefore 
P = 3000 + 3500 = 6500 W 
Q = 1860 — 3570 = —1710 VAR 


and is shown in Figure 11-12(d). From it, we obtain immediately 


and the total power factor is 
cos 0 = cos (— 14.74°) = 0.967 leading 


As a final bonus, we can also calculate I as follows: The total apparent power at the 
source is 


IS| = ./P? + Q? = 6721 VA = Voce] cee 
and therefore 


6721 


= —— = 30.55A 
eff 220 0.55 


Consequently, since we took V as reference 
V = 220/0° 
we have 


I = 30.55/14.74° 


because the power factor is leading. 
This example illustrates how simple, yet powerful (pun intended) this method is 
using the ideas and the geometry of the power triangle. i 


11-4 POWER FACTOR CORRECTION 


The previous example will serve to illustrate the very common practice known as 
power factor correction. See Figure 11-13(a). An industrial plant is a typical load with 
an inherent lagging power factor, because electric motors are inductive circuits. If this 
power factor is low, say, 0.7, the load requires a large reactive power + Q for a given P 
and 0, as shown in Figure 11-13(b). That's where the power company supplying this 
load becomes unhappy for two main reasons: (1) In order to maintain this power 
triangle, the power company must maintain a large apparent power |S| = Vogel ¢¢. The 
customer (the load) pays for only a fraction of this apparent power, 70 percent in our 
example. The meter that runs up the electric bill measures only the energy 


1 


Probs. 11-1: 
11-12, 11-13 
11-14, 11-15 
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(a) 


Vere lege = ISI 


(b) (c) (d) 


Figure 11-13 Power factor correction. 


consumption in kilowatt hours (kWh), where 1 kWh = (1000)(3600) watt - second = 
3.6 x 10° joules, and the paid-up energy is 


t2 t2 
J =| P dt = P(t, — ti) (11-46) 


1 


(2) With a large apparent power, the current in the transmission line is large. This 
causes heat losses in the line, I2, R. Perching birds enjoy it during cold weather, but 
they don't pay for it. 

For these reasons, the power company can (and usually does) insist that the 
industrial plant improve its power factor to, say, 0.95 lagging. This is done by 
connecting an appropriate capacitor across the load. The power triangle for the 
capacitor is shown in Figure 11-13(c), assuming an ideal lossless capacitor. The 
drawing shows a horizontal P simply to clarify this point. In fact, Pc = 0 for the ideal 
capacitor, and the triangle becomes a single vertical line. 

The new, overall power triangle for the load and the capacitor is shown in 
Figure 11-13(d). The new real power Py is the same as before, Py = P since Po = 0. 
The new reactive power is 


Qy = Q — Qc (11-47) 


and its value is known from the specified new power factor, cos 0x, in our example 
0.95 lagging. We can therefore calculate the required reactive power of the capacitor, 
— Qc, and the complete specifications for the capacitor. 


EXAMPLE 11-12 


Assume an inductive load of the following specifications: 220 V, 3 kW, 0.7 p.f. The improved 
power factor is 0.95 lagging. 
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Solution. We have, from Figure 11-13(b), 
Q = P tan 0 = 3000 tan (cos! 0.7) = 3060 VAR 
In the new power triangle, we must have 
Oy = Py tan (cos! 0.95) = (3000)(0.329) = 986 VAR 
The capacitor’s reactive power is therefore 
Qc = 986 — 3060 = —2074 VAR 
Now, in Figure 11-13(c) we have 
(Qel = [Sel = VereLerr = 2201 ote VA 
Therefore, the effective current in the capacitor is 


_ 2074 


I. == 220 == 9.43 A 


The magnitude of the reactance of the capacitor is 


Wel z | =|X,|= _ Ver 20 _ 33330 
[Ic | = ach = Me -ØC Li. 94 ~~ 
and therefore, at œ = 27(60) = 377 rad/s, we get 
1 1 
= 114 uF 


cis o|X¢| (377)03.33) 


The complete specifications for the capacitor are then: 114 uF, 220 V, 2074 VA. A 
practical capacitor will be 100 uF, 220 V, 2 kVA. ge 


11-5 MAXIMUM POWER TRANSFER 


At times, we are interested in delivering to a load the maximum possible average 
power; this is possible if the impedance of the load can be adjusted or preselected. The 
situation is shown in Figure 11-14(a). Here we make use of Thévenin's theorem and 
replace the entire network seen by the load by its Thévenin's equivalent, as in Figure 
11-14(b). We remember that as far as the load Z, is concerned, the two configurations 
are the same: The voltage and current at terminals A-B remain unchanged. 

We write 


Loy = Rin + jXp (11-48) 
and 
Z,=R,+ jX, (11-49) 


allowing each reactive term to carry its sign, positive if inductive and negative if 
capacitive. In Figure 11-14(b) we have 


Vin Vin 


je ee tee o n (11-50) 
Zr, tZ, (Re, + Rj) +K + Xo) 


Probs. 11-1 


11-17, 11-18 
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Network Load 
(sources, 
impedances) 


(a) 


(b) Figure 11-14 Maximum power transfer. 


The average power P delivered to the load is thent 

IV R 
(Rin + R) + (Xi - X) ’ 
and we wish to maximize this quantity. Let us remember that only the load is 
adjustable; in other words, Vrp, R44, and X, are fixed by the network to the left of 


terminals A-B. Only R, and X, are adjustable, and they are independent variables. 
Rather than rush into heavy calculus and set 


P = |I?R, = (11-51) 


—— md 11- 
R, (11-52) 
and 
oP 
= 11- 
ax, 0 (11-53) 


for maximizing P with respect to these two variables, we should look again at 
Equation 11-51. The quantity (X4, + X,)? in the denominator is never negative. 
Therefore, it contributes to a larger denominator and, consequently, to a smaller P 
unless 


With this condition satisfied, Equation 11-51 becomes 
R 
P = Vn Ml 11-55 
| Vin (Rs 4 Ry ( ) 


t We are using effective (RMS) values for the phasors of all the sinusoidal voltages and currents. 
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and now we invoke Equation 11-52—a much easier task. The result is 


oP - |V |2 (Rirn EE Ry m 2R (Ren T R,) = 
OR, | 7 (Rr, + R,)* 


0 (11-56) 


From which we get 
R, = Ray (11-57) 

Combining Equations 11-54 and 11-57, we get the desired answer 

Zo = R, + jX, = Ry — JXn = Zt, (11-58) 
For maximum power transfer, the adjustable load impedance must be equal to the 
conjugate of the Thévenin impedance. This power is then, from Equation 11-55, 
Vin "s B 1 [Vra]? 
Rad ^ 4 R, 


P =|I/?R, - (11-59) 


EXAMPLE 11-13 


In the network shown in Figure 11-15, what must be Z, so that maximum average power is 
transferred to it? What is then this power? 


M E 
Impedances B 
(a) 
A 
4.5 71.5 
4.5 
254.6 /-45° 
— PL3 
B 


(b) 
Figure 11-15 Example 11-13. 


Solution. We obtain Vr, by a voltage divider after removing Z, as 


V. = 120/0° —————— = i —45" 
and 


Zi = (7 j3)I(1 + j2) = 4.5 + j1.5 
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Therefore 
Z,—-2Z*5,-45-— ji5 


as shown in Figure 11-15(b). The average power to this load is then 


Probs. 11-19 

1 254.6? : 

niri — 3600 W 11-20, 11-21, 
4 45 m 11-22 


PROBLEMS 


11-1 Calculate the power factors for the circuits shown in (a) to (d). 


2 
——— -j4 j4 3 
Impedances Impedances 
(a) (b) 
jl 
—Ó =] 2 =Z 
Admittances Admittances 
(c) i (d) 


Problem 11-1 


11-2 A one-port network has a current applied to it 
i(t) = 3 sin (10t + 45°) 
The response steady-state voltage is 
v(t) = 0.4 cos (10t — 20°) 


(a) Plot i(t) and v(t) accurately versus (10t). 

(b) Plot p(t) by multiplying i(t) by v(t) point by point in (a). 

(c) From the plot of p(t) read a reasonably accurate value of the average power P,,. 
(d) Calculate the power factor of this one-port network. 

(e) Write the expressions for V and I. 

(f) From (d) and (e) calculate P,, and compare with (c). 


11-3 (a) In Problem 11-1, classify each power factor as leading or lagging. 
(b) For each circuit, draw an equivalent circuit having the same impedance but 
consisting of only two elements in series. 


11-5 


11-6 


11-7 


11-8 


11-9 
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An impedance Z, has a lagging power factor of 0.8. A second impedance Z, has a 
leading power factor of 0.8. What can you say about the power factor of 


Z, = Z, + Z; 
Justify fully your answer. 


A load consists of the parallel connection of R = 5 Q and L = 2 mH. It is driven by a 
current source, i,t) = 10 cos (4000t + 15°). 

(a) Calculate the average power received by the load. 

(b) What is the power factor of the load? 


A capacitor of susceptance 40 is connected in parallel with a conductance of 40 to a 
current source 
i(t) = 3 cos 10°t 


(a) Calculate the average power received by the load. 
(b) Calculate the power factor of the load. 


For a one-port network we are given 
v(t) = ,/2.50 cos (wt + 40°) 
i(t) = ./2 10 cos (wt — 65°) 


with their standard associated references. Calculate P,, and state whether the one-port 
is delivering it or receiving it. 


Calculate the effective value of the half-wave rectified sinusoidal voltage shown in the 
figure. 


Problem 11-8 


Calculate the effective value of the full-wave rectified sinusoidal voltage shown in the 
figure. 


Problem 11-9 


11-10 The current i(t) through a resistor R = 2 Q is a periodic decaying exponential and is 


shown in the figure. Calculate the average power dissipated in R. 
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11-11 


11-12 


11-13 


11-14 


11-15 


i(t) 


t [s] 


Problem 11-10 


A load has the impedance Z,,,4 = 10 + j2. It is connected through a short transmission 
line whose impedance is Zine = 0.8 + jO to a sinusoidal voltage source V,,, = 120 V. 
See the figure. Calculate: (a) the average power delivered to the load; (b) the average 
power in the line; (c) the power factor of the load; (d) the power factor seen by the 
source. 


Line 


unns 
Ziline Load 
Load 


Vere 120 V 
Problem 11-11 
A resistor R = 10 Q is connected in series with an inductor L = 0.05 H. In parallel with 


these is a capacitor C = 2 mF. This circuit is driven by a current source i(t) = 


10, /2 cos 50t. 
(a) Calculate and draw the voltage triangles for the RL branch and for the C branch. 


(b) Calculate and draw the power triangles. 
(c) From (b) find the power factor of this circuit. 


A series RL branch is given as Z, = 3 + j2. A series RC branch is given as Z, = 2 — j3. 
These are connected in parallel and a voltage source V = 50/0° (effective value) excites 
them. Calculate and draw the power triangles of Z,, Z,, and of the total circuit. What is 
the total power factor? 


For a one-port, we know that 
V — 110/0* œw = 500 rad/s 
I = 30/— 60° 


Calculate the complex power and the apparent power. From the reactive power and 
I 44, identify the reactive element (L or C) and its value. 


Prove the following useful expressions for P and Q: 
(a) P =4[VI* + V*I] 


1 
(b) Q = 2i [VEF = Fa 
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11-16 Three loads are supplied by a generator (an ac voltage source), as shown: (1) Z, isa 


motor, rated at 50 kW, 220 V, 0.85 p.f. lagging. (2) Z, is an electric heater, purely 
resistive, rated at 8 kW. (3) Z, is an electric welding machine, modeled as Z, = 3 + j3. 
Calculate the capacitor needed in order to have the generator operate at 0.98 p.f. 
lagging. The entire system is in a European country where f — 50 Hz. 


Problem 11-16 


11-17 A generator (an ac voltage source) has a rating of 2 MVA (= 2 x 10° VA). It supplies a 


load whose power factor is 0.85 lagging. In order to improve the power factor to 0.975 
lagging, a capacitor is connected across the load. Calculate the rating of C in VAR if: 
(a) The average power supplied by the generator is to remain constant. 

(b) The apparent power supplied by the generator is to remain constant. 


11-18 A load Z = 10 + j8 is supplied by a source of 120 V at 60 Hz. To improve the power 


factor to 0.95 lagging, a lossy capacitor is connected across the load. The lossy capacitor 
can be modeled as a series connection of a resistance r and a pure capacitance C. The 
power factor of this lossy capacitor is 0.087 leading. Calculate C. 


11-19 Verify Equations 11-54 and 11-57 by applying Equations 11-52 and 11-53 to Equation 


11-51. 


11-20 Derive the condition for maximum power transfer for a purely resistive network and a 


purely resistive load R,. Plot P versus R,, where 0 < R, < oo. 


11-21 Assume that in Figure 11-14 the magnitude of the load impedance |Z,| can be adjusted 


but not its angle. Prove that maximum power transfer will occur when 


|Z,| = IZ 


11-22 In the op amp circuit shown, calculate the output voltage v,; then calculate the average 


power in an output resistor, R, = 10 Q. 


v, = 0.8 cos 21105; 


(Q, H, F) 


Problem 11-22 


Chapter 12 


Transformers 


A transformer is an electrical device consisting of two (or more) mutually coupled 
inductors. In our study here, we'll review the phenomenon of mutual induction, and 
apply sinusoidal steady-state (phasor) methods to circuits with various transformers. 


12-1 THE TRANSFORMER 


A basic scheme of a transformer is shown in Figure 12-1(a). Two inductors (or “coils” 
in industrial lingo) are wound on a core of a ferromagnetic material such as iron, steel, 
and their alloys. A current i,(t) flows in one inductor. As we studied in Chapter 6, a 
magnetic flux $, is established by this current, and in a linear inductor it is given by 


(O = L4iq(t) webers (12-1) 


This flux links, in part, its own inductor and, in part, the second inductor, as shown in 
Figure 12-1(a). We write 
$i(t) = h11) + Gril) (12-2) 


where @, , is the flux linking coil 1 and @,, is the flux linking coil 2. The ferromagnetic 
properties of the core concentrate this flux and keep it within the path of the core, thus 
maximizing $;,, the part of $, which links the second inductor. 

The direction of the flux lines is found by the familiar right-hand rule: Wrap 
your right hand's fingers in the direction of the flow of the current; your thumb then 
will point in the direction of the flux inside the inductor. 

The time-varying flux ¢,(t) causes the voltage drop v,(t) across L, 

| do, di, 


Vy 
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M A 
9 
+ + 
Lj V9; Vij 
B 
(b) 


Figure 12-1 A transformer with one excitation. 


(c) 


with the standard associated references for voltage and current: The (+) of the 
voltage is at the tail of the current’s arrow. Also, the partial flux @,,, created by i, and 
linking L,, induces in L, a voltage v,,, as described in Chapter 6 

d$; di, 

p = M — 12-4 
V2; dt dt ( ) 


where M, in henrys, is the mutual inductance between L, and L,. We are using the 
subscript i temporarily to remind us that this is an induced voltage in an open- 
circuited L,. 

The reference sign for v, is determined by the relative sense of the windings of L, 
and L,, as follows: Let us mark with a dot the terminal of L, into which i, flows. Then 
we use the right-hand rule to determine the direction of the flux $,. Next, we repeat 
this experiment just for the second inductor L,: We let i, flow into one arbitrarily 
marked terminal on L,. By the right-hand rule we determine the direction of $,, the 
new flux created by i,. If this direction is the same as $, (caused by i,), then the dot 
marked on L, is correct. If not, we mark the other terminal of L, with a dot. 

The dot convention for induced voltages and their inducing currents, as studied 
in Chapter 6, is: The induced voltage v,; will be (+) at its dot on L, if the inducing 
current i, enters its own dot on L,. This is shown in Figure 12-1(b). As a matter of 
practice, transformers carry the dot marks from the manufacturer, so we don't have to 
go through this experiment with every unit. The circuit diagram of Figure 12-1(a) is 
shown in Figure 12-1(b). 

In Chapter 6 we gave also the relation between M, L,, and L,. It is 


M - k/ LL; (12-5) 
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Sx 


(a) (b) 
Figure 12-2 A transformer as a 2-port network. 


where k is the coefficient of coupling between L, and L,. It is a measure of how closely, 
or tightly, the two windings are linked. We stated there, without proof, the limits on k 


0<k<1 (12-6) 


which sounds reasonable: k = 0 implies M = 0, and then there is no coupling at all; a 
weak coupling means a small k, and for a very tight coupling k approaches unity. It is 
very instructive to derive Equation 12-6 on the basis of energy considerations, and we 
will do it soon. 

When both windings of this transformer carry currents, as shown in Figure 
12-2(a), we use superposition, assuming (as we do throughout this book) that the 
transformer is linear. The total voltage across L, consists of the self-drop L, di,/dt due 
to i,, plus the induced voltage v,; = +M di,/dt due to i;. We did not show the dots in 
this figure, and therefore we write (+) in front of this term. Then 

noL + M P2 (12-7) 


Similarly, the total voltage v, consists of its own self-drop L, di,/dt plus the induced 
Uzi == +M di, /dt 
di, di 


ot) = £M Lu (12-8) 


Equations 12-7 and 12-8 are the basic equations of a two-winding transformer. 
If it is considered as a two-port network, we assume the variables v, and i, at one port 
and v, and i, at the other port, without actually worrying what type of sources (v or i) 
we have; these equations are always valid. 


EXAMPLE 12-1 


In the transformer circuit shown in Figure 12-3, write the two loop equations. The winding 
connected to a source is usually called the primary winding and the other one is the secondary 
winding. A third winding, if there is one, is called tertiary. Here the 1-Q resistor represents the 
resistance of the primary winding and possibly the internal resistance of the voltage source. The 
output (load) resistance R — 200 O includes the resistance of the secondary winding. 


Prob. 12-1 
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(2, H) 


Figure 12-3 Example 12-1. 


Solution. With the two loop currents as shown, we have the two loop equations 


E a, ; dh 
li, +1 ch 6d = Dt) 


6 fit, 597 + 200i, = 0 
oU det l, = 


The output voltage is 


Now let us do some power and energy calculations for the transformer. (See also 
Problem 6-24.) For the transformer in Figure 12-2, we have the total instantaneous 
power 


P(t) = p(t) + po(t) = vit) + v2(Hi2(0) (12-9) 


If we use Equations 12-7 and 12-8, this power is written as 


7 di, di;Y. di, 2 


di, 


=D. ha Lj; a a. M 3 7 ai) (12-10) 


Here we use the (+ ) sign for the mutually induced voltages. A similar derivation holds 
for a (—) sign. Let us assume that the initial energy at t — O is zero, that is, 
i(0 ) = i,(0 ) = 0; the transformer is taken fresh off the shelf. Then the energy 
delivered to it by the sources at any time t > 0 is the integral of p(t), 


w(t) — { po dx (12-11) 
0 


where, as usual, a dummy variable x must be used because t is the upper limit on the 
integral. Therefore 


‘ . di, di, 
= Lady —— + Leis — 12-1 
w(t) M 144 Ay + Lgl, he is M ~ (i i) [4s ( 2) 


The integration yields term, by term, 


w(t) = 3L, (t) 3L; is(t) + Mi (Hiat) (12-13) 


Prob. 12-2 
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The first two terms are old friends: Li? is the energy stored in an inductor, as we saw 
in Chapter 6. The third term accounts for the additional energy due to the mutual 
coupling. 

Quite obviously, w(t) cannot be negative. In other words, we must have 


Let us sit back and think how to guarantee this inequality: The first two terms are 
never negative, each one being the product of a positive number (L, or L,) and a 
squared real number. The third term, Mi,i,, will be positive if i,(t) and i,(t) are of the 
same sign, both positive or both negative. So the only way Equation 12-14 can go 
negative is if i,(t) and i,(t) are of opposite signs, that is, if 


i,(t) = —xi,(t) (12-15) 
where x is any real, positive number. We divide Equation 12-14 by i2 > 0 to get 
iL x? — Mx - 1L,20 (12-16) 
Now divide by +L, and complete the square on the first two terms, to get 
——|-—-—c-—20 12-17 
(x o) pr n Pere 


Since the square in the parentheses is always nonnegative, Equation 12-17 will be 
satisfied if 


M? L, 
in aoe ior cee te 12-18 
DL” tere) 
or finally, 
M? < LiL, (12-19a) 


from which Equation 12-5 follows. Aha! The condition on the coefficient of coupling, 
0< k <1, is basically a result of the fact that the transformer, like the resistor, the 
inductor, or the capacitor, is a passive device, receiving (but not generating) energy. 
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A perfect transformer is one whose coupling coefficient is maximum, that is, k — 1. 
This is called a perfect coupling and then we have 


M = VLL; (12-19b) 


For such a transformer, let us calculate the voltage ratio v,/v,. We use Equations 12-7 
and 12-8 together with Equation 12-19(b) to obtain 


v, Ly(di/dt) + / LiLy(di/d) —— , fe (12-20) 


UG +. /L Ltd, jd) +L (dno ^ Wb 


Be sure to check the last equality. 


Prob. 12-3 
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In physical, linear inductors, the inductance is proportional to the square of the 
number of turns (windings) in it. That is, 


Læn L, ec n$ (12-21) 
where n is the number of turns. Therefore, Equation 12-20 yields 
2 
IMMO ee MS P (12-22) 
V2 L; n) nj 


where a = n,:n; is called the turns ratio of the transformer. 


EXAMPLE 12-2 


In a perfect transformer, we have 


Calculate its turns ratio. 


Solution. Since 


M =./L,L, 
we have 
4=,/2L, 
or 
L,=8H 


The turns ratio is 


Ny Ly | 2 1 
qo aie peg 


and so there are twice as many windings on the secondary as there are on the primary 
(500:1000, 2500: 5000, etc.) n 


In a similar way, let us calculate the current ratio i,/i, in a perfect transformer. 
To do this, we must integrate the basic relation, Equation 12-7, between 0 and t; for 
simplicity, assume zero initial conditions. We get 


i LT E. 
i,(t) = — | v,(x) dx + — i,(t) (12-23) 
L, Jo L, 
and since M = ./L,L, and a = ./L,/L,, the result is 
1 1 (' 
i(t) = ——i;(t) + zi vi(x) dx (12-24) 
a L, Jo 


An ideal transformer is a perfect transformer (k = 1) in which L, > oo, L, > oo, 
but their ratio is a finite constant. In an ideal transformer, then, Equation 12-24 yields 


1 
4) = —— iff) (12-25) 
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(a) (b) 
Figure 12-4 Ideal transformer. 


Why do we bother with an ideal transformer? For several reasons. First, it is a good 
approximation (model) to a physical, iron-core transformer with a tight coupling 
between its primary and secondary windings. In such a transformer, the inductive 
reactances of L, and L, are usually very large by comparison with the load 
impedances in the sinusoidal steady state. Therefore, a simplified model like an ideal 
transformer can serve as a good approximation for a physical iron-core transformer. 
Another reason, closely related to the first one, is the simplicity and symmetry of the 
equations of the ideal transformer. From Equations 12-22 and 12-25, they are 


tza (12-26) 


; : (12-27) 
is a 

and so the ideal transformer, as shown in Figure 12-4(a), is completely identified by a 
single number, a, the turns ratio. The symbols of coils are still there, but all the 
inductances are infinitely large. Perhaps a better way would be to show it as a two- 
port network, Figure 12-4(b), defined by Equations 12-26 and 12-27. 


EXAMPLE 12-3 


An ideal transformer a:1 is terminated on its secondary by a load resistance R,, as shown in 
Figure 12-5. What is the resistance R, seen at the primary? 


Figure 12-5 Example 12-3. 


Solution. From Equation 12-26 we have 
Ui = av, 
But 


v, = —R,i, (notice the reference signs) 
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Use now Equation 12-27 to get 


v, = a( — R —ài,) = à? Rji, 
Consequently, 
U, r 
li 
The ideal transformer can serve, therefore, as a device to scale the value of a resistance. A 
resistor of 10 Q, connected to such a transformer with a:1 = 5, will look from the primary 
like a resistor of (5)710 = 250 Q. E 


Another common way to describe Equations 12-26 and 12-27 is to say that one 
quantity is referred from its side of the transformer to the other side. For example, 
Equation 12-26 yields 

D = ad, = 5 (12-28) 


and we say that v, (the secondary voltage) is referred to the primary side as av, = v3. 
A prime (’) will be used to remind us that a quantity is referred. Similarly, from 
Equation 12-27, we can write 

i, = —ai, =i; (12-29) 


where i, is the primary current referred to the secondary side. In Example 12-3, we 
referred the secondary resistance to the primary side as 


L sq Rh. (12-30) 
A primary resistance R, will be referred to the secondary as 
1 
R; =R (12-31) 


EXAMPLE 12-4 


A hi-fi audio amplifier is shown in Figure 12-6. An 8-Q speaker is to be connected to the 
amplifier; naturally, we wish to achieve maximum power transfer to the speaker. Calculate the 
turns ratio of the ideal transformer needed to perform the resistance match. 


8Q 
(speaker) 


Figure 12-6 Example 12-4. 


Solution. We know that, for maximum power transfer, the amplifier should see a 
resistance equal to its own resistance. The 8-Q resistance must therefore be 4000 Q when 
referred to the primary side. From Equation 12-30 then, we have 


4000 = 8a? 
or 
a=22.4 


An ideal transformer with n, = 224 and n, = 10, or any similar ratio, will do the job. In 
practice, a more common turns ratio of 20:1 will suffice. a 


Probs. 12-4, 
12-5 


12-3 PHASOR ANALYSIS OF TRANSFORMERS 359 


Perfect 


Figure 12-7 Perfect and ideal transformers. 


The relations between a perfect transformer and an ideal transformer can be 
explored further by comparing Equation 12-24 with Equation 12-25. With a finite L,, 
the circuit in Figure 12-7 satisfies Equation 12-24 and therefore is a model for the 
perfect transformer. 
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The sinusoidal steady state is a very common application of transformers: One or 
more sources at a single frequency are applied, and we are interested in the steady- 
state response. The two basic equations for mutual coupling (Equations 12-7 and 
12-8) become in the phasor domain 


and 

V, = ct joMI, + joL;jL, (12-33) 
Here, again, the self-voltage drop in L, is joL,I,, and the self-voltage drop in L, is 
joLj,L,. The induced voltage in L, due to I, is +jm@MI,, which is the phasor 
transform of + Mdi,(t)/dt. The induced voltage in L, due to I, is + jo MI,, the phasor 


transform of + Mdi,(t)/dt.T The circuit diagram corresponding to Equations 12-32 
and 12-33 is shown in Figure 12-8. 


+jwM I, 
———— -—— 


4 


tw 


Impedances Figure 12-8  Phasor relations for Figure 12-2. 


+ Let’s not get tangled up in distinguishing between a transform, a mathematical operation, as in 
“phasor transform,” and a transformer, an electrical device! 


Prob. 12-6 
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The phasor equations for a perfect transformer, obtained from Equations 12-22 

and 12-24, are 
— =a (12-34) 


and 


1 


c— Y 12-35 
on” (12-35) 


1 
a 
The ideal transformer is, again, defined by its turns ratio 
———-—-—4gq (12-36) 


corresponding to Equations 12-26 and 12-27. 

Consider now the common use of a transformer as a coupling device between a 
source V, and a general load Z,. The circuit is shown in Figure 12-9. Here, r; is the 
resistance of the primary winding, neglected in Figure 12-8 and Equations 12-32 and 
12-33. Similarly, r, is the resistance of the secondary winding. The two currents I, and 
L, can serve as loop currents as we write the two loop equations 


(Z, +r, t joL,)l, t joML, = V, (12-37) 
and 
t joMI, + (r; +,joL, + Z), =90 (12-38) 
The output voltage across the load is 
V,=-Z,1L (12-39) 


This is all! It’s that simple. From these three equations, we can calculate everything. 
Let us simplify our notation as follows. Let 


Zi = Z, +r, +joL, (12-40) 
be the total self-impedance in loop 1, and let 


Z2 == Fa + joL, + Z, (12-41) 


Zs ři +jwM r2 


Impedances 


- Source o Transformer dj ios — 


Figure 12-9 A transformer as a coupling device. 


Prob. 12-7 
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be the total self-impedance of loop 2. Also, let 
Zz, —2,;- tjoM (12-42) 


be the mutual impedance between loop 1 and loop 2. This notation is consistent with 
our general phasor loop analysis, as studied in Chapter 9. 
The two loop equations then read 


Ziil; + Z,21, = V. (12-43) 
and 
Zalı + Z;L-0 (12-44) 
The solution for the two loop currents is obtained easily as 
Y. Z1» 
0 Z3 Z5 
L = —— ———- = M V. (12-45) 
Zi Z1» Z11£5, Ex Zi» 
LZ; Z2 
and 
Zi Va 
Z1 0 —Z —Z 
L = ——— = M V, I (12-46) 
oda Za| ZuZa- Zi 7 Za ` 
Zj £j 
The total impedance seen by the source V, is 
V, Z42;,,—Z21 Zt o? M? 
y MOTTA aas NM NL MERC S 12.47 
total = T Z, uZ, 11 + Z. ( ) 


which is, reasonably enough, the series connection of Z, , and Z5;, the secondary total 
impedance referred by the transformer to the primary side 
2M? 
Sepe (12-48) 


22 = 
Z2; 


We make several interesting observations about Z5;: 


1. The actual impedance Z,, is referred to the primary as its inverse, and 
multiplied by c&?M?. If there were direct wire connections instead of the 
transformer, Z,, would not be inverted. The total impedance seen by the 
source would then simply be Z;. 

2. It does not depend on the dot convention (+M, or — M), because of the 
square term w?M?. 


In order to explore a bit more the inversion of Z5;, let us write the actual 
impedance Z,, in its polar form 


Z;; = |Z22|/% (12-49) 
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As usual, « is positive if Z,, is inductive, Z,, = R5, + jX 22; if « is negative, Z,, is 
capacitive, Z,, = R5, — jX5,. From Equations 12-48 and 12-49 we have 


oM?  o?M? aM V? 
Zo = ——— = —— /—a = | —— | Zž (12-50) 
x |Z22|/% Ln (a " 
where 
Z3, = |Z55,l/ —« (12-51) 


is the conjugate of Z,,. We see therefore that, apart from a positive multiplying scale 
factor (wM/|Z,,|)?, the secondary impedance Z,, is seen on the primary side as its 
conjugate: if Z,, is inductive, Z5, is capacitive, and vice versa. 


EXAMPLE 12-5 


In the circuit of Figure 12-9, we are given: 


n, — 4000 n, = 1000 
r,=2 fa = 0.12 
joL, — j8 joL, = j0.45 
|V| = 400 V(RMS) k = 0.9, both dots on top 
Z,=1+ 1 Z,=2-jl 


Solution. We calculate 


a = 4000:1000 = 4:1 


oM = k (wL, oL) = 0.9,/(8(0.45) = 1.7 
and according to Equations 12-40, 12-41, and 12-42, 
Z,,=14+jl+24+j8=34j9 = 9.5/71.6° 
Za, = 0.12 + j0.45 + 2 — j1 = 2.12 — j0.55 = 2.19/—14.5° 
Z2 = Z3, = j1.7 = 1.7/90° 


The secondary impedance, referred to the primary side, is given by Equation 12-50 as 


1.7 \? 
Z, = (z) 2.19/14.5° = 1.32/14.5° = 1.28 + j0.33 


and is inductive, whereas Z,, is capacitive. The total impedance seen by the source is then 
Zo = Z11 Z5; = 3 +j9 + 1.28 + j0.33 = 10.26/65.36° 
The primary current is 


I pt "E o = 39/— 65.36" 
| Zw 1026/65360 — LOS. 
where we are using RMS values for all phasors. The secondary current is given by 
Equations 12-46 as 
—j1.7 "A g 
L - 219/145 39/ —65.36^ = 30.3/— 141 
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The voltage drop across the output load is given by Equation 12-39 
V, = —(2 — j1)30.3/ — 141? = 67.8/12.44° 
The average power delivered to the load is 
P, = (67.8)(30.3) cos (12.44? — 39°) = 1840 W 


Here we had to reverse the sign of I, (or V,) so that their associated references will be 
consistent with P > 0 being delivered; the addition of 180° to either angle of V, or I, 
reverses their sign. Here 180° — 141° = 39° is the angle of — L. 

The total average power delivered by the source is 


Pol = Lm ge m m) (39)*4.28 = 6510 W 


The phasor diagram for this circuit is shown in Figure 12-10. 


Scale : 
1 cm = 50 V (rms) 
l cm = 10 A (rms) 


Figure 12-10  Phasor diagram for Example 12-5. W 


At this point, if not earlier, we ought to ask the obvious question, “How do all 
these equations, such as Equations 12-45 and 12-46 for I, and I,, and Equation 12-50 
for the referred impedance, relate to an ideal transformer?" If our derivations are 
valid, they should also hold for the ideal transformer as a special case. Indeed, they do. 
To show this, we'll use the defining properties of an ideal transformer. 

First, consider the input impedance of the loaded transformer in Figure 12-9. 
This input impedance is obtained from Zoa in Equation 12-47, with r, considered 
part of Z, for convenience 

2442 


(12-52) 
Zaz 


25 


in 


= Zoa — Z, — rı — joL, + Z5; = joL, + 
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The ideal transformer has k = 1, M? = L,L,. Therefore, we have 


Next, in the ideal transformer L, — oo, L, — oo but their ratio 
= = E =a" (12-54) 
is finite. With Equation 12-54, Equation 12-53 becomes 
| _ joa*L,(r, tZ) joa*(r, + Z,) (12-55) 
"  jolL,+7r,+Z, jot+(r,+ Z,)/L, 
Now let L, — oo, as required. Then 
Zi, = a*(r; + Zj) = a?r, + a?Z, (12-56) 


This result is in agreement with our previous results about referred resistances in 
Example 12-3. In a similar way, we can show that Equation 12-46, repeated here 


e (12-46) 
L Zz 
becomes 
L 
= mk meii (12-57) 
I, 


for the ideal transformer (k = 1, L, > oo, L, > oo, L,:L; = a’), as in Equation 12-36. 

In conclusion, then, we can develop several circuit models for a transformer. In 
Figure 12-11(a) we see the primary resistance r, and reactance jmL,, an ideal 
transformer a:1, and the secondary resistance r, and reactance joL,;. In Figure 
12-11(b) all the secondary quantities are referred to the primary and combined when 
appropriate. For example, r is referred as r; = a?r, and combined in series with r,; so 
is (wL, = a°wL,. The secondary voltage and current are referred as V^, and I’, where, 
as usual 


1 
V,=aV,  L---L (12-58) 


A more accurate circuit model is shown in Figure 12-11(c), where all the 
quantities are still referred to the primary. Ideally, if L, — 0 (secondary is an open 
circuit) then I, — 0 also. Practically, though, there flows a small exciting current then, 
I, = I. The additional parallel r, — L, branch accounts for the fact that the iron core 
is not ideal and it requires a small magnetizing current I, flowing through jwL,,. Also, 
the iron core develops heat losses in it, and these are accounted for by I, flowing in the 
resistance r,. The exciting current, I, = I, + I, then, describes the actual, nonideal 
iron core of the transformer. In the following example we'll compare calculations 
using the equivalent circuits of Figure 12-11(b) and (c). 


Prob. 12-8 
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EXAMPLE 12-6 
A transformer is rated at 50 kVA, a = 400:2000, with the following parameters: 


r, = 0.015 Q r, = 0.450 
x, = oL, = 0.050 xX, =@L, = 150 
r, = 5002 x, = oL, = 200 0 


The secondary load is rated at 45 kVA, 2000 V, 0.80 p.f. lagging. Calculate the primary voltage 
and current using Figure 12-11(b), then Figure 12-11(c). 


I, L 


capo 


jwLl, r2 


I, É 


(7, t ar) j(oL, + a oL;) 


4 $ 
Vi V) 


(b) 
Figure 12-11 Models of a transformer. 


Solution. Use Figure 12-11(b) and refer everything to the 400-V (primary) side, using 
magnitudes only: 


400 V? 
r, = 00150 r, = (5g ) 045 = 00180 
400 \? 
x, = 0L, = 0.050 x, = 0L, = 2000 1.5 = 0.06 Q 
400 
45 x 10? 2000 
a= 725A 5 BS eo )25 = —1125A 


Take now V; as reference 
V^ = 400/0° 
Then the phasor expression for —L, is 
—L = 112.5/—36.8° cos t 0.8 = 36.8° 
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(Why did we write — I}? Hint: References at the load!) From Figure 12-11(b) we write 
KVL as follows: 


Va -L0 +r) +I, 4 x2)] + V5 


112.5/ — 36.87(0.033 + j0.11) + 400/0° = 410.4/1.07° 


and 


I, 2,—15, = 112.5/—36.8° 


So the primary voltage is 410.4 V and the primary current is 112.5 A, both RMS. 
With the model of Figure 12-11(c) we have, working back from load to source: 


V^ = 400/0° —L = 112.5/—36.8° 
as before. Now, the drop across (r5 + j@L}) is 
(0.018 + j0.06)112.5/—36.8° = 7.05/36.5° = 5.67 + j4.2 
Therefore, the voltage across the parallel L, — r, branch is 
V, = V5 + 7.05/36.5° = 405.67 + j4.2 = 405.7/0.59° 


The exciting current I, is then 


Lopur "997/059 | 405.710.59° 
o= te + iu =— 500  * 7200 


= 0.811/0.59° + 2.029/ — 89.41* 
= 0.029 — j2.021 = 2.021/—89.18° 


The primary current is 
I, = —I, + I, = 90.13 — j69.41 = 113.76/—37.6° 
The drop across the primary winding is 
113.76/—37.6°(0.015 + j0.05) = 5.94/35.7° = 4.82 + j3.47 
and therefore the primary voltage is 
V, = 405.7/0.59° + 5.94/35.7° = 410.5 + j7.67 = 410.6/1.07° 


The RMS primary voltage is 410.6 V, and the current is 113.76 A, by comparison 
with the values of 410.4 V and 112.5 A obtained with the simplified model. The agreement Probs. 12-9, 
is quite good. B 12-10 


The phasor diagram for the transformer in Figure 12-11(c) is shown in Figure 
12-12. Here, again, all the quantities are referred to the primary side. Conveniently, we 
take V5, the load voltage, as reference (at 0^). Also, we reverse the reference on — I}, so 
that V5 and I’, have the usual associated references for the load, that is, the (+) of V; is 
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H 


Figure 12-12 Phasor diagram of the transformer. 


at the tail of the arrow of I}. Then the power factor of the load is the usual cos $, as 
shown. Phasors are not drawn to scale (lengths) in order to show more clearly their 
relationships. Here, 


OA = V; = load voltage 
OB = I, = load current 
cos ġ, = p.f. of the load (shown lagging) 
AC = rI, = voltage drop across r5, in phase with OB 
CD = joL,L, = voltage drop across x5, leading OB by 90° 
AD = voltage drop across secondary winding impedance = AC + CD 
OD = V, = voltage drop across the core branch = V5 + AD 


1 
OE — *- V, = I, = core heat loss current, in phase with V, 


c 


1 
OF = 5x, V, = I, = core magnetizing current, lagging V, by 90° 


OG = I, = I, + I, = exciting current 

OH = 1, =I; + |, = OB + OG = OB + BH = primary current 
DJ = r,l, = voltage drop across r,, in phase with OH 

JK = joL,l, = voltage drop across x,, leading OH by 90° 

DK = voltage drop across primary winding impedance 

OK = V, = V, + DK = primary input voltage 


Look again: This complete phasor diagram is not complicated at all! Every 
phasor is accountable, and all that is needed is to use KCL, K VL, and voltage-current 
relations in resistors and inductors. The phasor diagram gives a grandstand view of all 
the quantities and their relationships. When drawn to scale (as it should be!) we can 
read off it directly the magnitudes and angles of interest. 
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(a) (b) 
Figure 12-13 Regulation of a transformer. 


12-4 VOLTAGE REGULATION AND EFFICIENCY 


Of the several performance measures that are important in transformers, let us discuss 
two: 


Voltage Regulation This is a measure (usually in percent) of the change in the 
secondary output voltage with load. Specifically, for a given load at a constant power 
factor, the voltage regulation is 


V —|V 
Percent regulation = Tine i fee x 100 (12-59) 
2 load 


Let us use the simplified (and often quite accurate, as we saw) equivalent circuit of 
Figure 12-11(b), but this time referred to the secondary. It is shown in Figure 12-13(a). 
Here we use the notation 


leq = ri + r5 (12-60) 
and 

Xen = X% X2 (12-61) 
as the equivalent total resistance and reactance of the transformer windings. In Figure 
12-13(b) we see the phasor diagram, with OA = V,, OB = —L,, the load voltage and 


current, respectively. Also, AC is the drop across r.a, CD is the drop across X.a, and 
OD = V. We have therefore V;,,, = V and 


eq? eq? 


Vi| —|V OD| — |OA 
Val — Yal .. gog 1001 —10A1 


x 100 12-62 
Vil OA] pe 


Percent regulation — 


at this particular power factor. A well-designed power transformer exhibits a voltage 
regulation of between 2 and 7 percent. 


EXAMPLE 12-7 


For the transformer circuit of Figure 12-13, we are given r,, = 1.2 Q, x,, = 4.0 Q. Calculate the 
voltage regulation when the load is 15 kVA at the rated 1000 V, and 0.8 lagging power factor. 
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Solution. We have 


|-LI- led CIA 
1000 
and 
p- = cos t 0.8 = 36.9? 
also 


LACI = (15)(1.2) = 18 V 
ICD] = (15)(4) = 60 V 


See Figure 12-14. The voltage drop |OD| — |OA| is approximately equal to | AE|, and we 


have 
AE = AF + FE = AC cos $, + CD sin $, 
= (18)(0.8) + (60)(0.6) = 50.4 V 
Therefore 


Percent regulation = 1000 


x 100 = 5.04 percent 


The geometrical approximation done here is very common in calculations of this type. 


Figure 12-14 Example 12-7. ied 


Efficiency This is the ratio of output (useful) power to input power. That is 


P; P; 2^ |V2| |I,| cos $; 


o e uu (12-63 
Pr PaP, [Va (loos Oa + ) 


n= 


where P, is the power loss in the transformer. As we have seen, it consists of the heat 
losses in the windings and in the core; that is, 


[Vil 
Fo 


P, = [L;l?r,,, + (12-64) 


where the equivalent circuit of Problem 12-9 is used and all quantities are referred to 


the secondary. The core loss is constant for a given transformer, independent of the 
load. 


Probs. 12-14, 
12-15, 12-16 
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EXAMPLE 12-8 


In the transformer of Example 12-7, it was determined that the core losses are 200 W. Calculate 
the efficiency. 


Solution. We have the power output 
P, = (150.8) = 12 kW 
The heat loss in the windings is 


iL? leq = (15)*1.2 = 270 W 
Therefore 


E 12,000 
n = 12,000 + 270 + 200 


x 100 = 96.2 percent [1 


Finally, let us observe an interesting relationship between the core loss and the 
windings heat loss for maximum efficiency. Rewrite Equations 12-63 and 12-64 as 


V,| |I| cos 
ga IV5| M| 2 (12-65) 
IV] I, | COS $» y |I| leq T W. 
where W, is the constant core loss = |V‘,|?/r,. If we divide throughout by |I,|, the 
result is 


|V2| cos $; 


COTES hi eek MMZMMAMAMM 12-66 
[Vo] cos $3 + Ir. WIL] de 


1 


For a given load at a given |V,| and a given power factor cos ¢,, n will be maximum 
when the sum |I,|r,, + W,/|I,| is minimum. Since the product of these two terms is 
constant, their sum is minimum when they are equal.t Therefore, maximum efficiency 
is obtained when 


W. 
Izle = —. (12-67) 
L 
or 
Ir = W, (12-68) 


that is, for a load that makes the windings losses equal to the (constant) core loss. 

In this chapter we have learned about various types of transformers and their 
circuit models. In addition, we have shown the advantages of phasor diagrams in 
connection with the analysis of transformers. 


t For a rectangle of a fixed area, the perimeter (and therefore half the perimeter) is minimum when 
the rectangle is a square. Or, if you want to do fancy work, set dy/d|I,| = 0 and reach the same conclusion. 
Moral: If you can get that fly with a rolled-up newspaper, there is no need to bring out the big guns! 


Prob. 12-17 


Probs. 12-18, 
12-19, 12-20 
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12-1 Consider the transformer in Figure 12-2(b) and its equations 12-7 and 12-8. Let v,(t) 
and v,(t) be the inputs, and let i,(t) and i,(t) be the unknown responses. These are, in 
fact, the two state variables for the circuit. 

(a) Rearrange Equations 12-7 and 12-8 into the standard form of state equations in 
matrix form 


di, 


dt | | [0 v, (t) 
di, =a i Pa 
dt 


Note: You are not solving Equations 12-7 and 12-8 for i,(t) and i,(t), just 
rearranging them into the desired standard form. Identify fully the matrices A 
and B. 

*(b) Consider now Figure 12-2(a). What are the unknown state variables? What is the 
standard form of the state equations? 


12-2 (a) Write the state equation in matrix form for Example 12-1, i.e., 
d 
E7 x(t) = Ax(t) + Be(t) 


where x(t) is the column matrix of the state variables and e(t) is the column matrix 
of the excitations (inputs). Identify fully the matrices A and B. 
(b) Write the output matrix equation for Example 12-1 as 


y(t) = Cx(t) + De(t) 
where y is the column matrix of the desired outputs. Identify fully the matrices C 


and D. 


12-3 Derive Equation 12-19(a) from Equation 12-16 by using calculus: Find the minimum of 
Equation 12-16, prove that it is a minimum (and not a maximum), and from it obtain 
Equation 12-19(a). 

12-4 Explain carefully, with references and a dot convention clearly shown, what is a 
negative turns ratio, for example, — 10:1. 


12-5 Two ideal transformers are connected in cascade as shown. Derive the v-i relations of 
the resulting 2-port network. Be careful with all your references. 


Problem 12-5 
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12-6 Obtain an alternate circuit for a perfect transformer and an ideal transformer, as in 
Figure 12-7, but with a finite L,. Hint: Start with Equation 12-8 and integrate it. 


*12-7 Equations 12-32 and 12-33 are the two loop equations for two coupled inductors. (a) By 
algebraic manipulations, invert them to yield the two phasor node equations (assuming 
V, and V, have one common reference, the bottom wire). (b) What condition must hold 
for L,, L,, and M for these node equations to exist? (c) From part (a), can you write the 
time-domain node equations? In this problem, we finally remove our long-standing 
“taboo” on node analysis for coupled inductors (see Chapter 6). 


12-8 Derive in full detail Equation 12-35. 


12-9 Another equivalent circuit for a transformer is shown below. It is obtained from Figure 
12-11(c) by moving the core branch to the left, directly across V,. Use this model to 
rework Example 12-6, and compare results. 


I, n tr I" 


Problem 12-9 


12-10 Yet another much simplified (but useful!) model for the transformer is obtained from 
Figure 12-11(b) by neglecting the total windings resistance, r, = r œ 0. Use such a 
model to rework Example 12-6, and compare results. 


12-11 Draw to scale the complete phasor diagram for Example 12-6, using Figure 12-12 as a 
guide. From your completed phasor diagram read the power factor at the source. 


12-12 Draw (not to scale but showing correct angles) the phasor diagram for Problem 12-9. 
Assume a lagging p.f. at the load. 


12-13 Repeat Problem 12-12 for the transformer circuit of Figure 12-11(b). 
*12-14 Use the geometry of the phasor diagram in Figure 12-13(b) to prove that the voltage 


regulation is (approximately) given by 


IL; Kr. COS $5 T Xea sin $5) 
IV] 


1 [IL IG, cos 2 — Teg sin $2) P 
4+ =| A a x 100 
;| IV] l 


Percent regulation = | 


12-15 Calculate the voltage regulation of the transformer in Example 12-6. 


12-16 Calculate the voltage regulation of Example 12-7, but this time the primary voltage is 
given by |Vi| = 1000 V. 


12-17 Use the circuit model and the results in Problem 12-9 to calculate the efficiency. 
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12-18 


12-19 


12-20 


In order to determine the core loss W, and the windings losses |L,|?r,,, two standard 

tests are run on the transformer: 

(a) The open-circuit test. The secondary (output) winding is kept open, the rated 
primary voltage is applied, and the input power is measured with a wattmeter. 

(b) The short-circuit test. The secondary winding is shorted, and a reduced primary 
voltage is applied such that the rated secondary current |I,| flows. Input power is 
measured. 

Using the equivalent circuit of Problem 12-9, prove that the power in test (a) is W., the 

core loss, and the power in test (b) is the windings loss. What additional assumptions, if 


any, must be made? 

In the transformer of Problem 12-9, the open-circuit test was: 1500 V, 0.4 A, 0.7 p.f. The 
short-circuit test was: 50 V, 20 A, 0.4 p.f. Calculate the efficiency when the load is 
10 kVA, 0.9 p.f. lagging. 


Another type of efficiency in transformers is the so-called “all-day” efficiency, defined as 


eq? 


output in kWh 


Mea = input in kWh 


over a 24-hour period. It measures the ratio of energy (not power) output to energy 
input. The reason for its usefulness is that most power distribution transformers are 
connected permanently with their primary to the main power line, while the secondary 
(output) is intermittently open, with no load connected, or closed, when the transformer 
is loaded. Thus, the core loss W, is there continuously, but the windings losses are there 
only during a load period. 

An industrial transformer of 25 kW, 96 percent efficiency is loaded fully during 7 
hours in a day. Calculate its all-day efficiency if the core loss is equal to the windings 
loss. 


Chapter 13 


Three-Phase Circuits 


So far in our studies, we have considered typical electrical systems as shown in Figure 
13-1. The source is a single-phase voltage source, connected by a single-phase 
transmission line to a single-phase load. We use the word “phase” to mean “circuit” 
here. In dc systems (for example, batteries connected to loads), single-phase operation 
is the only way to go. In ac sinusoidal systems, it is often more advantageous and more 
economical to use polyphase (many phases) circuits. Of these, the three-phase system 
is the most common, and we shall study it in some detail. 


13-1 THREE-PHASE VOLTAGE SOURCES 


A major factor in the use of three-phase systems is the economy of generating, 
operating, and transmitting ac power. These topics, by themselves, are the subject for 
several specialized courses and textbooks. For our purpose here, let us outline, just in 
principle, the method of generation of three-phase voltage sources. 

In Figure 13-2(a) we see the basic principle of energy conversion: A prime 
mover, such as a gas or steam turbine, is driving an electric generator. The mechanical 
energy of the shaft is converted into electric energy, ready to be supplied by the 
generator. The elementary principle of the generated three-phase sources is shown in 
Figure 13-2(b). The fixed (nonrotating) frame of the generator, called the stator, has 
three inductive windings inside it. The shaft of the turbine turns the rotor of the 
generator, which is basically an electromagnet with a flux $. As this flux sweeps past 
each winding on the stator, a voltage is induced in this winding due to dd/dt, the rate 
of change of the flux coupling this winding, just as we've studied in Chapters 6 and 12. 
Presto! We have three voltages available across the terminals of the three windings. 
These are shown in the conventional way in Figure 13-2(c), and are called phase 
voltage a, phase voltage b, and phase voltage c. 

In a properly designed generator, operating in a normal steady state (no 
“blackouts” or “brownouts”), the three-phase voltages are sinusoids at the same 
radian frequency o, with equal amplitudes, and 120^ out of phase among themselves. 


374 
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| | 


n T | pe Figure 13-1 A single-phase circuit. 


That is, if v,(t) is taken as reference, then 


v, (t) = J2 Vs COS ot = V, COS ot 
vy(t) = ./2 Vere cos (ot — 120°) = Vp cos (wt — 120°) (13-1) 
v(t) = ./2 Ver cos (wt + 120°) = V, cos (wt + 120°) 


These waveforms are shown in Figure 13-3(a), and you should complete this figure by 
filling in the missing points of zero crossings, etc. Their phasors are in Figure 13-3(b). 
As before, we'll use the effective (RMS) value for phasor lengths, rather than the 
amplitude V,,. Therefore, 


Va = Vest o 
V, — etel — 1207 (13-2) 
V. = Vere/—120° 


Stator 


Turbine — H Generator 


Rotor 


(a) 


v,(t) uy (t) v. (t) 


(c) 
Figure 13-2 A three-phase source. 
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V (b) 


Figure 13-3 A balanced three-phase source (positive sequence). 


A balanced set of voltages is one where they are sinusoids of the same frequency 
œ, of same amplitudes, and 120° apart. The set of voltages in Equation 13-1 is 
balanced. 

In the three voltages that we have, phase a leads phase b by 120°, and phase b 
leads phase c by 120°. This is easy to verify in Figure 13-3(a): v, starts at its maximum 
(V,,) at t = 0, v, reaches its maximum 120° later, and v, 120° after that. It is equally 
easy to verify from the phasor diagram: Place your finger anywhere on the diagram, 
say at point X as shown. Now let the entire phasor diagram rotate in the positive 
mathematical sense, that is, counterclockwise.t You see that phasor V, passes your 
finger first, V, follows 120° later, and V, 120° after that. This sequence of voltages, 
a-b-c, as given in Equation 13-1 and in Figure 13-3, is called a positive sequence. 


T Are you wearing a digital watch? 
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There is another possibility for the three balanced voltages, as follows: 


v(t) = T Veg COS ot 
v(t) = J/2 Vere cos (wt + 120°) (13-3) 
v(t) = ./2 Vj, cos (ot — 120°) 


Here v, and v, exchanged places with v, and v, in Equation 13-1. Thus, v,(t) leads v,(t) 
by 120°, and v,(t) leads v,(t) by 120°. This balanced sequence, a-c-b, is called a negative 
sequence. 


EXAMPLE 13-1 


(a) Establish the sequence for 
v(t) = 311 cos (377t — 15°) 
v(t) = 311 cos (377t + 105?) 
v(t) = 311 cos (377t — 135°) 
(b) Establish the sequence for 
v(t) = 170 cos (100t + 140°) 
v(t) = 170 cos (100t + 20°) 
v(t) = 170 cos (100t — 100°) 


Solution. The phasor diagrams are shown in Figure 13-4. From these, we see that set (a) 
is a negative sequence and set (b) is a positive sequence. 


V; 


(a) (b) 
Figure 13-4 Example 13-1. B — Prob. 13-1 


EXAMPLE 13-2 
In a negative sequence, we are given 
v,(t) = 50 cos (10t + 30°) 


Write the expressions for v,(t) and v,(t). 
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Solution. With the help of a quick phasor diagram (draw it!) we have 


v,(t) = 50 cos (10t — 90°) 
v(t) = 50 cos (10t + 150°) x 


Finally, we recognize in the balanced set of voltages the fact that their sum, at 
every instant, is zero 


v(t) + v,(t) + v(t) = 0 (13-4) 


which can be checked in Figure 13-3(a) or, equivalently, from the phasor diagram in 
Figure 13-3(b), where 


V, V, 4. V,—0 (13-5) 


Verify Equation 13-5 graphically, and convince yourself again how much easier it is to 
deal with phasors than, say, actually adding the time functions in Equation 13-1. 

In an unbalanced set of voltages, one or more of the features of a balanced set do 
not hold: The frequency may not be the same, the amplitudes may differ, or the 
relative phase angles may not be equal. As mentioned earlier, a sinusoidal steady-state 
normal operation of a three-phase generator involves always a balanced set, and most 
of our studies will have only balanced sets. However, during a transient operation 
(such as a shutdown due to a severe short circuit), unbalanced voltages appear. We 
will touch on this topic very briefly. 


13-2 DELTA AND WYE CONNECTIONS 


Now we have at our disposal the three balanced sources as in Figure 13-2(c). If we 
connect to each one of them separately a load through a transmission line, as in 
Figure 13-1, we'll have three single-phase circuits and a lot of wires (six lines between 
the sources and the loads). Quite obviously, that's not very economical. Of the many 
advantages of three-phase circuits, economy can be achieved by two possible 
connections of the voltage sources, that is, the windings in the stator of the generator. 

The three sources may be connected in a delta (^) as shown in Figure 13-5(a). 
Three (instead of six) terminals, labeled a, b, and c, are then available for connecting to 
transmission lines and loads. The other possible connection is a wye (Y) connection, 
shown in Figure 13-5(b). Here, the three ( —) terminals of the sources are connected 
together to form a neutral point, n, and the three other terminals a, b, and c are 
available for outside connections. The two distinct drawings of the Y-connected 
source are equivalent, of course; the one shaped like a Y gives this connection its 
name. An optional fourth terminal, the neutral n, is sometimes used in the Y source 
and is also shown. By its nature, a delta (A) connection has no neutral point. 

Three-phase loads can be connected in a similar way, either in a A or in a Y. 
These are shown in Figure 13-6(a) and (b), respectively. Here also, an optional neutral 
wire N is available in the Y. 


Prob. 13-2 


Prob. 13-3 
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(b) 
Figure 13-5 A-connected and Y-connected three-phase sources. 


A 


(a) (b) 


Figure 13-6  A-connected and Y-connected three-phase loads. 
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A load is balanced if all three impedances are equal. That is, 
Z; = Z = 2, = Za (13-6) 
for a A-connected load, and 
Z = Zy = Zo = Zy (13-7) 


for a Y-connected load. It is important to remember that when we equate complex 
numbers, as in Equation 13-6 or 13-7, magnitudes and angles must be equal; 
alternately, real parts must be equal and imaginary parts must be equal. Otherwise, 
the three-phase load is unbalanced. 

Lastly, the three-phase transmission line connecting the source to the load is 
balanced if the impedances of the three lines are equal, each being Z,. If a neutral wire 
exists (between a Y-connected source and a Y-connected load) its impedance Zo may 
be different from Z,. See Figure 13-7. When the three-phase (“3-¢” in common 
notation) source, the transmission line, and the load are all balanced, we say briefly 
that the system is balanced. 

We are ready now to put together an entire system. Obviously, there are four 
possibilities: (1) a Y source and a Y load (with or without a neutral connection); (2) a 
Y source and a A load; (3) a A source and a Y load; (4) a A source and a A load. Before 
we embark on this mission, there are two important points to make. 

The first one is a matter of reassurance. Faced with all these deltas, wyes, 
neutrals, etc., you may feel at bit discouraged at this point. The good news is that the 
analysis of a 3-ġ is done precisely like any general analysis of networks: An intelligent 
choice of loop or node equations, followed by the formulation of these equations and 
their solution. We've done it in previous chapters. What will be new here? The general 
analysis, when applied to a balanced system, yields several simplified and interesting 
results. We will take the usual approach that we've adopted throughout our studies, 
namely, apply general principles of analysis without the need of memorization, and, in 
the process, we will learn the specialized results that hold for specific cases. 

The second point is a matter of convenience and help. In order to keep track of 
the many voltages and currents in a 3-$ system, let us return to the use of double 
subscripts for voltages and currents, as introduced in an early chapter. We adopt the 
convention that v,, (or V.,) is the voltage drop from x to y, as shown in Figure 13-8(a). 
Instead of the (+) sign as reference, the double subscript tells us that the (+) sign is at 
point x. The element connected between x and y can be a voltage source or an 
impedance. We have, of course, 


vx, (t) —— Vyx(C) (13-8a) 
Zı 
T a S 
Z 
—N ANT ag RB 
" b - B T 
source 0 load 
— -9 ne-——— ————eN o- — 
Z 
c C 


Figure 13-7 A three-phase transmission line. 
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x x p p 
i(t) : 
v (t) + > vx y(t) | <> | pa 
y X q q 


(a) (b) 
Figure 13-8 The double subscript notation. 


and 
Yoa =V (13-8b) 
Also, from the basic definition of a voltage drop we can write 
vat) = va) nf) (13-9) 
and 
Vi, = Vas t Vas (13-9b) 


where u is any point between x and y. This is a very useful relationship, and it can be 
written “blindly” with full confidence. For example, v 4y + vg + Vga = 9 is a correct 
KVL around the closed loop A > N > B A regardless of where the intermediate 
points N and B are. As an application, this relationship holds in Figure 13-6(b). 

The double subscript on a current, i, (t), shows the positive reference of the 
current from p to q, as in Figure 13-8(b). It tells us that p is at the tail of the arrow. 
Here, also, a sign reversal occurs when the subscripts are switched 


ing(t) = FAP) (13-10a) 
and 
L2 (13-10b) 


pd qp 


Here, too, we can write *blindly" a correct KCL as 
Lor Lei. (13-11) 


saying that the current from p to q is the sum of the current from q to r plus the current 
from q to s. For example, Ic, = Iy4 + Iyg in Figure 13-6(b), assuming no neutral wire 
there. 


13-3 THE Y-Y SYSTEM 
We are ready now to apply our general methods of analysis. In order to stress their 


generality, we start with the unbalanced Y-source, Y-load (briefly: Y-Y) system in 
Figure 13-9. The source is three-phase, sinusoidal at a single frequency c. Therefore, 
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Figure 13-9 A Y-Y system. 


we can use phasors. However, the amplitudes of the three phases are not equal, nor are 
the phase angles 120° apart. The internal impedances of the sources are unequal Z,, 
Z,, and Z.. The transmission lines have impedances Za, Z,,, and Z. The unbalanced 
load is Z,, Zg and Zc. The neutral line impedance is Zo. 

At a glance we recognize that it will take three loop equations to analyze this 
circuit. An additional moment of observation tells us that one node equation will do! 
If we let n, the neutral point of the source, be reference, then Vy, the voltage of the 
neutral of the load, is the only unknown. Not bad, eh? Write KCL at node N, with 
(+) for currents leaving: 


Iya T Ive P Inc 4 Iyn =0 (13-12) 
that is, 
Vy m Vyn Vx m Von Vy Hd 0 


V.—V, 
"A SM eee Os AJ NES. MTS 


=0 (13-13) 


Solve this equation for the unknown Vy, and the entire problem is solved: All the 
currents and voltages can then be calculated. 

Let us turn to the balanced case. Specifically, V yn, V,,,, and Vyp are a balanced 
set (assume it to be a positive sequence). The three internal impedances of the sources 
are equal, as is the case of a usual 3-@ generator, Z, = Z, = Z. = Z,. All line 
impedances are equal Z,, = Zp = Z,, = Z,. The load is balanced, Z, = Zs = Zc = 
Zy. With these conditions, Equation 13-13 reads 


3 1 Vost Von + Ve 
V T7 L o — an n cn (13-14) 
(z A Zo 
where the total phase impedance Z,, is given by 
Zp = Z + Z, + Zy (13-15) 


but the right-hand side of Equation 13-14 is zero, since the source is balanced. 
Consequently, the solution is 


Vy =0 (13-16) 
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Since V, is also zero (reference), there is no current in the neutral line 
Ij, = 0 (13-17) 


and therefore, in a balanced Y-Y system, the neutral line nN is optional: It may be 
connected, it may be a short circuit (Zo = 0), or we may ground n and N. 

Continue now and calculate the line currents L,4, 1,5, and Lc. As the name 
implies, a line current is a current in a transmission line connecting the source to the 
load. We have 


Von — Vn _ Varn 
La Zy, = Za (13-18) 
because Vy = 0. Similarly, 
Von 
Ls Zon (13-19) 
and 
Lc = Ven (13-20) 
Zo 
By assumption for the source, we have the phasors 
Varn = Vere [O° 
Vy, = Vere/—120° (13-21) 
Ven = Veeg/120° 
If we write 
Z pt = Zu (13-22) 


Then we have from Equations 13-18 to 13-20 
La = Lege 2a 


Lie T a (13-23) 


where I; = V.t/Z,;,. Therefore, the line currents form a balanced set of positive 
sequence, as shown in Figure 13-10. As a quick check here, we write KCL at N 


Iyn RE Tuas T I5 T Lc =0 (13-24) 


because the three currents are balanced. This result agrees with Equation 13-17. 

Take now the phase currents. A phase current is (what else?) the current in a 
phase of a load or of a source. In our load, the phase currents are I ,y, Igy, and Icy. 
Whether the load is balanced or not, it is obvious that in the Y 


La = Lx 


EE. (13-25) 


Lc = Icy 
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Figure 13-10  Phasor diagram for a balanced Y-Y sys- 
tem. 


that is, in a Y connection, balanced or not, a phase current (phasor) is equal to a 
corresponding line current (phasor); this is simply due to the nature of the 
connections between the phases of the Y and the lines. Don't memorize this—just 
draw the picture when needed. 

From Equation 13-23 and Figure 13-10, we can also conclude that the entire 
balanced 3-$ system can be solved by the three single-phase circuits, as shown in 
Figure 13-11. More efficiently, we need to solve only one such circuit, say for phase a, 
getting Equations 13-18 and 13-25. Since the system is balanced, the solutions for 
phases b and c form a balanced set with the solution for a. Knowing that the sequence 
is positive, we then have the entire solution for this 3-@ system. 


Z Z, 


Figure 13-11 Three single-phase circuits. 
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Figure 13-12 Phase currents and phase vol- 
tages, balanced Y load. 


Igy Ven 


Let us consider next the phase voltages in the load. As the name indicates, they 
are the voltages across the phases of the load, namely, V 4y, V gy, and Voy. We write, in 
our balanced Y load, 


V AN T Ly yn 
Van = Zylgy (13-26) 
Von = Lylen 


and recognize these phase voltages to be also balanced. If the angle of Zy, a phase 
impedance, is 0 (assume an inductive load, 0 > 0), then the phasor diagram of the 
phase voltages and phase currents is shown in Figure 13-12. (Question: How does 0 
differ from « in Figure 13-10?) 

Finally, we consider the line voltages. A line voltage (or a line-to-line voltage) is 
the voltage between two lines. At our load, the line voltages are V ,5, V gc, and Vc4. At 
the source, they are Vap, Vp and V,,. If there is a neutral line, we can speak of a 
line-to-neutral voltage. As mentioned, line quantities (line currents and line voltages) 
are important because they are external and easily accessible for measurements. 

From Figure 13-9, or writing “blindly” using the double subscript notation, we 
have 


V 4B i Van F Vue 
V pc = Ven + V uc (13-27) 
Vea = Ven + Vya 


as the line voltages for the Y load, balanced or not. When balanced, as in our present 
case, the phasor diagram is in Figure 13-13. We use a graphical construction to 
implement Equation 13-27. After all, that’s one of the advantages of a phasor 
diagram! Note that V yg = — V gy and it is drawn opposite to V py (at 180° to it). The 
phasor addition of V4, and Vy, gives V 45. Because of the geometry of this 
construction, V ,, bisects the angle between V 4, and V yg, as shown. Also, if we drop a 
perpendicular from the tip of Vyg on V 45, it will bisect the length of V 4,5 (why?). 
Simple trigonometry therefore gives us 


1 
2V 4B _ cos 30° = v3 (13-28) 


NB 2 
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Figure 13-13 Line voltages and phase voltages, balanced Y. 


or 


Van = \/3Vyp (13-29) 
that is, 


V, = S3 Vo (13-30) 


the magnitude of a line-to-line voltage in a balanced Y is /J3 times the magnitude of a 
phase voltage. The other two line voltages are also shown in the phasor diagram. 
In summary: In a Y, balanced or not, a line current is a phase current. When 


balanced, a line voltage is J 3 times a phase voltage in magnitude, and there is a 30° 
angle between the phase voltage and the line voltage. 


EXAMPLE 13-3 


A 3-@ balanced load is connected in Y, and Zy = 3 + j4. The load is connected through a 
three-wire transmission line of negligible impedance to a 3-ġ, Y-connected, positive-sequence 
generator, 60 Hz, of a line voltage 240 V. The internal impedance of the generator is also 
negligible. Calculate the phase currents, phase voltages, line currents, and line voltages at the 
load and at the generator, and draw a complete phasor diagram. 


Solution. The system is shown in Figure 13-14(a). Notice the given external (easy to 
measure) line voltages of the generator. Let us go through the solution step by step, with 
minimal memorization or referral to “cookbook” formulas. It is safer and easier to re- 
derive previous results. 

We are given V,, = 240 V. It is visually obvious from the figure that V,, is larger 
than V,,—the distance ab is larger than an (don't take it too literally, though; this is only 
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a conveninent mnemonic help). By how much? by a multiplier of AJ 8. Therefore, 
Va 240/,/3 = 138 V. Choose V,, as reference 


Von = 138/0° 
and, since the generator generates a positive sequence, we have 


V,, = 138/— 120° 
V,, = 138/120° 


Start the phasor diagram by drawing these to a convenient scale for voltages (1 cm = 
p volts). See Figure 13-14(b). Since there is no drop across the lines, these are also the 
phase voltages at the load V,y, V gy, and Vey, respectively. Add these labels to the phasor 
diagram. 

The phase current I,, in the load is 


Va 138/0° . 


and is drawn to scale (1 cm = q amperes). Since the load is balanced, Ij, lags behind V gy 
by 53.17, as does Icy behind Vcy. Draw them, and we have the three phase currents in the 
load. 

From the figure of the circuit, the line currents I, ,, I,,, and I. are equal to the 
respective phase currents in the load, I,y, Igy, and Icy. Label these on the phasor 
diagram. 

At the source, the phase currents are, again by inspection, 


Es = bá 
Ly = le 
le = Lc 


Add these labels to the phasor diagram. The phase voltages at the source were already 
established. Finally, the line voltages at the source (equal to the line voltages at the load) 
are of magnitude 240 V each, as given. To establish their phasor representations, write 
(without memorization!) 


V ub = V as Jm Vie "T V AN T Vue 


and do the geometrical addition. The length of V 4g, on the scale of 1 cm = p volts, should 
be 240 V if you were reasonably accurate in your drawing. The remaining two line 


voltages V,. and V,, are 
Vic = 240/ — 90° 
V, = 240/150* 
They are not drawn in order not to clutter up our diagram. 
This is all. From here, we can get all the answers. For example: What is the time 


expression for i,,(t)? We read from the phasor diagram I,,, = 27.7/ — 53.1^ and therefore 
Ton = —L,, = 27.7/[— 53.1? + 180° = 27.7/126.9°. Consequently, with œ = 2z(60) = 377, 


i,,(t) = 27.7,/2 cos (377t + 126.9°) 


where 4/2 multiplies the RMS value of 27.7 to give the amplitude. 
As another question to answer, assume that V,, was originally given at 0°, that is 


V, = 240/0° 


Don’t despair! The phasor diagram is still good. Just rotate it rigidly by 30° clockwise, to 
bring V,, to the horizontal (0°) position. Now read L,, = 27.7/—83.1°, I, = 27.7/96.9°, 
and therefore 


i, (t) = 27.7,/2 cos (377t + 96.9°) 
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Veg? YON VNB Van * Vs 


Von = Ven 


(b) 
Figure 13-14 Example 13-3. 


This example illustrates how relatively straightforward and simple a balanced 3-9 system Probs. 
can be. There is no need for “cookbook” formulas to be memorized. About the only 13-4, 13-5, 
caution to observe is to draw a neat, large, easy-to-read phasor diagram. B 13-6, 13-7 


13-4 THE Y-A SYSTEM 


Armed with the knowledge of the previous section, let us study the balanced Y-A 
system shown in Figure 13-15. We'll concentrate on the A-connected load. Our first 
observation is that phase voltages at the load are equal to line voltages, that is 

Vis = Va 

Vac = V. (13-31) 

Vea P Yos 
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Figure 13-15 A balanced Y-A system. 


by the very nature of the connection. Given, then, the line voltage, V,, the phase 


voltages at the source are V, = V,/./3, as in Equation 13-30. Any voltage, say, V 45, 
can be taken as reference 
Viz = Vio (13-32) 


and the other two follow (a positive sequence or, rarely, a given negative sequence); 
see Figure 13-15(b). Alternately, if the phase voltages of the source are 


Ton 2 on/ 0^ 
Vin = Von/—120° (13-33) 


Ven = Vou (120° 


then we learned in the previous section that the line voltages (the phase voltages of the 
A load) are 


V Ap = E 30? 
Vac = / 3 Vn —90 (13-34) 
Vc, = /3 Va [150 
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The phase currents in the load are I,,, Ipc, and Ic4, with 


Lig = Vas _ i (13-35) 
Za Z,/0 


and they form a balanced positive sequence, as in Figure 13-15(b). 
The line currents are easy to obtain. From Figure 13-15(a), or “blindly,” we 
write KCL 
La = lis + Uc 


Lc = Ica + leg 


as we learned in Equation 13-11. The phasor construction for I,, is shown in Figure 
13-15(c), where I,- is opposite to Ic, and the geometry of adding I, + I,c is shown. 
Does it look familiar? Of course. We did the same thing for voltages in Figure 13-14. 
Therefore, for a balanced A 


h= iLa (13-37) 


in magnitude, the line current is J3 times the phase current. There is a 30° angle 
between a phase current phasor and a line current phasor. 
In summary: In a A, balanced or not, a phase voltage is a line voltage, because of 


the connection itself. When balanced, a line current is J 3 times a phase current in 
magnitude, and there is a 30° angle between them. 

Again, there is no need to memorize. Just draw the circuit and from it recognize 
immediately these conclusions: A phase of the A is connected between two lines; a line 
current enters two phases of the A, hence it must be larger than either phase current by 


the ubiquitous factor of Ja. 


EXAMPLE 13-4 
In the circuit of Figure 13-15(a) let 
Z, = 9 + j12 


and the source is a positive sequence generator with a line voltage of 220 V. Calculate the phase 
currents and voltages of the load, and the line currents. 


Solution. Take V,, as reference; the phase voltages are 
V 4p = 220/0° 
Vac = 220/— 120° 
Vga = 220/120? 

as in Figure 13-15(b). The phase currents in the load are 


V AB 220/0* o 
laa = 75-5557 141-531 
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and therefore their positive sequence yields immediately 
Inc = 14.7/ — 173.1? 
Ica = 14.7/66.9° 
The line current I, is (without memorization, just KCL at node A!) 
L = [yp + lic = 14.7/—53.1° — 14.7/66.9° 
= 8.83 — j11.76 — (5.77 + j13.52) 
= 3.06 — j25.28 = 25.47/—83.1° 


and the remaining two line currents follow a positive sequence, that is, 


La = 25.47/—203.1° 
Lc = 25.47/36.9° » 
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The principles of analysis studied so far are applicable to this case also. Therefore, let 
us illustrate them with a specific example and draw the relevant conclusions. 


EXAMPLE 13-5 
In the balanced circuit of Figure 13-16(a) let 
Zy — 34 j4 


and the source is a positive-sequence generator with a line voltage of 380 V. Calculate all the 
phase and line currents in the load and in the source. 


Solution. We start with the phase voltages at the load. First 


due to the Y-connected load. Then take V ,y as a convenient reference, getting 
Van = 220/0* 
Vey = 220/— 120° 
Vow = 220/120° 


precisely as in Figure 13-13. (The same remark holds here, too: If V įg is given at 0°, the 
entire phasor diagram must be rotated clockwise by 30°, and then V,, = 220/ — 30^, etc.) 
The line voltages at the load (and at the source) are then 


V ag = Væ = 380/30 


Vc, = V, = 380/150? 


Probs. 13-8, 
13-9, 13-10, 
13-11 


392 13/THREE-PHASE CIRCUITS 


Vos Vo Vow Vap” Via 


Vac = Vic 


(b) 
Figure 13-16 Example 13-5. 


The load currents are 
Lin = ER mdr 551 
3 + j4 
Ig, = 44/ — 173.1? 
Icy = 44/66.9° 


since they form a positive sequence. These are also the line currents, by inspection of the 
circuit 


Là = [yy 
L5 = Ibn 
Lc - Ics 


See Figure 13-16(b). The phase currents in the source are presented in Problem 13-12. Probs. 13-12, 
B 13-13 
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This case, again, will be illustrated with an example, and we'll mention the important 
conclusions as we go along. 


EXAMPLE 13-6 
In the balanced circuit of Figure 13-17(a) let 


Z, =9+j12 


and the source is of positive sequence, 380 V line-to-line. Calculate the phase currents and phase 
voltages of the load and the line currents. 


Vgc 


(b) 
Figure 13-17 Example 13-6. 
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Solution. Start conveniently with 
Yas = V 4g = 380/07 
d theref 
and therefore V,. = Vc = 380/— 120° 
Vig = Vca = 380/120° 
because of their positive sequence. In a A, line voltages are phase voltages in magnitude 


and angle. (Don’t memorize it—just look at the circuit.) 
The phase current I,, in the load is 


Viz — 380/07 . 


and, without further ado, we write immediately 


Ipc = 25.33/ — 173.1? 


and 
Ic, = 25.33/66.9° 


being a positive sequence of currents. 
The line currents are written with KCL at nodes A, B, and C 


I, = Ic, EJ Iza 
I5, = Lye + Ics 
Ice = Lic + Inc 


We chose a different reference direction for our line currents just to practice the double 
subscript notation and to confirm how foolproof it is. The detailed calculations yield 


La = (10 + j23.3) + (—15.2 + j20.26) = —5.2 + j43.56 = 43.87/96.8° 
Ij, = (15.2 — j20.26) + (25.15 + j3.04) = 40.35 — j17.22 = 43.87/—23.2° 
Ice = (—10 — j23.3) + (—25.15 — j3.04) = —35.15 — j26.3 = 43.87/—143.2° 


The last two, of course, could have been written by inspection after I,,: They form a 
positive sequence. These line currents are not shown on the phasor diagram, to prevent 
clutter. It is worthwhile to check quickly the magnitude ratio of a line current to a phase 
current 


A 


3.8 
3233 = 1732 = /3 


as expected. E] 


N 


13-7 AN UNBALANCED SYSTEM 


To complete this discussion, let us go back to our introductory remarks for 
unbalanced systems. Here, no “nice” results can apply, no 120° in general, no factor of 


Ts The only way to approach an unbalanced system is by a general loop or node 
analysis.T 


+ In power systems analysis, there are several specialized methods for analyzing unbalanced systems. 


Here we are taking a broad, yet nonspecialized, approach. 


Prob. 13-14 
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What can get unbalanced? The load, for one. Although many loads are designed 
to be balanced, for example, a 3-¢ ac motor, it can happen that one phase of such a 
motor becomes an open circuit. A transmission line is designed to be balanced; yet it, 
too, can become unbalanced. Finally, the 3-¢ source may become unbalanced, for 
instance, during a severe short circuit. 


EXAMPLE 13-7 


Let us take the A-A unbalanced system shown in Figure 13-18(a). The load and the line are 
unbalanced; the source is balanced, of positive sequence. We drew this circuit slightly 
differently, just to stress that there is nothing sacred about triangular-shaped drawings for 3-@ 
circuits. 


Solution. As always, we must first make a choice of the method of analysis. For node 
analysis, if we let node c be reference (ground), nodes a and b have known voltages; nodes 
A, B, and C have unknown voltages; so we need three node equations. Question: What's 
wrong with using the formula that we learned in an earlier chapter, namely, the number 
of node equations = number of nodes — 1 — number of voltage sources? Here, this 
would give 6 — 1 —3- 2. 

The number of unknown loop currents is three, as shown. The loop current I, 
inside the delta of the source is zero, as discussed earlier in this chapter. So, it's a toss-up 
between node analysis and loop analysis. 

Let's do loop analysis. The three loop equations can be written by inspection (no 
exaggeration — you should be able to do it after Chapter 9). In matrix form they are 


cedo-f-nm 4317 110/0* 
-2-A 6+j6 —3—j4]]|1,| = |110/—120° 
444 —2—4 04.8710 0 


If you don't quite see it, write carefully every loop equation, collect terms, and arrange in 
the final matrix form. The solution for I,, I, and I, is obtained by a Gauss-Jordan 
routine, such as the one given in Appendix A. The answers are 


I, = 6.6 — j10.4 = 12.3/—57.6° 
I, = —13.1 —j15.2 = 20.1/—130.7* 
I, 2 —43 —j14.2 = 14.8/—106.8° 


From these, all the required quantities are readily available. For example, the line 
currents are 


L,=1, —123/—57.6? 
LI, —1, = —19:7 —j48 = 203/—166.3* 
Lc = —L, = 13.1 + j15.2 = 20.1/49.3° 


The phase currents in the load are 


Ls = I, — I, = 109 + j3.8 = 11.5/19.2° 


Inc = 1, —I, = —88 — ji = 89/—173.5? 
Ic, = —I4 = 43 + j142 = 14.8/73.2° 


110 /120° 


110 /-120" 


1+ fl 


Impedances 
(a) 
Veca 
I 
= Lec 
I 43 
Ipc 
lpg 
La V 
AB 
lin=10A 
Vgc lin=25 V 


(b) 
Figure 13-18 Example 13-7. 
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The phase voltages in the load are 
Vas = (3 — j4)I gg = 57.5/[— 33.9" 
Vac = (3 + JVI gc = 44.5/ — 120.3? 
Vea = (4  j3)fc, = 74/1107 


The phasor diagram for this circuit is given in Figure 13-18(b), showing clearly the 
unbalanced nature of the system. Check on the correctness of this solution by creating a 
few cut sets and summing their currents.T & 
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In general, we can say that the total average power P, in a 3-ġ load is 


P, = Pi + P +P, (13-38) 
that is, the sum of the average powers in the three phases. Let us write 
P, = VI, COS 0, (13-39) 


as the average power in phase k, where, as usual, V, is the effective phase voltage, J, the 
effective phase current, and cos 0, the power factor of the phase. Then 


3 
P,= y Vicos, "WW (13-40) 
k=1 


Similarly, the total reactive power is 


3 
Q,— Y VI, sin®, VAR (13-41) 
k=1 


while the volt-ampere for each phase is 
S, = VA VA, k= 1,2,3 (13-42) 


This is it, simple and general. It applies to an unbalanced load, where no additional 
simplifications can be made, as well as to a balanced load, where several 
simplifications can be made. 

Prior to that, however, let us backtrack a little and consider the instantaneous 
power in a 3-$ balanced system. If you recall from Chapter 11, that's how we started 
our discussion of power in a single-phase circuit. 

In a balanced 3-¢ load, connected in Y or in A, the three phase voltages are 


v(t) = T V.se COS ot 
v(t) = J/2 Ver cos (wt — 120°) (13-43) 
vs (t) = J/2 V; cos (wt + 120°) 


t Be involved. Do it! 


Probs. 13-15, 
13-16 


Prob. 13-17 
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assuming a positive sequence. For this balanced load, the corresponding phase 
currents are 


it) = J2 Işe cos (œt — 0) 
it) = J/2 I, cos (ot — 120° — 0) (13-44) 
i (t) = J/2 I, cos (wt + 120° — 0) 


where 0 is the angle of the phase impedance. The total instantaneous power is 
3 
P(t) = », v(Dij(t) = 2Verelerg[0oS ot cos (wt — 0) 
k=1 
+ cos (wt — 120°) cos (wt — 120° — 0) + cos (wt + 120°) cos (ot + 120° — 0)] 
(13-45) 
Now use the trigonometric identity 
cos x cos y = i [cos (x — y) + cos (x + y)] (13-46) 


exactly as we did in Chapter 9 for the single-phase power. With this identity, Equation 
13-45 becomes 


P(t) = Vere I,4[3 cos 0 + cos (2wt — 0) + cos (2wt — 120° — 0) 
+ cos (2wt + 120° — 0)] (13-47) 
The second, third, and fourth terms in Equation 13-47 add up to zero 


V. 


e 


eelere COS (ot — 0) + VAI, cos (20t — 120° — 0) 

+ Vd, cos (2o0t + 120° —0) =0 (13-48) 
because they are a balanced set (at a radian frequency of 2o). Therefore, the total 
instantaneous power is 
DAt) = 3V I... cos 0 (13-49) 


which is constant with time, as shown in Figure 13-19. 

This is an amazing result! In a single-phase circuit, we recall, the instantaneous 
power is sinusoidal (pulsating) at the double frequency 2o, with an average value P. 
(See Figure 11-1.) In the 3- balanced case, these sinusoidal (2c) terms cancel, and the 


p, (t) 


t 


Figure 13-19 Instantaneous power in a balanced 3-¢ 
load. 
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Q, = 3V off Leff sin 0 


P, = 3V ote L eg cos 0 


Figure 13-20 Power triangle for a balanced 3-$ 
load, with phase quantities. 


instantaneous power is a smooth constant. That’s another excellent reason for 
transmitting and distributing electric power by three-phase systems, as mentioned in 
the beginning of this chapter. 

It does not take very long to recognize that, in Equation 13-49, the average 
power is also the instantaneous powert 


Pt) = P, = 3P on = 3V ecel ete cos 0 (13-50) 


and the total average power is three times the average power per phase, because the 
load is balanced. Equation 13-40 is reduced here to Equation 13-50. Similarly, the 
total reactive power in the balanced load is 


Q, = 3Q pn = 3Vecel ere Sin 0 (13-51) 
and the total volt-amperes in the balanced load are 
Ss, = 3S ph = Saeed cee (13-52) 


The power triangle for the balanced load is shown in Figure 13-20. Obviously, it is a 
triangle similar to the one for each phase by a scale factor of 3. 

So far, we did not specify the connection (Y or A) of the load. Our calculations 
involved the phases of the load—which are valid for either a Y or a A connection. In 
an unbalanced load, we add the powers in the three different phases, and in the 
balanced load we multiply by 3 the power of one phase. 

In either case, we must know (or measure) the phase voltage and the phase 
current, while the power factor of the phase is given. In most cases, such phase 
measurements are inconvenient, if not impossible. For example, a A-connected 3-ó 
motor is enclosed in its metal casing with only three terminals A, B, and C accessible 
for connecting to the line. Or, in a Y-connected load, the neutral N may not be 
accessible externally. Therefore, it would be nice to be able to express the average 
power in terms of line quantities (and the power factor, of course). 

For an unbalanced load this is impossible, in general, because line voltages and 
currents bear no predicted relations to phase voltages and currents. We must simply 
use Equation 13-38. In a balanced load, the prospects are brighter. Consider each 
connection separately. 


+ The time average of a constant is that same constant. 
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Y-Connected Balanced Load Here, as in Equation 13-50, we write 
P, = 3P on = 3V pn pn COS 0 (13-53) 


where we use, as required, effective values of voltage and current. The subscript “ph” 
is for phase quantities. In a balanced Y, we know the relations between phase and line 


quantities 
V, 
V. h = 


p 


(13-54) 


ts 


and 
Les (13-55) 
(Don't memorize, don't search frantically in previous pages; just sketch the circuit 


quickly or, better yet, close your eyes momentarily and visualize it.) Substitute these 
line quantities into Equation 13-53 to get 


V, 
P, = 3—- I, cos 0 = ./3 V,Ij cos 0 (13-56) 


B 


A-Connected Balanced Load Again, 


P, = 3V nI pn cos 0 (13-57) 
but here 

Vin = V, (13-58) 

and 

I 

La y (13-59) 

So, 

I, 

P, = 3V, — cos 0 = 4/3 VI, cos 0 (13-60) 


WE 


the same as Equation 13-56. 
Another amazing and convenient result! The total average power of a balanced 
load does not depend on the connection of the load. Similarly, we have 


Q, = /3 Vl, sin 0 (13-61) 


and 
S, = ./3 VI, (13-62) 


as shown in Figure 13-21. 
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P Y 
er Q,* V3V,I, sin 0 


P sid a 


P, = V3V, 1, cos 0 


Figure 13-21 Power triangle for a balanced 3-¢ 
load, with line quantities. 


EXAMPLE 13-8 


A 3-@ balanced load is rated at 1500 W, 0.8 p.f. lagging. It is fed from a line voltage of 
220 V. Calculate the impedance per phase if: (a) it is A-connected, (b) 


Y -connected. 


Solution. (a) We have 


1500 = ,/3 (220)1,(0.8) 


I, = 4.92 A 
1 
I pn = —= (4.92) = 2.84 A 
B 
220 


Z, = 77.44/cos_ + 0.8 = 77.44/36.9° = 62 + j46.5 


Check: 
3I2, R = 3(2.84)*62 = 1500 W = P, 
312, X = 3(2.84)*46.5 = 1125 VAR = Q, 
3I, Von = 3(2.84)220) = 1875 VA = S, 
(b) Here also, 


1500 = ,/3(220)1,(0.8) ~. 1, =4.92A =I py 


220/,/3 
Z,--—495 = 25820 


Zy = 25.82/36.9° = 20.6 + j15.5 


which, by the way, confirms Problem 13-9. 
Check: 


312, R = 3(4.92)720.6 = 1500 W = P, 
312, X = 3(4.92)715.5 = 1125 VAR = Q, 
220 
31 on Von = 3(4.92)| — | = 1875 VA = S, 


A 


401 


is 


Probs. 13-18 
13-19, 13-20 
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13-9 POWER MEASUREMENTS 
A wattmeter is an instrument that measures power. It consists of a current coil of a 
very low impedance and a voltage coil of a high impedance.t See Figure 13-22(a). 


When the wattmeter is connected, the current in each coil creates a flux. These fluxes 
create a mechanical torque between the coils. As a result, the voltage coil moves on a 


pivot, and a pointer attached to it indicates a reading on a scale. 


YOY 


(b) 


(a) 


Figure 13-22 (a) Wattmeter. (b) Power measurement. (c) Power measurement. 
(d) Just a measurement. 


+ In technical jargon, the voltage coil is sometimes called the pressure coil. 
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In Figure 13-22(b), we show a typical connection of a wattmeter to measure the 
power delivered to the load in a single-phase circuit. The current coil is connected in 
series with the load, like an ammeter; its (+) marked terminal is at the tail of the load 
current. The flux in the current coil is therefore proportional to i(t), the load current. 
The voltage coil is connected across the load in parallel, like a voltmeter; its (+) 
marked terminal is at the (+ ) reference of the load voltage. The flux in the voltage coil 
is therefore proportional to v(t), the load voltage. The instantaneous torque is 
therefore proportional to the product v(t)i(t), the instantaneous power. The reading of 
the pointer gives the average of this product if v(t) and i(t) are periodic 


T 
W = d | v(t)i(t) dt (13-63) 


0 


In a sinusoidal case, the reading is 
W = P = Vesel ete COS 0 (13-64) 


the average power delivered to the load. 

A word or two about the two different connections in Figure 13-22(b) and (c). In 
the former, the current coil carries the true load current, but the voltage coil has the 
added voltage drop across the current coil. This added voltage is very small, since the 
impedance of the current coil is very small (that's the reason for designing it so!). In 
the latter, the voltage coil has the true load voltage, but the current coil has the added 
current in the voltage coil —again, a small value because of its high impedance. Thus, 
in either case, the wattmeter reading includes the small power loss in one or the other 
of its two coils. This loss is usually negligible. In precision meters, a special 
compensation is provided to give the correct reading. For our purposes, either 
connection will be valid.Tt 

In Figure 13-22(d), the reading of the wattmeter will still be 


W=— [| «oio dt = VAI, cos f (13-65) 


0 


where V, and I, are the effective values of the sinusoidal v,(r) and i,(t), and $ is the 
phase angle between them. As shown, v, and i, can be in different parts of the circuit; 
the reading of the wattmeter then is not power in a specific load, just the value given in 
Equation 13-65. 

For a 3-ó unbalanced load, it seems that we need three wattmeters, one per 
phase. The sum of their readings, W, + W, + W3, will be the total power. However, 
such connections may not be possible because phase currents in a A and phase 
voltages in a Y may not be accessible. We must do with wattmeters connected in the 
lines leading to the load. 


+ The ac wattmeter, installed on your house by your friendly electric power company, operates 
essentially on the same principle. Here, the torque is produced on a revolving aluminum disk (which seems 
to run forever!) Through a gear train, the disk drives the register of the meter. Average power is integrated 
(added) by the continuous revolutions; this is the energy used, as indicated on the meter. 


Probs. 13-21 
13-22 
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Figure 13-23 Two-wattmeter power measurement. 


Consider, then, an unbalanced A load, as shown in Figure 13-23, with two 
wattmeters W, and W,. The average readings of the two wattmeters are 


1 T 
W, = z| v (Di, (E dt (13-66a) 
T Jo 
and 
1 T 
0 


because of the nature of their connections. Neither reading, on its own, has a meaning 
as the power is some part of the load, since the voltage coils have line-to-line voltages, 
Vac and Vgc, while the current coils have two “unrelated” line currents i, , and ig. The 
sum of readings, however, makes sense. It is 


Lr 
W, + W, = HI (v Aci A4 + Vgcipg) dt 
0 
1 f* : f 
= Hl Lvgcliac + dag) + vpc(igc + ig4)] dt 
0 


LIT LI" LI 
=; | Vaclac dt + ral Upclpc dt + zi (v AciAp + Upcipa) dt (13-67) 
0 


0 0 


The integrand of the last integral is rewritten by using the convention of double 
subscript notation, 


U4cl4g T UgclpgA = U4clag — UpgclAp 


= (vac — Upc)i Ap = (Vac + Vcg)i ag = UAplap (13-68) 
Equation 13-67 then reads 


T T 
Ph + Pe + Pe, (13-69) 


IJ 1 (7 [p 
W, + m= =| vacia dt + =| tacinc dt + 7. | Vapiap dt 
0 0 0 


giving, indeed, the sum of the three average powers in the three branches of the load. 


Prob. 13-23 
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EXAMPLE 13-9 
In Example 13-7, Figure 13-18, we found 


V ac = 74/—70°, Lic = 14.8/ — 106.8* 
(Watch those double subscripts!) 


Solution. We calculate 


Pz, = (7414.8) cos (— 70* + 106.8?) = 877 W 


Similarly 

Vic = 44.5/—120.3° Inc = 8.9/—173.5° 

Pz, = (44.5)(8.9) cos (— 120.3° + 173.5°) = 237 W 
and 


V ip = 57.5/—33.9° Lap = 11.5/19.2° 
Pz, = (57.5(11.5) cos (—33.9° — 19.2°) = 397 W 
The total power in the load is then 
P, = 877 + 237 + 397 = 1511 W 


With the connections of the two wattmeters as shown in Figure 13-23, we have 
Vic =T4(=10 — L,-123/-5716 
and W, reads therefore 
W, = (74)(12.3) cos (— 70° + 57.6°) = 888 W 


Furthermore 
Vic = 44.5/—120.3° I,, = 20.3/—166.3° 
and so 
W, = (44.5)(20.3) cos (— 120.3° + 166.3°) = 625 W 
The sum of their readings is 


W, + W, = 888 + 625 = 1513 W 
close enough! E 


Our derivation in Equations 13-65 through 13-69 was done for a delta load. 
However, the two wattmeters read line voltages and currents. In other words, the load 
can be either delta or wye. Also, since it was assumed unbalanced, the method and the 
results obviously hold for a balanced load. In summary: The two-wattmeter method 
of Figure 13-23 applies to any 3-4, three-wire load. 

As a special case, let us derive Equations 13-65 through 13-69 for a balanced 
load. Due to the symmetry of our previous results for voltages and currents in 
balanced loads, we should expect some nice symmetry in W, and W, here also. 
Specifically, let the load be Y-connected, with Z, — Z/0 per phase, as shown in Figure 
13-24. The phasor diagrams of Figures 13-12 and 13-13 apply here. The reading of W, 


1S 


T 
W, = zl v asiaa dt = V4gI an cos (30° + 0) = V,I; cos (30° + 0) (13-70) 
0 


Prob. 13-24 
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Figure 13-24 Balanced Y, 3-¢ power measure- 
ment. 


because there is a 30° angle between V,, and V 4, and I4, lags behind V 4, by 8°. 
Also, W, reads 


1 T 
W, = zl Ucplec dt = Vecplcu COS (30* — 0) = Vil, COS (30* = 0) (13-71) 
0 


Be sure to satisfy yourself of these readings by carefully locating the appropriate 
phasors in Figures 13-12 and 13-13. In particular, don't forget that Vcg = — Vgc. 

The sum W, + W,, we know already, must be the total power. Use the 
trigonometric identity 


cos (x + y) = cos x cos y F sin x sin y (13-72) 
and add Equations 13-70 and 13-71. The result is 


3 1 3 1 
W, + W, = KI coso — sind +Y? cos 0+} sin) 


=,/3 Vi cos D = P, (13-73) 


as in Equation 13-56 or 13-60. The result, then, is valid for a balanced Y or a balanced 
A load. 


EXAMPLE 13-10 
In Example 13-5, Figure 13-16, we had 


I = lpn = 44A 
Solution. Therefore, quickly, 


P, = 3(44)°3 = 17,420 W 
ĝ = tan” t$ = 53.1° — cos0 — 0.6 
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With the two wattmeters connected as in Figure 13-24, we have 


W, = (380)(44) cos (30° + 53.1?) = 2000 W 
and 
W, = (380)(44) cos (30° — 53.1°) = 15,380 W 
Their sum is 
W, + W, = 17,380 W 


Probs. 13-25. 
well within numerical errors of roundoff. B 13-26, 13-27 


Several additional conclusions can be reached from the readings of the two 
wattmeters (Equations 13-70 and 13-71): 


1. If the load is purely resistive, 0 — 0°, both readings will be the same, 
W, = Wa 

2. If 0 < 60°, that is, the power factor is greater than 0.5, both readings are 
positive W, > 0, W, > 0. 

3. If 0 = 60° (p.f. = 0.5) the first reading is zero, W, = O.t 

4. If 0 > 60°, then cos (30° + 0) is negative and W, will show a negative reading. 
To get an upscale reading, reverse the connection of the voltage coil or of the 
current coil. The power is still the sum of W, (negative) and W, (positive). 


EXAMPLE 13-11 
In Example 13-5, Figure 13-16, let the impedance per phase be 


Z, = 5/80° = 0.868 + j4.924 


Solution. Then 


I, =I, =44A 
and 
W, = (380)(44) cos (30° + 80°) = —5720 W 
W, = (380)(44) cos (30° — 80°) = 10,750 W 
P, = —5720 + 10,750 = 5030 W 
Check: 


P, = 3(44)?0.868 = 5040 W 


with an acceptable error of 0.2 percent. Mind you, such errors as in this example and the 
previous one are due only to the numerical precision. The equations themselves are exact, Probs. 13-28, 
of course. Bg 13-29 


t Assuming, of course, that this wattmeter is not broken. 
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13-10 DELTA-WYE TRANSFORMATION 


We conclude this chapter with a discussion of an equivalence between a A load and a 
Y load. We must understand very clearly what is meant by such an equivalence. For 
example, when we say that three impedances in series are equivalent to a single 
impedance Z, = Z, + Z; + Z4, we mean that at the accessible terminals, a and b, 
voltage and current relations are the same. In converting these three impedances into 
a single equivalent one, we lose, for example, the ability to measure the voltage across 
Z, because Z, becomes inaccessible at the external terminals. See Figure 13-25(a). 

A similar argument holds for the equivalence between a A load and a Y load, 
Figure 13-25(b). Given the A load, Z,, Z;, and Z,, we say that there is a Y load 
equivalent to it, Z4, Zg, and Zç (shown in dotted lines), provided the voltages and 
currents at the accessible terminals A, B, and C—line voltages and line 
currents — remain the same. In converting the A to the Y (on paper more often than in 
real life), we lose Z,, Z;, and Z4, so we can't talk, for instance, of the phase current 
in Z,. Such a conversion, even if on paper only, is often very useful for two reasons: 
(1) usually we are interested only in line quantities, as illustrated amply in all our 
previous calculations and measurements; (2) subsequent calculations may be 
simplified by such a conversion. 

For the Y to be equivalent to the A at the accessible terminals, the impedance 
between every two terminals must be the same for the A and for the Y. That is, 
between A and B, the A connection shows a total impedance of Z, + Z, in parallel 
with Z,, while the Y connection shows Z, + Zg. Therefore we write 


(Z, + Z3); 
AE Re n ee J Z 7 
Z, 4 Z, +2, at Zp (13-74) 
Similarly, between B and C 
(Z, + Z,)Z, 
i he 13-75 
%,.+%,+% ($5560 un) 
a a 
-— ieee. 
| | 
| | 
| Zi 
| | 
| | 
in 
(LIA 7 [IA 
| | 
| | 
| | 
| Z4l 
| | 
L5 
b b 


(a) (b) 
Figure 13-25  Equivalence of networks. 
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and between C and A 


(Z, + £37, 


bx liani DE inh 13- 


These three equations can be solved for Z 4, Zg, and Zc by subtracting any two, then 
adding to the third one. We get 


Z,Z, 
Z, = > 
Z + 7,47, 
L,Z; 
a rae ie 13-77 
B 2,T 25,25 ( ) 
z- A 
7, 0,4 oe 


Conversely, if the Y is given (without a neutral wire!) and we want its A 
equivalent, we solve Equations 13-74, 13-75, and 13-76 for Z,, Z2, and Z, to get 


ZZ 
Z, = Z4 +t Zc+ Em 
Zg 
ZZ 
Z, = Z; + Z+ =Z (13-78) 
Zc 
ZZ 
Z, = Zs + Zo + —— 
Za 


Equations 13-77 and 13-78 constitute the A-Y, Y-A equivalence transformations. We 
met them earlier in Chapter 4, Section 4-4, for resistive networks only, and without the 
broader concepts of line voltages, currents, and neutrals. It is useful to be able to 
reestablish such a tie with the expanded implications. 


EXAMPLE 13-12 ———__EEEEE 


The A load in Example 13-7, Figure 13-18, is converted to a Y using our notation here. 


Solution. 
| Q-j962j» EE 
(3 + j4)3 — j4) " 
(3+ j4\(4 3) M 


The original A and its equivalent Y are shown in Figure 13-26. With the Y load, we need 
only one node equation to solve the system, by comparison with three loop equations 
there. This is the type of simplified calculations we mentioned! The unknown node 
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j4 3 


Impedances 


Figure 13-26 Example 13-12. 


voltage is Vy, with node b of the source as reference. We have, with (+) for currents 
leaving N, 


Vy— 1007 Vy — Vw + 110/=120° _ 
31j07 ' 43+ 03 1.7 + 73.3 


Solve for V, and, from it, calculate the line currents and voltages. They are the same as in 


the original system. E 
PROBLEMS 
13-1 (a) Plot versus œt and label carefully the waveforms of a negative sequence of three 
phase voltages. 
(b) Verify to your satisfaction that there are no additional possible three-phase 
sinusoidal sequences other than the positive one and the negative one. 
13-2 In a positive sequence of voltages, we know that 
V, = 120/— 60° @ = 377 
Draw the complete phasor diagram and from it write the expressions for v,(t), v,(t), and 
v(t). 

13-3 Explain in detail why, in a balanced A-connected source without any load, as in Figure 
13-5(a), there is no circulating current in the loop formed by the delta. Such a current, if 
present, could damage the sources. 

13-4 Repeat Example 13-3, but with a transmission line of impedance Z, = 0.5 + j0.1 per 
phase. 

13-5 Repeat Example 13-3 with a negative sequence of voltages. 

13-6 A positive-sequence Y-connected source, 380-V line voltage, is connected through a 


balanced transmission line, Z, = 0.5 + j0.5, to an unbalanced load connected in Y, with 
Zan = 104+ j8, Zey = 10 — j8, Zoey = 10+ j0. The neutral of the source (n) is 
connected to the neutral of the load (N) with a short circuit. Calculate the phase 
voltages and currents in the load and draw them on a phasor diagram. Use the phase 
currents as the unknowns. 


Probs. 13-30, 
13-31 
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13-7 


13-8 


13-9 


13-10 


13-11 


13-12 


13-13 


13-14 


13-15 


13-16 


In a Y-Y system, balanced or unbalanced, with or without a neutral connection, what is 
the sum of the line currents (and the neutral current, if a connection exists)? Hint: Think 
cut sets. Verify your answer for Problem 13-6. How is your answer applicable (or not) 
to a A-A, A-Y, Y-A system? 


A balanced capacitive A load is given by 
Z,29-—jl2 


It is connected to a positive-sequence generator with a line voltage of 220 V. Calculate 
the phase currents and voltages of the load, and the line currents. Draw their phasor 
diagram to scale. Compare your results with Example 13-4. Question: Does the 
unmentioned connection of the generator (Y or A) affect your results? Explain why or 
why not. 


A balanced A load draws the same line currents (in magnitude) as a balanced Y load. 
The 3-@ source is the same in both cases. Prove that 
Zy = 3Z4 
Rework Example 13-4 with a negative sequence for the 3-@ source, that is 
V ip = 220/0^ 
V gc = 220/120" 
Vc, = 220/ — 120" 


Draw a phasor diagram for a negative sequence of balanced phase voltages in a 
Y-connected load. From it, construct the phasors of the line voltages. Compare the 
relative position (30° leading or lagging) of a line voltage and a phase voltage in this 
case with the positive sequence (Figure 13-13). 


Calculate the phase currents in the source of Example 13-5. Suggestion: Use the 
graphical approach on the phasor diagram. We know that 

Ipa + L = Iaa 
where I, , is given. Also I,, = Iq = I, A / A in magnitude, and there is a 30^ angle there. 
Finally, don't forget that the phase currents in the source form a positive sequence. 


In Example 13-5, add a balanced line impedance 


and solve completely. 


In Example 13-6, add a balanced line impedance 
Z, = 1 + j0.5 
and solve completely. Suggestion: Use the result of Problem 13-9 and a single-phase 


equivalent circuit as in Figure 13-11. 


Solve Example 13-7 by node analysis with V ,, V g, and Vç as node voltages with respect 
to c. From your solution, calculate the load currents and compare with Example 13-7. 


(They'd better be the same.) 


The Y-Y system in Figure 13-9 is given as follows: The source is balanced, positive 
sequence, 220 V per phase. The windings have equal impedances Z, = Z, = Z, = j0.2. 
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13-17 


13-18 


13-19 


13-20 


13-21 


13-22 


*13-23 


13-24 
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The line is balanced, Z, = 0.6 + j0.4. The load is Z4, = 2 -j0; Zg 23— jl; Zc = 
1 + j2. There is no neutral connection. Calculate the phase voltages and currents in the 
load. 

Calculate the total average power, reactive power, and volt-amperes in the load of 
Example 13-7. 

A small industrial park consists of two plants, each forming a balanced load. They are 
rated as follows: 


Loada: A, 300 kVA, 0.85 p.f. lagging 
Load b: Y,400 kVA, 0.95 p.f. leading 


The line voltage supplying the park is 13.8 kV. Calculate the line current and the p.f. of 
the industrial park as a single unit. 

A 3-ó balanced load is rated at 300 kW, 0.8 p.f. lagging, 13.8-kV line voltage. It is 
proposed to improve its power factor to 0.95 lagging with a 3-$ balanced set of 
capacitors, connected in parallel with the load. Calculate the rating of each capacitor (in 
farads and volts) if the capacitors are connected: (a) in A, (b) in Y. A so-called one-line 
circuit diagram is shown in the figure, together with a full three-line diagram for the A- 
connected capacitors. The system operates at 60 Hz. 


13.8 kV 


Capacitors Load 


Problem 13-19. 


A 3-@ balanced load is rated at 300 kW, 0.8 p.f. lagging, 2400-V line voltage. It is 
connected to the source by a balanced transmission line, Z, = 0.2 + j1.1. Calculate the 
line voltage at the source. 


In certain cases, when measuring power, we must isolate the wattmeter, or scale the 
current and the voltage of the load to convenient values for the meter. Use a voltage coil 
transformer (turns ratio a,:1) and a current coil transformer (turns ratio a;:1) to draw a 
circuit diagram for such a connection. It will be a modification of Figure 13-22(b) or (c). 


Based on Equation 13-65, describe in detail a laboratory experiment from which you 
can find the phase angle between two sinusoidal waveforms, using a voltmeter, an 
ammeter, and a wattmeter. 

Prove: In an n-wire system (n lines feeding a load), we need only n — 1 wattmeters to 
measure the total power to the load. Show the connections of these wattmeters in the 
lines. 


Consider the measurement of power in a 3-¢ unbalanced Y load without a neutral wire, 
as shown. The three wattmeters’ current coils are in the lines, and their voltage coils 
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13-25 


13-26 


13-27 


13-28 


13-29 


13-30 
13-31 


form a Y of their own, with a neutral N. Prove that W, + W, + W, is the total power P, 
in the load. Hint: v,& = Vay + Uyg, etc. 


Problem 13-24. 


Prove that in a balanced load with two wattmeters (Figure 13-24), the total reactive 
power Q, is related to the difference W, — W,. Derive this relationship. 


Prove that in a balanced load with two wattmeters, the power factor of the load can be 
calculated from the two readings (W, 4- W;) and (W, — W,). Derive this relationship. 
Prove that in a balanced load with two wattmeters, a reversal of the phase sequence will 
interchange the readings of W, and W,. 


In the derivations for the two-wattmeter method for a balanced load (Equations 13-70 
through 13-73) the load was assumed inductive (lagging p.f.). Rework these derivations 
for a capacitive load (leading p.f.). Note carefully the individual readings of the two 
wattmeters, the condition for a zero reading in one, a negative reading, etc. 

In a balanced 3-¢ load, power is measured with two wattmeters. The ratio of the two 
readings is 2:1. What is the power factor of the load? 

Use the A-Y transformation to verify your answer to Problem 13-9. 


Complete the calculations in Example 13-12. 


Chapter 14 


The Laplace Transform 


14-1 INTRODUCTION AND STATUS REPORT 


It is time to sit back for a moment and take stock of our studies so far in the analysis of 
linear networks: 
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. We know how to formulate and solve loop or node equations for a purely 


resistive network. These are algebraic equations with real coefficients. 


. We know how to formulate and solve the loop or node equations of a first- 


order circuit. Such an equation is a first-order differential equation, with one 
given initial condition. The classical solution is the sum of the homogeneous 
and particular solutions. The total response consists of the zero-input and the 
Zero-state responses. 


. We know how to formulate and solve second-order circuits, either by two 


simultaneous first-order state differential equations or by loop or node 
analysis. The single equivalent differential equation must be obtained, then 
solved classically, as in first-order circuits. 


. We know how to formulate but not solve an nth-order circuit. The 


formulation involves simultaneous integro-differential loop or node 
equations, or n simultaneous first-order state differential equations, all with n 
given initial conditions. The handling of simultaneous differential (or integro- 
differential) equations by classical methods is hopelessly difficult, if not 
downright impossible. 


. If our inputs are pure sinusoidal of a single frequency, and if we are not 


interested in the zero-input solution (here, the transient solution), but want 
only the zero-state solution (here, the steady-state solution), we can use the 
phasor transform method to solve the network. This method transforms the 
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simultaneous integro-differential equations into algebraic equations with 
coefficients that are, in general, complex numbers. As such, the purely 
resistive network, case (1), may be considered a special case of this one. 


Table 14-1 summarizes these achievements. 

Obviously, we need to tackle the solution of case (4). Specifically, we need a 
powerful transform method that will: (1) make it easier to handle simultaneous 
integro-differential equations by transforming them into (what else?) simultaneous 
algebraic equations; (2) allow for various waveforms of inputs, such as e`“, 
e" cos wt, etc., as well as dc and pure sinusoids; (3) handle easily initial conditions to 
yield the total response, zero-input plus zero-state. 

Too good to be true? Not really. The Laplace transform, which we are about to 
learn, does all this—and more. Through its use, we can not only handle case (4), with 
cases (2), (3) and (5) as merely special cases; we can also learn a great deal about the 
general features of network analysis and, later, network design. Before going into this 
transform, we need to introduce two important functions. 


14-2 THE UNIT STEP FUNCTION 


In a typical circuit analysis problem, a source (voltage or current) is applied at t = 0. 
The initial conditions have been established just prior to that time, at t = 0 . An 
example is shown in Figure 14-1(a), where a 6-V battery is applied to N. Such inputs 
were introduced in Chapters 7 and 8. 

The operation of the switch can be described by the unit step function u(t), 


defined as 
1 t0 
— 14-1 
"s lo t<0 ue 


TABLE 14-1 STATUS REPORT TO DATE 


Problem Formulation Solution Comments on solution 
1. General Yes Yes Complete 
resistive 
network 
2. First-order Yes Yes Classical solution 
network 
3. Second-order Yes Yes Requires juggling 
network of simultaneous 


differential equations 


4. General Yes No Hopeless by 
nth-order classical methods 
network 

5. General Yes Partial Phasors for sinusoidal 
nth order steady state only 


network 
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u(t) 


(a) (b) 


(c) 


u(t — a) 


(d) 
Figure 14-1 The unit step function. 


and shown in Figure 14-1(b). This function has a discontinuity (“jump”) at t = 0. In 
terms of u(t), we can redraw the circuit of Figure 14-1(a) as in Figure 14-1(c): The 
voltage v(t) across N is 6u(t), that is, zero for t < 0 and 6 for t > 0. The unit step 
function, then, serves as a mathematical-electrical switch. 

A more general unit step function is defined as follows 


1 t>a 


14-2 
0 tga ( ) 


u(t — a) — | 
that is, a switch activated at t — a, as shown in Figure 14-1(d). This is a shifted unit 
step. The previous case, u(t), is a special case when a = 0.7 In fact, we will define the 
most general unit step function, and the easiest to remember, as being equal to 1 when 
its argument is positive, and zero otherwise: 


1 ->0 
u(-) = lo l : 0 (14-3) 


The dot in the parentheses is the argument of the function. 


t Don't be tempted to open the parentheses, u(t — a) # u(t) — u(a). The argument of u must remain 
intact. 


14-2 THE UNIT STEP FUNCTION 
EXAMPLE 14-1 


Plot the following step functions: 
(a) 4u(t + 1) (c) 2u(—1 — t) 
(b) u(—t + 2) (d) —u(t — 3) 


Solution. We have from Equation 14-3: 


4 

(a) 4u(t + 1) = lo 

(b) =+- 

2 

(c) Sil eed = = ‘0 
= 

(d) =u — 3) = lo 


t+1>0 
elsewhere 
—t+2>0 
elsewhere 
—1-t>0 
elsewhere 
t—3>0 
elsewhere 
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In each case, we applied the general definition of Equation 14-3. The plots are shown in 
Figure 14-2. The switching operation of case (b) might be described as “the source was 
connected to N until t = 2, then disconnected.” 


Question: What switching operation might be described by (d)? 


4u(t + 1) 


(a) 


2u(-1- $) 


Figure 14-2 Example 14-1. 


u(—t + 2) 


"Ww = 2) 


(b) 


(d) 


The step function is also useful as a “building block” for many common 
waveforms in electrical engineering. Consider the gate function p(t) shown in Figure 
14-3(a); it is very common in communications and computer circuits. It serves to 
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p(t) 


(a) (b) 
Figure 14-3 The gate function. 


describe a source, or a signal, applied only from t = a to t = b, with b > a. It is given 
by 


a<i<b 


1 
p(t) = h (14-4) 


elsewhere 
In terms of step functions, its expression is very compact and elegant indeed 
p(t) = u(t — a) — u(t — b) (14-5) 
where the two step functions are shown in Figure 14-3(b). 


EXAMPLE 14-2 


Let us write the expression for i(t) as shown in Figure 14-4(a). With “sectional” expressions, we 
can write, of course, 


0 t<0 
10t Ü«te«l 

i(t) = + 10 L<f<3 
25 — St Jets 
0 t>3 


which is a bit clumsy and long. Instead, let us “build” this function, from left to right, using 
ramp functions (Problems 14-2 and 14-3— you solved them, didn't you?). 


Solution. Start with 10tu(t), as in Figure 14-4(b). This gives us the portion of i(t) 
for t < 0 and for 0 < t < 1; then it continues to climb past t = 1. At t = 1, we must flat- 
ten it to the constant value 10. To do this, add the shifted negative ramp function 
— 10(t — 1)u(t — 1) as shown. These two functions produce i(t) correctly up to t = 3, and 
thereafter the constant 10 is maintained. We must “break” it at t = 3 to go down to t = 5. 
To do that, add another negative shifted ramp — 5(t — 3)u(t — 3); the slope of this ramp 
is easy to decide, because between t = 3 and t = 5, we have Ai/At = 10/(—2) = — 5. The 
sum of the three functions will give i(t) correctly up to t = 5, and thereafter it continues to 
fall. To flatten it to zero for t > 5, add a shifted ramp 5(t — 5)u(t — 5) as shown. Finally, 
then 


i(t) = 10tu(t) — 10(t — 1)u(t — 1) — S(t — 3)u(t — 3) + S(t — 5)u(t — 5) 


Probs. 14-1, 
14-2, 14-3 
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i(t) 


10tu(t) 


5(t—5)u(t— 5) 


— Dt = Tet = L =S — sat = 3} 
(b) 
i, (t) i, (t) i; (t) 
10 10 ——— 10 


Figure 14-4 Example 14-2. 


Another way to look at it is to say that i(t) is the sum of the curve up to t = 1, plus 
the curve from t = 1 to t = 3, plus the curve from t = 3 on. These are, respectively, 


i,(t) = lOt[u(t) — u(t — 1)] 
i,(t) = 10[u(t — 1) — u(t — 3)] 
i,(t) = (25 — St)[u(t — 3) — u(t — 5)] 


as shown in Figure 14-4(c). Here we have used gate functions as multipliers (in square 
brackets) to clip the appropriate functions. 

You should verify that the sum i, + i, + i4 is equal to i(t) as obtained previously. 
The two methods are totally equivalent, and the choice is a matter of personal taste and 
visualization. ue 


Prob. 14-4 
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14-3 THE UNIT IMPULSE FUNCTION 


If for no reason other than curiosity, we ought to ask, “if the unit step is the derivative 
of the unit ramp, as in Problem 14-2, what is the derivative of the unit step?" Actually, 
there are many good reasons to ask it. For instance, let the voltage across a capacitor 
be the unit step u(t); the current will be C du(t)/dt, proportional to the derivative of 
u(t). 

Because of the discontinuity in the unit step function, let us obtain this 
derivative carefully, using a limiting process. In Figure 14-5(a), we show a new 
function, g(t), which is continuous (without jumps). In Figure 14-5(b) we plot 
the derivative of g(t), dg(t)/dt. This is easy. Up till t = a, g(t) = 0 and therefore its 
derivative is zero. Between t = a and t = a + e, g(t) rises at a constant rate, and its 
derivative is Ag/At = 1/e. For t > a + e, dg(t)/dt = 0 again. 

The derivative dg/dt is, then, a gate function, similar to Figure 14-3. In 
particular, note that the total area under the curve dg/dt is that of a rectangle 
(base x height) 


1 
Area = €- = = 1 (14-6) 


and is always 1, regardless of e. Since this is the case, let us now take the limit as e > 0. 
First of all, as e — 0, the function g(t) becomes u(t — a) as can be seen in Figure 14-5(c) 


lim g(t) = u(t — a) (14-7) 


£20 


g(t) u(t — a) 


- t 


ó(t — a) 


(c) (d) 
Figure 14-5 The unit impulse function. 


Prob. 14-5 
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As € > 0, the derivative dg(t)/dt remains a gate function, a rectangle with a smaller and 
smaller base € and a larger and larger height 1/e, but with a constant area as in 
Equation 14-6. Finally, this rectangle becomes 


dg(t) d 


lim 4; t — a) = H(t — a) (14-8) 


£20 dt 


the unit impulse function, shown in Figure 14-5(d): A very narrow-based rectangle 
(e = 0), of infinite height, but with a finite area! To formalize it, we give the defining 
properties of the unit impulse function: It is zero, except at one point t — a 


ó(t —a) 20 t#a (14-9) 
just as dg/dt is zero except between a and a + «. Also | 

ó(t — a) = oo =á (14-10) 
the impulse function is infinite (“blows up”) at the one point; finally, 
I ó(t — a) dt = 1 (14-11) 


= o0 


the total area, between t = — oo and t = oo, under the impulse function is 1. 

Phew! What a strain on our imagination—a function that is zero everywhere, 
except at one point where it is infinite, yet with a finite area. No wonder pure 
mathematicians refused (rightly) to accept this as a usual function. They had to 
develop a rigorous theory of so-called “generalized functions,” or “distributions.” 
Luckily for us, we don’t need to worry about such pure mathematical rigor. The 
applications of the impulse function in electrical engineering are set on solid grounds. 

Several examples ought to soften the initial shock, and, as we work more and 
more problems, we'll get used to these ideas. 


EXAMPLE 14-3 


In Figure 14-6, the network N is a single capacitor of C farads, with no initial voltage across it, 
vc(0 ) = 0. We apply to it a voltage source 6u(t), a 6-V battery connected at t = 0. 


Solution. The waveform of v,(t) is given by 


0 t<0 
ve(t) = 6u(t) = k t>0 


and is shown in Figure 14-6(b). The charge across C is therefore 


qc(t) = Cvelt) = 6Cu(t) 
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6u(t) e vct) 


(a) 


Uc(t) = 6u(t) ic (t) = 6C6(1) 


6C 


——————— y -—[ 
(b) (c) 
Figure 14-6 Example 14-3. 


that is, zero for t < 0, then, at t = 0, jumping to the constant value of 6C coulombs. The 
current accompanying the charging of this capactor is 


dqc „dvc „d pu) 


where du(t)/dt = ó(t), the unit impulse at t = 0. The plot of i(t) is shown in Figure 
14-6(c). The area under the current is 


[| ic(t) dt = [| 6C ó(t) dt = sc |” ó(t) dt = 6C 


— oo — o0 — o0 


the total charge. (The integral of the current is charge, as usual.) This area is usually 
marked next to the arrow of the impulse; it is sometimes called the strength of the impulse 
function. If not marked, it is assumed to be 1. 

Do these answers make sense? Of course they do: The charge across the capacitor 
changes instantly, from zero at t = 0^ to 6C at t = 0*. Such an instantaneous change of 
charge Aq in zero time (At — 0) will require an infinite current Aq/At at t — O. 

Now, in real life we know we don't have infinite currents, right? The circuit in 
Figure 14-6 is the usual ideal model. In a practical circuit, waveforms more similar to 
Figure 14-5 exist. The applied voltage is more like g(t), since the switch takes ¢ seconds to 
close (e may be very small, a few milliseconds perhaps). Consequently, the current iç will 
be more like the gate function dg/dt, of a high (but finite) value, lasting for € seconds, 
during which time the charge is transferred to C. Thereafter, with a constant charge, the 
current is zero again. 

It is extremely important and useful to keep a balance between the ideal models 
with their mathematical descriptions and the practical circuits with their mathematical 
descriptions. These two approaches support and complement each other. B Prob. 14-6 
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EXAMPLE 14-4 


Plot the waveform of 
v(t) = 10u(t) — 20u(t — 1) + 10u(t — 4) 
Calculate and plot its derivative. 


Solution. The derivative is, term by term, 


dv 


T; = 108(t) — 205(¢ — 1) + 108(¢ — 4) 


three impulse functions, at different times and of different strengths. The plots of v(t) and 
dv/dt are in Figure 14-7. 


v(t) 


Figure 14-7 Example 14-4. 


We can continue the differentiation process and ask, “What is d?g/dt in Figure 
14-5(a)?” To do it, we must differentiate the gate function dg/dt of Figure 14-5(b). We 
just did such a differentiation in Example 14-4, so we write, using Problem 14-5, 


dg ddg d[l 1 
a "aaa r gma | 


--Xt-a)--Xt-a- 9 (14-12) 


Probs. 14-7, 
14-8 
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6'(t — a) 


(a) (b) 


(c) 


Figure 14-8 The unit doublet. 


The plot of d?g/dt? is shown in Figure 14-8(a). In the limit, as € > 0, we obtain the 
derivative of the unit impulse, called the unit doublet 


(t — a) = = 5(t — a) (14-13) 


Another formal approach to obtain the unit doublet is to let € — 0 for the function k(t) 
shown in Figure 14-8(c). 

As a summary, we show in Figure 14-9 the ramp function, with its derivative the 
step function; the derivative of the step function is the impulse function, whose 
derivative is the doublet. In reverse, integration of the doublet yields the impulse, 
integration of the impulse yields the step function, and integration of the step function 
yields the ramp function. 

An important property of the impulse function is its sampling property, given by 
the definite integral I 


I= | - f(B&(t — a) dt = f(a) (14-14) 


where f(t) is an arbitrary function that is continuous at t = a. See Figure 14-10. 
Equation 14-14 says that when f(t) is multiplied by ó(t — a), then integrated over the 
indicated range of time, the answer is f(a), the value of f(t) at the point t = a where 


Probs. 14-9, 
14-10 
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rtu) 


u(t — a) 
Differentiation 


ó(t — a) 


oo Integration 


5'(t — a) 


Figure 14-9 Relations among ramp, step, impulse, and doublet func- 
tions. 


the impulse occurs. In this integral, then, ó(t — a) samples f(t) and picks up only one 
value, f (a). Another name for Equation 14-14 is the sifting property of ó(t — a). 

To demonstrate the validity of Equation 14-14, we recognize that the integrand 
f(t)à(t — a) is zero except between t —a — e and t — a + 8, because of ó(t — a). 
Therefore, Equation 14-14 can be written as 


[= [ fox — a) dt (14-15) 


a-—t 


By assumption, f (t) is continuous (no jumps) at t = a. Therefore, over the small range 
of integration a — e < t € a + e, it takes on the value of f(a). Therefore 


I= MIC — a) dt = f (a) [a — a) dt = f (a) (14-16) 


a~e a~e 


where f(a), constant, comes out in front of the integral. The integral then expresses 
the area under the unit impulse, that is, 1. 
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ff) 


Figure 14-10 The sampling property of ó(t — a). 


EXAMPLE 14-5 


We write by inspection the answers to the following fearsome-looking integrals: 


Solution 
(a) | e denen —e720135 
— o0 t=2 
o t+1 t+ 1 2 
(b) ME 
10 
(c) | t?^e ^ *"5(t + 4) dt = 0, 
-3 
because the integrand is zero over the range of integration; the impulse function occurs at 
t — —4, outside the range of integration. 
2n 
(d) | sin zt ó(t — 4) dt = sin d = | 
0 t=1/2 
0 
(e) | sin zt ó(t — 3) dt = 0 
= 2g 
for the same reason as (c). F 


EXAMPLE 14-6 


Let us review conservation of charge (and voltage) in a capacitor, as discussed in Chapter 6, 
Figure 6-6. 


Solution. There are two cases: 

(a) The current in the capacitor has no impulse at t = 0. That is, i(t) is smooth and 
well-behaved at t = 0, as in Figure 14-11(a) The interval O^ to 0 to 0* is shown 
exaggerated, for clarity. Since 


d 


Prob. 14-11 
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i(t) i(t) 


i(0) 
| | 
| | 
1 |! E 
| | 
t t 
0- ot 0- ot 
(a) (b) 
q(t) q(t) 
Or 
q(0-) = q(0*) B 
q(07) 


(c) (d) 
Figure 14-11 Continuous and discontinuous charge. 


let us integrate between t = 0^ and t = 0*, to get 
0* 


q(0*) — (07) = | ie) dt 


The integral on the right is zero because it is the area of a rectangle of finite height, i(0), 
and of zero base. Consequently, 


q(0*) = q(0 ) 
and 
0* 0 
»(0*) = E ) E E )_ »(0-) 


charge and voltage do not change abruptly. See Figure 14-11(c). 
(b) The current in the capacitor has an impulse of strength K at t = 0, as in Figure 
14-11(b). Then 


9s ; 
«0*) - 400) = f Ka at = K | 6(t) dt = K 
9-7 0- 


and therefore 
q(0')—q0)-K 


showing a step discontinuity in charge (and the corresponding voltage), as in Figure 
14-11(d). 

Since true impulse functions do not happen in real-life circuits, we draw the 
familiar conclusion that charge and voltage in a capacitor cannot change instantly. 
However, we should keep in mind ideal models, where impulses can occur, and where 
charge can change abruptly. 


428 14/THE LAPLACE TRANSFORM 


The choice of t = 0 as the time of discontinuity is only convenient; it can be any 
other time, t — a, of course. 
A dual derivation and conclusions apply to the flux and current in an inductor. 
s 


14-4 THE LAPLACE TRANSFORM 


As mentioned in Section 14-1, the Laplace transform is used to handle the 
simultaneous integro-differential equations that arise in the analysis of linear, 
constant networks (loop, node, or state equations). This transform is named after P. S. 
Laplace (1749-1825), a French mathematician. To repeat the advantageous features 
of the Laplace transform, a flowchart is drawn in Figure 14-12, comparing the steps of 
the classical (direct) solution and of the Laplace transform (indirect) method of 
solution. As we saw, the direct solution is easy for first- and second-order circuits at 
the most. Beyond that, we find ourselves “stuck” in the very first step: How do we 
reduce, say, four simultaneous loop equations into a single differential equation, even 
if we know in advance (as we do) its order n? Subsequent steps, if we get there, are 
equally fraught with difficulties. With the Laplace transform, plain algebra takes over 
from the first step. With such pleasant prospects, let us proceed. 


Given: simultaneous 
integro-differential 

equations, and n 

initial conditions 


Classical method Laplace transform 


Reduce to a single 
nth - order 
differential equation 


Transformed simultaneous 
equations are algebraic 
with all initial conditions 
built in. No arbitrary 
constants 


Particular 
solution, no 
arbitrary 
constants 


Homogeneous 
solution, n 
arbitrary 
constants 


Solve algebraically 
for the unknowns 


Total solution, 
n arbitrary 
constants 


Use given initial 
conditions to 
evaluate the 

arbitrary constants 


Final answer 


Inverse transform 
of the answer : simple 
algebra, look-up tables 


Figure 14-12 The flowchart of solutions. 


Prob. 14-12 
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As with any transform, we must start with the rule which defines that transform. 
The Laplace transform of a given time function f(t) is defined as follows: 


Sf(t)-— | i f(De~* dt = F(s) (14-17) 
cm 


We multiply f(t) by e *' and integrate with respect to t between t = 0^ and t = oc. 
The result of this definite integral will be only a function of s, not of t. Call it F(s). The 
symbol .Z is read “the Laplace transform of ...." Conversely, the inverse Laplace 
transform of F(s) is f(t) and we write 


S FS FD (14-18) 
Compare with the phasor transform where we write symbolically 
Pf (t) = E (14-19) 
transforming a time function (sinusoid) to a complex number F, and 
2 !F-f(t) (14-20) 


inverting F back into the time domain. (In Chapter 9, we used a double arrow to 
denote this transform.) 

In the Laplace transform, the new variable s will be allowed in general to be a 
complex number. Furthermore, since e^ “ is dimensionless, the unit of s is s~ +, that is, 
the same as frequency. We will write s as a complex number in its rectangular form 


s=0 + jo (14-21) 


and call it the complex frequency variable. The Laplace transform, Equation 14-17, 
transforms f(t), a function in the time domain, to F(s), a function in the complex 
frequency domain. 

What are the restrictions on f(t) for it to have a Laplace transform? Unlike the 
phasor transform, which restricts f (t) to be a pure sinusoid of a single frequency, the 
Laplace transform is much more general. First, let us consider the limits of the integral 
defining it in Equation 14-17. 

The lower limit is t = 0 , just before a switch closes or opens. That is nice for 
two reasons: (a) The entire past history of f(t), —oo « t « 0, is of no interest to 
us—and luckily so. Can you imagine the trouble if we had to know all this past 
history? In other words, the three different functions f,(t), f;(t), and f3(t) shown in 
Figure 14-13 have the same Laplace transform. (b) The natural initial conditions are 
given for t = 0^; they completely summarize the past history of the network until 
then. They are the initial state of the network. At t.= 0, we excite the network, write 
the necessary equations, and the Laplace transform takes over (with our firm 
guidance, of course). The initial state and the inputs for t>0 will determine 
completely the response of the network for all t > 0. 

As a result of remarks (a) and (b), let us agree on a unique f (t) among the three 
possibilities shown in Figure 14-13. We will choose the second case and write f (t)u(t) 
explicitly whenever necessary. Thus, there will be a unique (one-to-one) 
correspondence between a time function and its Laplace transform. 
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fo=e",k>0 fa = e u(t) fat) = e*t 


(a) (b) (c) 


Figure 14-13 Three different functions, one Laplace transform. 


The upper limit is t = oo, a bit more troublesome. We must make sure that the 
integral converges (does not “blow up") at t = oo. For this to happen, it is sufficient 
for f (t) to be of exponential order. A function f(t) is of exponential order if we can find 
a real constant c, such that 


lim | f(Qe~“| = 0 (14-22) 


t— oo 


In other words, there should be an exponential e ^ which, as t > oo, will cause 
| f(t)e “| to approach zero; that is, e * must keep f(t) and Equation 14-17 from 
diverging (blowing up) at the upper limit t = oo. We are not interested if f(t)e ^ 
approaches zero from positive or from negative values—as long as it approaches zero. 
Hence the absolute value (magnitude) bars in Equation 14-22. Let us meet a few 
functions, of exponential order or not of exponential order. 


EXAMPLE 14-7 


Consider f (t) = e^, where a is a given real number (positive, negative, or zero). 


Solution. We are looking for a constant c such that, as t > oo 
le"e *|20 
That is, 
[e **| = 0 
Obviously, this will be true for any real c satisfying 
c>a 


Therefore e" is of exponential order. We'll find its Laplace transform in short order. $ 


EXAMPLE 14-8 
Consider f(t) = cos ft. Is there a real number c such that, as t > oo 
cos Bte “| = 0? 


Solution. The answer is “yes,” because the magnitude of cos ft never exceeds 1, and 
therefore any 


eQ 
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will cause |cos fit e *'| to decay to zero. To satisfy yourself, plot cos Bt e 9:9?!' for large 
values of t. We conclude that cos ft (and similarly sin fit) is of exponential order. gg 


EXAMPLE 14-9 
Consider the decaying sinusoidal function 
f(t} =e" cos fit b>0 


and show that it is of exponential order by finding an appropriate c. Do it carefully! m 


EXAMPLE 14-10 


The step function 


f(t) = Ku(t — a) 
is of exponential order, because 


lim |Ku(t — a)e “| = lim |Ke “| =0 


t — oo t= oo 


for any c > 0. A suitable c has thus been found, and the function is of exponential order. g 


EXAMPLE 14-11 


The impulse function 
f(t) 2 Kó(t — a) 
is of exponential order. Why? Apply Equation 14-22, and exhibit a suitable c. m 


EXAMPLE 14-12 


Consider now 


fec 


Solution. When we apply Equation 14-22, we have 


lim |e” e-*| 


t oo 


and we see that there is no constant c which will cause this limit to approach zero. The 

function e' diverges (blows up) faster than any e ^ which should keep it under control. 

The function e" is not of exponential order and does not have a Laplace transform. We 

heave a small sigh of relief: After all, this function is not very common in electrical Probs. 14-13, 
engineering. m 14-14 


We have seen now that all the waveforms that are common in engineering are of 
exponential order. Therefore they have Laplace transforms. Let us find several of 
these. 

Start with the unit impulse at the origin, f(t) = ó(t). Use the definition of the 
Laplace transform, Equation 14-17: 


oo 


Jt) = | 


Q- 


ó(t)e *' dt = e| = | (14-23) 


t=0 
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where we evaluated the integral by the sampling property of ó(t); the impulse occurs 
at t = 0, within the range of integration. 
This is a very nice result, indeed. The unruly, wild ó(t) has as its transform its 
strength, the constant 1. Question: What is the Laplace transform of Kó(t)? 
We enter our first entry in a table of Laplace transforms (Table 14-2). It looks 
like this: 
fi) F(s) Comments 


ó(t) 1 


In the left column, we have the time function f(t). The center column has its Laplace 
transform, F(s). Under “comments” we may list c, the exponent that guarantees the 
TABLE 14-2 THE LAPLACE TRANSFORM 


Definition: F(s) = Z f(t)u(t) = r f (t)e ^*' dt 


0— 


Functions 
f(t) F(s) Comments 
ó(t) 1 eL 
1 
u(t) - c»0 
S 
1 
tu(t) 3 c>0 
A 
A, constant — c>0 
S 
n! 
t"u(t) noo12.. 22 eo 
S 
e “u(t) 
sta piiki 
Hens n! 
-at a(t OM 
e "u(t) (Gay e 
sin ft u(t) P c0 
s? + p? 
S 
cos fit u(t) SIP c>0 
e " sin Bt u(t) mM M c» —aà 
(s + a)? + f? 
s+a 
e “cos Bt u(t ———À5——á5 — 
Bt u(t) Grab P c» —a 
sinh ft u(t) E e> |f| 
"um p 
S 
cosh fit u(t) c > |p| 
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Operations 

Time domain s-domain Comments 
af,(t) + bf2(t) aF ,(s) + bF,(s) Linearity 
df (t) E Differentiation in 

dt SF - FO") the time domain 
d'f(t) 

= s?F(s) — sf(07) — f'(07) 
d'f (t) s'F(s) —5*7*f(07) — $'?f'(07) 

dt" — c fO-D0-) 

: 1 Integration in 
E (x) dx " F(s) the t-domain 
f(t — a)u(t — a) e ^F(s) Time shifting 
e 7 F(s + a) Frequency shifting 

F(s) -- ; 

f(t) = f(t + T) F(s) = 7 — = Periodic function 


F,(s) = | ro" dt 
0 


Time scaling 


LI £4 
t a gal 
f(a) a p Frequency scaling 
d 
t f(t) x^ F(s) Multiplication by t 
fi (D fot) F(s): F,(s) Convolution in the 


time domain 


- NICE — 4)dà 


= f filt — A) f(A) då 
ae 


existence of the Laplace transform, or any other relevant information. Table 14-2, 
found here and on the inside back cover, will be used like any transform table 
(logarithms, Morse code, etc.): For a given f(t), we look up its F(s) and use it, and for 
a given F(s) we look up the corresponding f(t). 

Let us find the Laplace transform of the unit step function. Again, use Equation 
14-17 


Lut) = | 


0 


o0 o0 — st] Ü 1 1 
u(t)e * dt — | le`“ dt =f l = =- (14-24) 
$ aa —S lo+ —s S 
After setting up the defining integral, we always try to simplify the integrand. Over the 
range of our integral between 0^ and oo, we have 


0 Or o0 
| u(t)e * dt =| u(t)e * dt «| le “dt 
0* 


Since u(t) is finite between 0^ and 0^, the first integral on the right-hand side vanishes. 
Thus, the integrand in Equation 14-24 is 1e *'. This is a lot easier to integrate. The 
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evaluation of the integral at t = oo yields e “],_,, = O precisely because u(t) is of 
exponential order. That’s why we checked it first. Finally, at the lower limit we have 
e *],-o« = 1. Our second entry in Table 14-2 is then 


f(t) F(s) Comments 


1 
u(t) " 


Next, take the unit ramp function tu(t). Notice that we multiply t by u(t) to make 
a unique time function, as agreed. We write 


Ltu(t) = | tu(t)e “dt = | te * dt (14-25) 


" fp 
where, again, we simplified the integrand. (When doing so, be sure that you do it 
legally. Some “simplifications” may be wrong!) To evaluate the last integral we can 
either look it up in a table of integrals as 


ax 


xe 
ax BAR res 
xe" dx = ; 
a a 


(14-26) 


or actually integrate it by parts. Just for the practice (and with the promise not to 
overdo it), let us do it. We have here t = v, e “ = w and therefore 


oo te * oo oo p" 
| te * dt = l -| dt 
0- — 5 0* o> =S 


te **]? 1 (2 0—0 00 
M +5 [ea -a«*| (14-27) 
== 0 S 0” =S S 0 
1 1 


Here te * = 0 at the upper limit (t = oo) because the function tu(t) is of exponential 
order. Also e *' = 0 at the upper limit from our previous derivation of u(t). 

Another common waveform in electrical engineering is the decaying exponential 
f(t) = e “u(t), a > 0. Its Laplace transform is 


Se^ "'wt) = | e “u(tje ™ dt -| g etm 
- is 
e Ct) o0 ed 1 
= —___ = —————— = — 14-28 
eral. —(a+s) sta ( ) 


Again, the integrand was simplified, u(t) = 1, and the exponents combined, prior 
to integrating. At the upper limit, e7 *^' = 0 because we verified earlier in Example 
14-7 that e " is a function of exponential order. 
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It is very instructive and often helpful to compare the Laplace transforms of u(t) 
and e “u(t), 


Pult) = - (14-24) 
$e "wt = —— (14-28) 


If we let a = 0 in Equation 14-28, we obtain Equation 14-24. This is a powerful 
method of getting or verifying new transform pairs, f (t) and F(s), from existing pairs: 
Set an independent parameter (not s or t!) to a specific value. 


EXAMPLE 14-13 


From the pair 


S 
ES t u(t) — 
cos pit u(t) Sp 
we set f = 0 to verify (again) that 
1 
Sut) = - Probs. 14-16, 
S B 14-17 


14-5 PROPERTIES OF THE LAPLACE TRANSFORM 
Like any transform (phasor, logarithms, etc.), the Laplace transform has its unique 
properties. We must explore them, in order to be able to apply this transform to our 


integro-differential equations. In particular, we'll explore its linearity and its handling 
of derivatives and integrals. 


Linearity Let f, (t) and f,(t) have the respective transforms F,(s) and F.,(s). Then, for 
any constants a and b, we have 


LLaf,(t) + bf»(t)] = aF (s) + bFA(s) (14-29) 


The proof is easy: Set up the defining integral for the left-hand side to get 


Laf (0) + bfy(t)] = | OET a. 
2 


= | ane" dt + | oe" dt 
as 


= a| fide dt +b | noe dt 
o~ OF 
= aF ,(s) + bF,(s) (14-30) 
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This result is based on two basic facts from calculus: (1) integration is linear (the 
integral of a sum is the sum of the integrals); and (2) a constant multiplier in the 
integrand can be brought out in front of the integral. 

The Laplace transform is, therefore, linear (very much like superposition). By 
contrast, the logarithmic transform is not linear 


log (x + y) Æ log x + log y (14-31) 


but, then, to paraphrase a famous French proverb, *to each transform its own 
properties."t Where is the linearity of the Laplace transform useful? In taking the 
Laplace transform of an integro-differential equation in our circuit analysis, the left- 
hand side, and sometimes the right-hand side, will consist of a sum of several terms. 
We'll write the sum of their respective Laplace transforms. 


EXAMPLE 14-14 
Calculate the Laplace transform of f(t) = (2e ' — 3e" **)u(t). 


Solution. We write using linearity 
Z(2e^' — 3e" ult) = 2B.Ze tult) — 3.Ze u(t) 
By looking up in Table 14-2, or Equation 14-28 we have 


3 —s+5 


2 
-t = —4t nr CP i 
2Le '(t) —3 Le “u(t) sti s+4 (+1\s+4) 


= F(s) 


The last term was obtained by combining the two fractions over the common 
denominator (s + 1)(s + 4). x 


Transform of Time Derivatives In anticipation of the promised usefulness of 

the Laplace transform in differential equations, let us find the Laplace transform of 
df (t)/dt. Set up the defining integral from Equation 14-17 

df (t ? df (t 

o 0 _ i if (b 


at) G art 14-32 
d^ jh. d A eod 


and use integration by parts. Letting 


v= di 5A mf 
pag " S2 v= se (14-33) 
we obtain 
ay) = foe | -— h. —se "f(t) dt 
di be d 


=0—f(0-)+s le fe dt = —f(0_) + sF(s) (14-34) 
o- 


t In the logarithmic transform, log (a - b) = log a + log b. Don't even think of using this property in 
the Laplace transform! The Laplace transform of [ fi(t) - f;(t)] is not F,(s) + F,(s). For that matter, it is not 
F(s) - F(s), either. 


Prob. 14-18 
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where f(t)e *' att = oo equals zero because f (t) is assumed to be of exponential order. 
In the second integral with respect to t, the parameter s can be pulled in front as a 
multiplier. The final result is therefore 


g Dn. = sF(s) — f (07) (14-35) 


The Laplace transform of the derivative of f(t) is sF(s), the transform of f(t) 
multiplied by s, minus the initial value of f(t). Two outstanding features of this 
transform are obvious: (1) it transforms a differentiation in the time domain into 
algebra (multiplication) in the frequency domain, and (2) the initial condition f(0 ) is 
built into the transform from the start. See again Figure 14-12. 

EXAMPLE 14-15 


As a quick verification for Equation 14-35, apply it to f(t) = u(t), F(s) = 1/s. 


Solution. We have then 


gD) _ v5) - s. - a jel-—0m1 


as expected. E 


We are ready for our first complete example in solving a network by the Laplace 
transform. 
EXAMPLE 14-16 
For the RL network shown in Figure 14-14, KVL yields 


dit) .. 


Here i(t) is either the loop current or the state variable i(t) = i,(t). Also, i(07) = 3 is the given 
initial condition. 


Solution. Take the Laplace transform of this equation, using the linearity property and 
Equation 14-35. The result is 


2[sI(s) — 3] + 4I(s) = - 


Be sure that every term is fully justified. Here I(s) is the unknown transform of i(t). Note 
how the differential equation in i(t) is transformed into an algebraic equation in I(s) with 
the initial condition incorporated right away. 


it) ^ i0-)-3A |€ (9, H) 


Figure 14-14 Example 14-16. 
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Solve algebraically for I(s) by collecting terms and rearranging 


Qs + 4)I(s) = : + 6 


6 
KS) = xp 444 


This is the complete response, in the frequency domain. It consists of the zero-state 


response 
8 


s(2s + 4) 
which is clearly due only to the input, Z 8u(t) = 8/s, and not dependent on the initial state 


i(0 ) = 3; the second term 
6 


2s +4 


is the zero-input response, depending only on i(0 ) = 3. Trace back the origin of the 
number 6 in the numerator: It comes from 2i(0 ) in the original transformed equation. 

If we had extensive Laplace transform tables??? we would simply look up the time 
functions corresponding to these two terms, and add them up to give us the final answer. 
However, we can do equally well with a bit more of simple algebra. We simplify I(s) 
further by dividing throughout by 2 (a legitimate algebraic operation) to get 


3 
Hm aix Feo 


and recognize immediately that the second term is listed in Table 14-2. For the first term, 
we'll have to break it up into partial fractions as follows: 


$5 0» 8 
5*2) s's+2 


You may remember a similar situation in calculus, when you had to evaluate an integral 


such as 
i d 
x(x + 2) s 


Anyway, for now please verify that the sum of the partial fractions is correct, by 
recombining them 


2 -2 . 2s5-4—2s _ 4 
s*s42^7 s(s+2) | s(s +2) 


We'll have a lot more to say about partial fractions later. The final result is then 


—2 3 


2 
I(s) =- + *t$r2 


S st+2 
Invert term by term (linearity!) using Table 14-2, to get 


9 !I(s) = i(t) = 2u(t) — 2e ult) + 3e" ult) 
—— 0 —MM 


zero-state zero-input 
If we combine terms, we can write 


i(t) = 2u(t) + e^ ?'u(t) 


showing the steady-state response, 2u(t), and the transient response, e^ ?'u(t). 
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This is it. Let us summarize these steps, keeping Figure 14-12 in front of us: 


1. The original differential equation is transformed into an algebraic one. Initial 
conditions are incorporated immediately. There are no arbitrary constants to carry. 

2. The unknown response in the s-domain is obtained easily by algebraic steps. It is the 
total response, consisting of the sum of the zero-state and zero-input parts. Each part 
is recognized easily, tracing it to its origin. 

3. The inversion of the response to the time domain involves, again, some simple algebra 
and a look-up in the transform table. 


Impressively simple and convincing, isn't it? 
For the sake of comparison, as in Figure 14-12, let us solve this problem by the 
direct (classical) method, as we did in Chapter 7. From the given differential equation 


; 4i — 8 20 
X l= tL 


we go first to the homogeneous solution 
di 


H 1", 


The assumed solution i(t) = Ke* yields the characteristic equation of order n = 1 (equal 
to the order of the network) 


às - 420 


Notice that the same characteristic polynomial (2s + 4) appears as a “by-product” in the 
Laplace transform. It is the polynomial that multiplies /(s) just before we solve 
algebraically for I(s). This is a very important observation, and we will return to it again 


and again. 
The characteristic value is the solution to the characteristic equation, that is 
s=-—2 
and therefore 
i,{t) = Ke~** 


with an arbitrary constant K. 
Next we need the particular solution. Since the right-hand side is a constant (= 8), 
let 


ip(t) = A 
and substitute: 
2 (A) + 4A = 8 
A=2 
ip(t) = 2 
Therefore, the total solution is 
i(t) = ig + ip = Ke ?' +2 
Now (and not earlier) use the initial condition 
i(0-)=3=K+2 <. Kz1 
Finally, then, 
(t) 2e?"4-2 t>0 
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which can be written as 
i(t) = e^ **u(t) + 2u(t) 


with u(t) replacing the qualifier t > 0. 

The comparison speaks for itself. Even with a single (given) differential equation, 
the steps m the solution are long. Arbitrary constants must be carried to the end. There is 
no immediate way to separate the final answer into its zero-state and zero-input parts. 
Here, as in the Laplace transform, we must solve algebraically the characteristic 
equation. Here, this yields only the homogeneous solution (with arbitrary multiplying 
constants). In the Laplace transform, it yields a whole lot more, without any arbitrary 
constants. 

“So,” you ask, “why do we even bother with the classical time-domain solution?” 
There are several aspects to the answer. Classical methods can be faster, particularly in 
low-order networks. In our example, we could have written the zero-input response by 
inspection, with some previous practice, as i(0 je“ */". Similarly, we learned in Chapter 
7 that the zero-state response is V/R[1 — e" */P*] = 2(1 — e^?*). Some memorization is 
implied, but it comes naturally with practice. Finally, the Laplace transform, like any 
transform, is just a convenient tool. As engineers, we learn how to apply this tool most 
effectively. m 


EXAMPLE 14-17 


Let us take a second-order (n — 2) RLC parallel circuit as shown in Figure 14-15. The initial 
conditions are given ve(07) = —1 V, ij(0^) = 4A. Let us use state variable analysis, with v(t) 
and i,(t) as the unknowns. 


i(t) = 3e~ u(t) T 


ve(t) (Q,H,F) 


Figure 14-15 Example 14-17. 


Solution. KCL at the top node reads 


dve(t) 
dt 


0.1 + i,(t) + 4vc(t) = 3e 'u(t) 


and KVL for the LC loop is 


di,(t) " 


v(t) - 2 


0 


In the classical method of solution, we would have to obtain the single second- 
order differential equation by “juggling” these two equations. In higher-order circuits, 
and with integro-differential loop or node equations, this task is hopeless. With the 
Laplace transform, we transform each equation and continue algebraically. 

The first equation is transformed as follows: 


3 


O.1[sVe(s) — (7 D] + Ils)  4Ve(s) = 5 
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Note in particular the first bracket: It is the transform of dv,/dt, with v. (0 ) = — 1. The 
second equation is transformed as 


V(s) — 2[sI,(s) — $] = 0 
the transform of zero being zero. 


These two algebraic equations can be rearranged as 


3 
(O.1s + Vds) + fs) = —4 - 94 


VAs) — 2sI,(s) = —1 


In matrix form, they are 


3 
1 —2s || I,(s) —1 
0 
and are ready for solution. On the right-hand side, we show two separate matrices: The 
first one accounts for the zero-state response, since it contains only the sources; the 


second one causes the zero-input response since it contains only terms related to the 
initial conditions. E 


The Laplace transform of the second derivative is handled in a similar way. We 
write 


E 4 


OQ yi (4 
dt 


d 
m 5 A =L di g(t) (14-36) 


where we let g(t) = df/dt temporarily. Now, according to Equation 14-35, 


g zt = sia) — 90> (14-37) 
Also 
af i 
G(s) = Lq(t) = Z F = sF(s) — f (07) (14-38) 
and 
d 
0-2 OE (14-39) 
Therefore 
TTO _ ssh) — f(07] — F07) = °F) — f0-) f0) (14-40) 
dt? — m 


The second derivative of f (t) is transformed into the multiplication of F(s) by s?, 
minus two terms involving the two initial conditions f(0 ) and f'(0 ). Equation 
14-40 is entered in Table 14-2. Its extension to higher-order derivatives is also listed. 
The initial conditions are f (0^), the initial value of f(t); f'(0 ), the initial value of 
df Jdt; down to f "^ (0^), the initial value of d" ! f(t)/dt"  !. 


Prob. 14-19 


442 14/THE LAPLACE TRANSFORM 


EXAMPLE 14-8 
A certain third-order circuit obeys the differential equation 


d?i(t) dilt) dit) 
"d? t 2-0 + 65; +4) = 2u(t) 


with i(0 ) = —1,7(0 ) = 3, i'(0 ) = —10 given. 
Solution. The Laplace transform is done term by term, using Table 14-2 as follows: 
[s?I(s) — s*(—1) — s(3) — (—10)] + 2[s?I(s) — s( —1) — 3] 
2 
+ 6[sI(s) — (—1)] + 4I(s) = = 
Collecting terms and rearranging, we have 
2 
(s? + 2s? + 6s + 4)I(s) = - — s? + s— 10 


ready for algebraic solution. The first term on the right, 2/s, will account for the zero-state 
response; the others, for the zero-input response. Rm 


Transform of Integrals We need the Laplace transform of the integral of f(t), to 
handle the voltage across a capacitor in loop analysis or the current in an inductor in 
node analysis. Let us write 


a| | fco ix = Lyt) = Y(s) (14-41) 
where we let temporarily 
y(t) = . J (x) dx (14-42) 
From Equation 14-42, we have immediately 
-L =f) (14-43) 


Take the Laplace transform of Equation 14-43: 
sY(s) — y(07) = F(s) (14-44) 
But, according to Equation 14-42, 
5- 
y0 )z | Fix)dx c0 (14-45) 
6- 


Therefore, Equation 14-44 yields the final result 


Y(s) = f f(x) ax | = “ FG) (14-46) 
i» 


The integral (from 0° to t) ofa time function is transformed to F(s) divided by s. This 
also makes sense, because differentiation is transformed to multiplication by s. 
Integration is the inverse operation to differentiation, so it transforms to division by s. 


14-6 ADDITIONAL PROPERTIES OF THE LAPLACE TRANSFORM 443 


EXAMPLE 14-19 
In Example 14-16, we found 


4 
s(s 4- 2) 


by partial fractions. We can use Equation 14-46, instead. 


=f 


Solution. Recognize that 


4 E 4 
sis+2) s st2 


— 


and therefore its inverse Laplace is 


I f(x) dx 
where zi 
4 
füuesg" ra m 4e u(t) 
Therefore 
if 4 —2x —25 — 2t 
F Try | 4 dx = —2e L = (—2e * + 2)u(t) 

as obtained there. "i 


You are justified if, by now, you are suspecting certain similarities between the 
Laplace transform and the phasor transform. In the phasor transform, differentiation 
in the time domain is transformed into multiplication by jo, and integration into 
division by jo. No initial conditions are involved with phasors, because the method is 
valid only for the zero-state response of pure sinusoids. Further implications of these 
similarities will be studied in the next chapter. 

Another interesting comparison to be made is with the operators D and 1/D 
used in Chapter 8. The operator notation 


di(t) a — 2 Kt) ] 
Dit) —,- DIM =a (14-47) 
and 
PIC = ES dx (14-48) 


is very similar to the algebraic multiplication or division by s. 
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We conclude this chapter with several additional properties of the Laplace transform, 
as listed in Table 14-2. They are useful in various stages of the application of the 
Laplace transform, and we'll refer to them often. 


Probs. 14-20, 
14-21 
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Time Shifting Consider a given original function f(t)u(t), as shown in Figure 
14-16(a), with its Laplace transform F(s) 


Lf (tu(t) = F(s) (14-49) 


If we shift this function by a units of time to the right, we obtain the shifted function 
f(t — a)u(t — a). It is important to use the two step functions, u(t) and u(t — a), in 
these two plots. Question: What is the plot of just f(t — a)? of f(t — a)u(t)? Neither 
one is a truly shifted version of f (t)u(t). 

What is the Laplace transform of the shifted function? We set up the defining 
integral 


L f(t — ay(t — a) = iz f(t — au(t — a)e * dt (14-50) 
- 


and proceed, as usual, to simplify the integrand if possible. The step function u(t — a) 
is zero until t = a, so the lower limit of the integral can be changed from 0 to a. Also, 
between t = a and t = oo, u(t — a) = 1. With these simplifications we have 


L f(t — aju(t — a) = | f(t — a)e * dt (14-51) 
In this integral we make the following substitution of variable, with the corresponding 
changes of limits 
t—a-x A dt = dx 
t—axz0 (14-52) 
j= O>X = 00 


and therefore 
L f(t — ayu(t — a) = | fire €***5 dx 
g- 


= e |" fee dx 


= e 5F(s) (14-53) 


f(t)u(t) f(t — a)u(t — a) 


(a) (b) 
Figure 14-16 Time shifting. 
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The factor e ^ is a constant multiplier in the integrand, since integration is with 
respect to x. The last integral multiplying e ^ is, by definition, F(s), the transform of 
the original nonshifted f(t)u(t). 

Time shifting transforms, then, into multiplication by e" ^. This is an easy visual 
sign to recognize. 


EXAMPLE 14-20 


Find the Laplace transform of the gate function 
p(t) — u(t — a) — u(t — b) 


as shown in Figure 14-3 (look it up!). 


Solution. We write immediately the transform of the two shifted step functions 


m P 1 Y» 1 qu e ^5— e 5s 
(s) = p(t) = e mop me n 
EXAMPLE 14-21 
Find and plot the time function whose Laplace transform is 
10 - 
Vs)» —( = e^? 
Solution. Frightening? Not at all. Write it out fully as 
10 P 10: 20 - WU , 
V(s) = — (1 — 2e™" + e 75) = — —— e™ + — e” 
S S S S 


and invert term by term, 
v(t) = ZT !V(s) = 10u(t) — 20u(t — 1) + 10u(t — 2) 


This waveform is shown in Figure 14-17 


v(t) 


Figure 14-17 Example 14-21. a 
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Frequency Shifting If the original function and its transform are given 


L f (t)u(t) = F(s) (14-54) 
let us calculate the transform of a new time function, e “f(t)u(t). We write 
Se * fF (fat) = | e "f(t)e * dt 
T 
- | f(t)e S*?* dt = F(s + a) (14-55) 
de 


where the last integral is recognized as the Laplace transform of f(t), but with the 
argument (s + a) instead of s. Thus, multiplying f(t) by e ^ corresponds in the s- 
domain to replacing every s by (s 4- a). 


EXAMPLE 14-22 


Since 

g n! 

t"u(t) — FII 
we have 
n! 
sida imd amer: n=, 1, 2,... 

a most useful transform pair. B 
EXAMPLE 14-23 
Find 

- s+2 

s? + 4s + 13 


Solution. No such entry appears in Table 14-2, so let us do some algebraic 
enhancement. The numerator, s + 2, looks suspiciously like (s + a) in Equation 14-55. 
Therefore, we complete the square in the denominator to get the same factor: 


s+2 s+2 


gee eee RO 
Tyas pig gi 409 


where s + a = s + 2 is fully displayed. Hence, by Equation 14-55 


-1_ 8*2 engi Á—Á a 3tu(t) 
(s - 2? +9 s? +9 
We'll use this property very often in our future calculations. ie 


Periodic Functions Let f(t)u(t) be periodic for t > 0, with a period of T seconds. See 
Figure 14-18(a). Strictly speaking, a truly periodic function extends over the entire 


Prob. 14-23 


Prob. 14-24 
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f(t)u(t) fiH) 


(a) (b) 
Figure 14-18 A periodic function. 


time axis, — oo < t < oo, as we saw in previous chapters. However, with the Laplace 
transform, all our functions are zero for t < 0. 


To find its Laplace transform, we consider its first cycle as a new function, f,(t), 
defined as 


f (t) OctcT 


14- 
0 elsewhere roe) 


fi) T f 


and shown in Figure 14-18(b). Then we can write our periodic function as follows: 
fult) = fit) +f — T)u(t — T) + fi(t — 2T)u(t — 2T) + --- (14-57) 


which states that the periodic function is the sum of its first cycle plus the same cycle 
shifted by one period, plus the same cycle shifted by two periods, etc. Taking the 
Laplace transform of Equation 14-57, we get 


F(s) = F,(s) + e ™F (s) + e ?"5F,(s) +- (14-58) 
in accordance with Equation 14-53. Rewrite this equation as 
F 
F(s) = F.(s(1 + e778 e ?ts + Ja, (14-59) 
where the geometric series in the parentheses is written in closed form using 
1 
L+x+x74---= (14-60) 
1—x 
We have therefore 
F 
Lf (u(t) = 1-27 n (14-61) 


The Laplace of a periodic function is given in terms of the Laplace transform of its first 
cycle 


F,(s) = | i f(tye* dt (14-62) 


It is nice to note that, while f(t)u(t) is given in an open form as an infinite series, 
Equation 14-57, its transform, is in closed form (no “ + ---”), Equation 14-61. 
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EXAMPLE 14-24 


Let the periodic function be the square wave shown in Figure 14-19. 


f(t)u(t) fie) 


Figure 14-19 Example 14-24. 


Solution. The Laplace transform of its first cycle is 


2 1 2 
r= | fi(De * a= | le * a+ | — 1e “dt 
0 0 


1 
where there are two separate expressions for f(t) over 0 < t < T. The direct evaluation 
of these integrals gives 
1 —2e-5+ e775 


F ,(s) = z 


(check it!). As a quick and indirect review, we can write by inspection 


1 1 1 
£ lF(s)-4 !-—29g !-e*54-g !—-e ?s 
S S S 
= u(t) — 2u(t — 1) + u(t — 2) 


using the time-shifting property. This is indeed the valid expression for f,(t)—and we 
could have started here. Compare with Example 14-21. 
Finally, using Equation 14-61 


1-—207*44 7^ 


WT icem 


is the Laplace transform of the periodic square wave. 
In calculating inverse transforms, a factor (1 — e 7%) in the denominator is a 
telltale for a periodic function. Simply ignore it, and the remaining is F,(s). Find its 
inverse, f,(t), and repeat f,(t) periodically with the known period T seen in (1 — e 7°). 
Bg Prob. 14-25 


Time Scaling and Frequency Scaling It is often useful to scale (multiply) the 
independent variable, t, by a positive constant a. Then we find 


f (at)u(t) = - « a0 (14-63) 


S 
a 


Thus, scaling t to at causes s to be scaled to s/a, and there is an extra division by a. 
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EXAMPLE 14-25 


From 


1 


L sin t u(t) = 
sin t u(t) 21 


we have 

P 1 7 sR 

BG/B? +1 s? +B, 
The result in Equation 14-63 may be also interpreted for scaling the frequency 

variable s. We have 


L sin ft u(t) = u 


g- ars) —af(atut) a>O (14-64) 


Multiplication by £ From an original f(t)u(t), we form a new function tf(t)u(t). What is 
its Laplace transform? 
Start with the original transform pair 


Fs) = | f(t)e * dt (14-65) 
j= 
and differentiate both sides with respect to s. This is certainly a valid operation 
d B 1 ? 
— F(s)2—| f(0e “dt (14-66) 
ds ds Jo- 


Furthermore, since the integral is with respect to t, and s is independent of t, we can 
move d/ds under the integral. In plain words, we are summing terms (integrating) over 
time, and we want then to differentiate this sum with respect to an independent 
variable s. We can certainly reverse the order: First differentiate each term with 
respect to s, then sum (integrate) over time. Thus 


dFG)  [*[4 paw 
e Liz fOe IE 


pete 


| " Ate") di 
H 


= [tf (t) Je * dt (14-67) 
ds 


where, in the second step, f(t) is a constant as far as d/ds is concerned. Our final result 
reads then 


dF(s) 


14-68 
3. ( ) 


Ltf (u(t) = — 
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Multiplication by t corresponds to differentiation with respect to s, with a minus sign 
added. 


EXAMPLE 14-26 
From 


1 


aai i i 
Fe ur) an 


we get 


Jte “u(t) = — LEN = — Sa 
dss--a (say 


Continue in the same fashion on the last result 


d 1 B 2 
ds (s +a} (s+a) 


Lte "'w(t) = 
Probs. 14-27, 
and so on. B 14-28, 14-29 


Equipped with all these tools, we are ready now to tackle the analysis of a 
general network by the Laplace transform. We do it in the next chapters. 


PROBLEMS 


14-1 Write the expression for each function, as shown, using step functions and other 
functions as needed. Hint: In (c) and (d), multiply an appropriate gate function by an 
appropriate “regular” function. 


fí) fat) 


f.) fal) 


10 100 
t 
0 1 2 0 5 
—100 


(c) (d) 
Problem 14-1 
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14-2 


The unit ramp function, r(t), is shown in the figure. Its expression is 


r(t) = tu(t) 
Show graphically that 

dr(t) _ j 

FG = HO 


or, alternately, t 
r(t) — | u(x) dx 
0 


r(t) 


Problem 14-2 


14-3 A shifted ramp function is shown. Its expression is 


14-4 


r(t — a) = (t — a)u(t — a) 


(a) Verify carefully the correctness of this expression by plotting (t — a) and u(t — a) 
separately, then multiplying them. 

(b) Plot the functions (a > 0): (a) tu(t — a), (b) (t — a)u(t), and compare. Note in 
particular the uniform argument in the shifted ramp, from tu(t) to (t — a)u(t — a). 


(?— adult- a) 


45? 


Problem 14-3 


Write an expression for the “sawtooth” waveform v(t) shown. (Such a waveform is used 
in your TV set.) 


v(t) 


T ZT 3T t Problem 14-4 
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14-5 


14-6 


14-7 


14-8 


14-9 


14-10 


14-11 


14-12 
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Write the expression for dg(t)/dt in Figure 14-5(b) as a gate function using Equation 
14-5. Don't forget its height, 1/z. Compare this expression with the fundamental 
definition of the derivative 


dg(t) i g(t + h) — g(t) 
— = |m —— 
dt h-0 h 


Formulate and solve the dual problem to Example 14-3. Specifically, an inductor L is 
excited at t = 0 by a unit step current source. Draw carefully the circuit, showing the 
appropriate switch (closing or opening?). Write the expressions for i, (t), p(t), and v, (t). 
Sketch their waveforms. 


Plot the functions 
1 
f(t) - ce ult) e>0 


and prove that 


lim f(t) = ó(t) 


£0 
by showing how Equations 14-9, 14-10, and 14-11 are satisfied. 


Repeat Problem 14-7 for the triangular-shaped function shown. 


f) 


Problem 14-8 


In Figure 14-9 of the text, what is the angle of the ramp function if the height of the step 
function is 2? If the strength of the impulse function is 0.88? 


Extend Figure 14-9 one step upward; that is, what function, when differentiated, yields 
the ramp? Plot that function and give it its appropriate name. 


Write the answer to each integral: 
(a) H cos 4rtô(t + 1) dt 

(b) i In (t + 1)ó(t — 1) dt 

(c) J eot + 1) dt 


(d) | e ‘d(t) dt 
=j 


Derive in detail and with appropriate drawings the two cases for conservation of flux in 
a constant inductor. See Example 14-6. 
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*14-13 


14-14 


14-15 


14-16 
14-17 
14-18 


14-19 


14-20 


Another common definition for a function of exponential order is: There can be found 
two real constants, M and k, such that 


|f (| « Me" 


as t > oo. Prove that this is equivalent to our definition, Equation 14-22. 

Check carefully each function to verify if it is or is not of exponential order, by 
exhibiting the appropriate c. 

(a) =" — Hint: | f(t)| =? 


d 
(b) f(t) = 4,9(t — a) = dt — a) 


(o) f=" n=O, 1,2, ... Hint: Use l'Hópital's rule on t"/e“ when t > oo. 
D Jmm a0 

(e) f(t) = t cos Bt 

(f) f(t) = te " sin ft a0 

(g) f(t) = cosh ft (review the definition of the hyperbolic cosine!) 

h =r 


Calculate #t"u(t), n = 2, 3, ... and compare with the entry in Table 14-2. To evaluate 
the integral, look it up in a table of indefinite integrals. 


Set a = 0 in Table 14-2 for f(t) = e " cos Btu(t) to verify a previous transform pair. 
Complete Problem 14-15 by verifying in full detail the remaining entries in Table 14-2. 


Use the linearity property of the Laplace transform on Euler's identity 
et = cos Bt + j sin Bt 


to obtain effortlessly Z cos fit, Z sin Bt. Compare with the results in Table 14-2. 


Complete Example 14-17 as far as calculating the zero-state response of V((s). 
(a) Write your answer in the form 


polynomial in s 
Vit) = ————— 
polynomial in s 


(b) What is the characteristic equation for this circuit? Review Example 14-16 to recall 
the method for obtaining the characteristic equation. (c) Find the characteristic values 
and, accordingly, classify the zero-input response as overdamped, underdamped, or 
critically damped. 


Check the validity of Equation 14-46 on 

(a) fit) = u(t) 

(b) ht) =e" 

(c) f3(t) = sin ft 

by doing two separate steps: (1) Integrate each f(t) between 0^ and t. From Table 14-2, 
write the Laplace transform of the result. (2) Divide each F(s) by s and compare with 
the result of step 1. 
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14-21 Find 
zr as 
aes 
using Equation 14-46. Continue to 
ee 2 oe 2 
sS s? 
and on to 
g-1i n! gi n! 
sis & y 


confirming, from a different approach, your result in Problem 14-15. 
14-22 Derive the Laplace transform of v(t) in Problem 14-4. Use shifted functions. 


14-23 (a) Use the frequency-shifting property to obtain new transform pairs from the 
following ones: 


1 
(1) cut) = = 
(2) Z cos Btu(t) = 3 - p 
(3) Ze "u(t) = 
s+b 
(b) Find Z^! for: 
(1) i 
(s + 1) 
(2) : 
(s — T1» 
3) 10 
( (s + 2)* 
14-24 By completing the square, and with Equation 14-55, find the inverse Laplace transform 
of: 
sl 
V(s) = 
(0) V) = 3 1254 15 
b) I(s) = ——— —— 
(b) Ks) s? + 4s + 20 
() Y) == — 
c = = —— 
UT s + 2s + 30 


14-25 Plot the periodic function f(t)u(t) given by its first cycle 


t 0<t<2 
0 elsewhere 


5-1 


and calculate its Laplace transform. 
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14-26 


14-27 


*14-28 


*14-29 


Prove the property of scaling (Equation 14-63); then demonstrate it on 


25 s/2 
s? +36 (s/2)? + 3? 


Use the differentiation property (Equation 14-68) to generate a new pair from 


(a) Z cos Btu(t) = p 


B 

b) Z tu(t) = =—; 

(b) S sin fru) = 55 

Let a time function contain a parameter, say b, and let us stress it by writing f(t, b). For 
example f(t, b) = e "'u(t). Let its Laplace transform be written as F(s, b). Prove that 


ô 0 
thus generating new transform pairs. Illustrate on 


(a) f(t, b) =e u(t) 
(b) f(t, b) = sin bt u(t) 


Among its many applications, a table of Laplace transform such as Table 14-2 can be 
used to evaluate definite integrals. Use Table 14-2 to evaluate by inspection 


(a) | eg '"" i 
0 

(b) | e ^ sin 10t dt 
0 


(c) | Pe di 
0 


by a proper choice of a value for s in each case. Don't you wish you had had Table 14-2 
when you took calculus? 
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Chapter 15 


Laplace Transform in Network 
Analysis 


In this chapter, we study in detail the application of the Laplace transform to loop 
equations and node equations. A separate chapter is devoted to state variables. 


15-1 LOOP ANALYSIS 


In writing loop equations, we have three types of terms. For a resistor, the v-i 
relationship is 


vrt) = Rig(t) (15-1) 


for an inductor, or a mutual coupling, 


_ , dit) _ ny dut) 
vt)-L di Or v, (t) = M di (15-2) 
and for a capacitor 
1 t 
vet) = C | ic(x) dx + vc(0 ) (15-3) 
Be 
Their respective Laplace transforms are, from the previous chapter, 
Vas) = RIg(s) (15-4) 


Vi(s) = L[sI (s) — i,(07)] or Vi(s) = M[sI;(s) — ij (0 )] (15-5) 


456 


* 
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and 


= ) 


V(s) = = cs) + (15-6) 
These, and the transforms of the given sources, are all that we need! 

The resistor’s v-i relation remains unchanged when transformed, since it is 
algebraic in the time domain. For the inductor, we have the transform of the 
derivative, which includes the initial condition. The capacitive term includes the 
transform of a definite integral (division by s) and the transform of v,(07 ), a constant, 
being v,(0)/s according to Table 14-2. There is very little to memorize. For each 
circuit we formulate the time-domain loop equations and then transform them one by 
one and term by term. 


EXAMPLE 15-1 


In the circuit shown in Figure 15-1 the initial conditions are given. 


i(07)21A 


i(07)=3A 


u(t) = 6e! u(t) a 


(Q, H, F) 
Figure 15-1 Example 15-1. 


Solution. The two loop equations are (+ voltage drop, — voltage rise) 
di di 
4 A — 18 X t 10 | [i,(x) — i409] dx — 2 — 6e~'u(t) = 
di, di |. ; 
2 — — 1.8 — + 3i, + 10 * Tig) — i (x)] dx + 2 = 0f 
dt dt "T 


Transform each equation term by term. Go slowly and verify each term carefully 
2 
A[sI,(s) — (—1)] — 1.8[sI,(s) — 3] "m. — "UG — L9] --—-— ; = 


2[sI,(s) — 3] — 1.8[sI,(s) — (—1)] + 31,(s) + = 2 DIG) — H(s)] + : =0 


Collect and arrange in matrix form 


10 

ds d 

S 

10 

—1.8s — — 
S 


10 6 2 
-o =a 
S 


fx _ [stil " S 
10111 a 2 
2s +3 — als) 0 --18 


t Remember: Lowercase letters are functions of time, i — i(t), etc. 
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Before actually solving, several observations deserve to be made or repeated: 


1. Ldi/dt = sI(s) — i(0 ) always, but i(0 ) can be either a positive number, when 
its given reference agrees with our choice for that current, or negative, when its 
reference is opposite to our choice. Here, i,(0 ) = —1and i,(0 ) = 3 as shown, 
because of our choice of references for the two loop currents. 

2. The given initial voltage across the capacitor is a rise in the first loop, and a 
drop in the second one. 

3. In the matrix form of the equations, the right-hand side has two matrices: The 
first one contains the actual sources, 6/(s + 1) around the first loop and 0 
around the second loop. This matrix causes the zero-state response in J ,(s) and 
I,(s). The second matrix contains only terms with initial conditions. It causes 
the zero-input response in /,(s) and (s). 


Suppose we want to solve just for the zero-state response of J,(s). The equations to 


solve are then 


"m" 10 T 10 6 
US — 2 Fa Js! 
10 10[| 1 7 
= 1.83 —— 2s +3+— a(s) 0 
S 


according to the previous observation. The solution by Cramer's rule ist 


10 6 
4s + — 
s4-1 
10 
ET NL... 0 10.85 , — 60 
LG - S B Scl s(s+1l) 
DER 10 10 4.76s? + 12s + 24 + 30/s 
4s + — MM Bie eos sce 
3 


0 10 
[Eee — Xr 
S S 


10 10 

4s  — n 3 
S 

= 4.76s* + 12s + 244+ — 


10 10 S 
= 1.85s — — ds 3+ — 
S 


is the characteristic polynomial of the circuit because it is the multiplier of J,(s) in the 
previous step. You can see it easily by backing up one step in Cramer's solution 


10 10 10 6 
4s + — —1.8s — — 4s + — 
$ ; 1,(s) S sl 
. 5 a 
10 10 
—1.8s — — 2s +3 + — — 1.85s — — 0 
S S S 


This rule was observed in the previous chapter, and it is perfectly general. We can say, 
therefore, that the characteristic polynomial of a network is the determinant of the 


T Review Appendix A, if necessary. 
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coefficients matrix of the loop (or node) equations. It is amazing that the characteristic 

polynomial obtained by any method of analysis is the same. Naturally, it must be so: The 

network does not care how we analyze it to obtain its characteristic polynomial. 
Clearing fractions and collecting terms in our solution, we get 


10.8s? + 60 


T S) = —————— 
a(s) (s + 1)(4.765° + 12s? + 24s + 30) 


and this is ready for inverting, Y~ 'I,(s) = i,(t). 

The final form of I,(s) is a ratio of two polynomials with integer powers of s (s°, st, 
s?, s°,...). Such a ratio is known as a rational function. We can think of a rational function 
as a generalized fraction, a fraction being a ratio of integer numbers (3 or —1i, for 
example). A rational function is a ratio of polynomials. 

A similar approach will yield, for instance, the zero-input J ,(s). For this case, the 
right-hand side of the equation must be 


2 
—— 9.4 
s 
2 

— i LB 
S 


the matrix of the terms due only to initial conditions. Again, we'll use Cramer's rule. The 
solution J ,(s) will be another rational function. If we want the total response I ,(s) or I,(s), 
we must retain on the right-hand side both matrices, that is, the sum 


6 2 
+ —-—94 
s+l S 
2 
—-+7.8 
S 


In solving for the zero-input, zero-state, or the total response, we see that there are 
changes only in the numerator determinants in Cramer's solution. The denominator 
determinant remains always the characteristic polynomial. 

A final glance at the characteristic polynomial will reveal the justification for its 
name. All its terms are characteristic of the network itself, and not of outside sources or 
initial conditions. Specifically, in 4s, 4 — L,, the inductor in the first loop; in 10/s, 
10 = 1/C; in 1.8s, M = 1.8; in 2s, L; = 2; and 3 = R, the resistor. E 
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Here the elements’ i-v expressions are 


and 


1 
ist) = Gog(t) = vw (15-7) 
d 
id) = CO (15-8) 
LG es T | ' nO) dx + i (07) (15-9) 
M 


Probs. 15-1, 
15-2, 15-3 
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These are the duals of the v-i relations in loop analysis. We don't allow, for the 
moment, a mutual inductance in node equations. (This will be remedied later.) 
The corresponding transform relations are 


Ig(s) = GV,(s) (15-10) 
Ic(s) = C[sVe(s) — ve(0 )] (15-11) 

and 
I,(s) == is) + = (15-12) 


Again, these are the duals of Equations 15-4, 15-5, and 15-6. 


EXAMPLE 15-2 


The network shown in Figure 15-2 needs two node equations (or two loop equations). The 
unknowns are v, and v,. 


i(0 )71A + vw(07))22V 
— Vv 


EE 


v(t) = 6u(t) pe 


i(t)= 10 cos t 


(2, H, F) 
Figure 15-2 Example 15-2. 


Solution. Before even writing any equations, we establish by inspection the order of the 
network, n = 2. The characteristic equation, therefore, will be quadratic, with two 
characteristic values. That is a łot of useful information. 

The first node equation is (+ current leaving, — entering): 


2v, (t) + 0.4 M (v, — v5) - 3 i [vi (x) — 6u(x)] dx —120 
- 


Be sure to check each term for correctness. The second node equation is 


v, — 6u(t) B 


d 
10 cos t + 0.4 7; (v; — 01) + i 


0 


Without much delay, Laplace transform the first equation: 


3 6 1 
2V,(s) + 0.4{s[V,(s) — V.(s)] — 2} + : [no — d oi ia 0 
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here the voltage across the capacitor is (v, —v,;) and consequently 
(v, — v2)- = 2. The voltage across the inductor is v,(t)— 6u(t), and its 
integral is transformed as usual. The second node equation is transformed into 


10s 


6 
32241 T 0.4{sL Vs) — V,(s)] — (—2)i + Vs) — m = 0 


Collect terms and arrange in matrix form 


3 18 1 
0.4s +2 +- —0.4s -7 0.8 + — 
S V (s) S B S 
(s) 6 10s 
—0.4s 0.4s + 1 E com — 0.8 
s s^ +l 


The right-hand side matrices contain, respectively, terms of actual sources and of initial 
conditions. Inspect these carefully and trace back each term; for example, what is the 
source (pun intended) of the term 18/s?? 

The characteristic equation and the characteristic values can be obtained 
immediately from the final matrix formulation of the equations. Specifically, we get 


04s + 2+ : —0.4s 25 
— Q.4s 0.4s + 1 
or 
1.2s? + 325 +3 =0 
a quadratic equation, as expected. The two natural frequencies are 


s, = —1334j085 s, = —133 —j0.85 = s* 


Suppose we are asked to find only the zero-input response of v,(t). We solve 
therefore 


3 1 
0.4s + 2 + : — 0.4s V,(s) 0.8 + > 
V3(s) 


—0.4s 0.4s + 1 —0.8 


writing by Cramer’s rule 


1 


— 0.8 0.4s + 1 1.2 + (l/s) 
r= 3 = 125 + 32 + (3/5) 
—0.4s 0.4s + 1 
The denominator is, as always, the characteristic polynomial. We clear fractions as 
follows: 
1.2s + 1 
V(s) = ———————— 
i) 7 123 4 325 £3 
s + 0,833 


s$ + 2.67s + 2.5 
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This is the final form of V,(s) as a rational function, ready for inversion, £~ 'V,(s) = v,(t). 
We took the extra step in factoring out the leading coefficient in both numerator and 
denominator, so that the highest powers of s have unity coefficients. Such a step is very 
useful later, when we'll actually invert V,(s). EVI 


We conclude these two sections with the repeated assurance, "that's all there is 
to it.” No matter how large the linear network is, the same simple steps apply. The 
number of the equations may increase, but not the complexity of the terms in them. 
The algebra, of course, becomes more tedious; here, however, nothing is difficult or 
impossible. Keep in mind the original problem, case 4 in Table 14-1, and you'll realize 
that such a price is very fair, indeed, for the solution of this problem! 

We will address several of the algebraic procedures involved in the inversion of 
transform answers in subsequent sections. 


15-3 GENERALIZED IMPEDANCES AND ADMITTANCES 
Let us consider again the transformed v-i relations for the individual elements, 


Equations 15-4, 15-5, and 15-6. Only now, consider just the zero-state response. We 
have 


Vp(s) = RIg(s) (15-13) 

V,(s) = LsI,(s) (15-14) 
1 

Vets) =< Le) (15-15) 


All of these have the same algebraic form 
V(s) = Z(s)I(s) (15-16) 
where Z(s) is called the generalized impedance of the element. Specifically, 


ZAS)=R Z,(s)=Ls ZAs)= 5 (15-17) 


with the units of ohms (Q) for each. If we compare these with the sinusoidal impedances 
in phasor analysis (Chapters 9 to 13) 


, |; l 
Zg(jo) = R Z (jm) = joL Z(jo) = — (15-18) 
joc 


we'll recognize, again, that we have here a special case where s, a general complex 
number, takes on one specific value s = jw, with w being the single frequency of the 
sinusoidal source. 

Equation 15-16 is sometimes called the generalized Ohms law. The powerful 
Laplace transform provides this uniform algebraic expression for the zero-state v-i 
relationship in R, L, and C. 


Probs. 15-4, 
15-5 
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Dually, the zero-state i-v relationships are, from Equations 15-10, 15-11, and 
15-12, 


1 
Ig(s) = R PR) (15-19) 
1 
Ils) = 73 Vals) . (15-20) 
Ic(s) = CsVe(s) (15-21) 


Here, as before, no special memorization is needed. Quickly, recall the basics: For a 
resistor, Ohm's law is unchanged whether in the time domain or in the frequency 
domain. For an inductor without initial conditions, i; (t) = $(t)/L and the flux (ft) is 
the integral fg v(x) dx. In the s domain, the integral becomes V(s) divided by s. 
Similarly, for a capacitor, i = C dv/dt becomes I(s) = CsV(s). 

These three relationships are of the same form 


I(s) = Y(s)V(s) (15-22) 


where Y(s) is the generalized admittance (in mhos) of each element, and 


1 
=F (15-23) 


for each element. In a given problem, it will be clear whether we are dealing with 
sinusoidal impedances and admittances or with generalized ones. So we'll use simply 
the terms impedance and admittance. 

The rules for combining impedances in series is the same as derived in Chapter 4 
for resistors only, and in Chapter 9 for sinusoidal impedances only. In general, the 
total driving-point impedance is 


Zs) = Zi(s) + ZxX(s) + -- + Z,(S) = Y Z,(S) (15-24) 
k=1 


when n impedances are connected in series. See Figure 15-3. For admittances in 
parallel, we have 


Y(s) = Y(s) + NE) +--+ + Ys) = y ¥,(s) (15-25) 
k=1 


as the total equivalent admittance of p admittances connected in parallel. The rules for 
resistors only, or for sinusoidal phasor analysis, are special cases of Equations 15-24 Probs. 15-6, 
and 15-25. 15-7 
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Y,(s) 


Figure 15-3 Series impedances and parallel admittances. 


EXAMPLE 15-3 


Find the driving-point impedance of the ladder network shown in Figure 15-4. Hence, calculate 
the zero-state driving-point current I(s) if a unit step voltage source is applied. 


(Q, H, F) 
Figure 15-4 Example 15-3. 


Solution. We have, from right to left, a series connection of the resistor and the inductor 
Z rif) = 3s + 2 ss Yer(s) — 3s - 2 
This combination is in parallel with the capacitor, therefore 
S 1 3s? -- 2s -- 4 1 
Y, = — +4 — z————————— E 
rel) = 4 t342 1548 ZLA 
and this is in series with the 1-Q resistor, so 


12s + 8 3s? + 14s + 12 1 


2 = 1 ——————————— FS = SO 
=i nii 32:14 ^Y(9 
With the unit step voltage as an input, Equation 15-22 yields 


3s? -- 2s - 4 1 3s? +2544 


I Dos NEMUS QU NUT Tat — eee E 
“7a iets as eis 


the familiar rational function, ready for inversion. 
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As in the resistive (or phasor) case, we can write Z,(s) as a continued fraction 


1 
-F — ——— —— —— 
(s/4) + [1/(3s + 2)] 
and clear the individual fractions. Such a step is helpful in checking your work, “3s + 2 


are impedances in series; the reciprocal plus s/4 are admittances in parallel; the reciprocal 
plus 1 are in series.” a 


Z(s) 21 


EXAMPLE 15-4 


Find a one-port network for which 


Solution. Here we have a problem in network design (synthesis): From a given 
specification, find a network. In analysis, as in the previous example, we do the opposite. 
Based on our experience, we will do it slowly. First, it seems reasonable to write 


ese = Ys) + Ys) 


Y(s) = ae 
As) s+4 44 


so we have two smaller networks a and b connected in parallel. It is easy to identify 
network b, because 


1 
DE: 27; Mein 


and consequently it is a series connection of L, = 1 H and R, = 4 Q. 
To identify network a, think “backward” in the continued fraction process: Divide 
the numerator and the denominator of Y,(s) by s, to get 


S 1 


Ys) = Pri ae 1+ (4js) 
Therefore 
4 
Z,(s) = YG 1 E 


a series connection of R, = 1 Q and a capacitor C, = 1F. See Figure 15-5. 


Probs. 15-8, 
Figure 15-5 Example 15-4. B 15-9 
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15-4 TRANSFORM CIRCUIT DIAGRAMS 


*O.K., so we can use impedances or admittances to calculate only the zero-state 
response," you argue, *but what about the total response?" This is a very valid 
question. To answer it, let us look back at the transform of the v-i relations for loop 
analysis (Equations 15-4, 15-5, and 15-6). They are repeated here, with additional 
elaborations 


Vp(s) = RIg(s) = Zp(S)IR(S) (15-26) 
Vi(s) = L[sI,(s) — iO" )] = Zi (Iu (S) — Li, ) (15-27) 


OD = Ze(s)lels) +7? 


Vs) = = Ic(s) + (15-28) 


S 


In each case, the total response V(s) is the sum of the zero-state drop, Z(s)I(s), plus a 
zero-input term. These are shown in Figure 15-6. The associated references of V(s) and 
I(s) are the usual ones: The voltage drop is in the direction of the current arrow. 

For a resistor, in Figure 15-6(a), there is only a single term RI,(s), the drop 
across its impedance. In an inductor, V;(s) consists of a drop across the impedance 
Z,(s) = Ls, plus an “initial condition" voltage source, Li,(0 ), whose reference is as 
shown in Figure 15-6(b). In the capacitor, V.(s) consists of the drop across its 
impedance Z((s) = 1/Cs, plus an “initial condition" voltage source v(0 )/s, as shown 
in Figure 15-6(c). 

It must be stressed that (except for the resistor), the circuit diagrams in Figure 
15-6 are not real-time diagrams. They are mathematical models in the frequency 
domain, and they serve to account for the transform relations in Equations 15-26, 
15-27, and 15-28. 

Given, then, a network to be analyzed by loop equations, we can skip altogether 
the time-domain integro-differential equations. Instead, we draw the transform circuit 
diagram using the building blocks of Figure 15-6. From that diagram, we write KVL 
around each loop. 


ps Gs) | I, (s) if Io(s) 


(a) (b) (c) 
Figure 15-6 Transform diagrams for loop analysis. 
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EXAMPLE 15-5 


To illustrate this method, consider the network in Figure 15-7(a). 


2u(t) 


no 


rl 


ái) ) 107)=2 | i, (t) 


*w(0-)24 V v(0-)=1V~ (Q, H, F) 


“AlN 


Impedances 


4 Ee 
S 


Figure 15-7 Example 15-5. 


nA 
nile 
t 


(b) 


Solution. Its transform circuit diagram for loop analysis is shown in Figure 15-7(b). Be 
sure that you verify fully the “initial condition” sources in each inductor and in each 
capacitor (magnitude and reference). 

The two loop equations are written by superposition: We sum up all the voltage 
drops around each loop caused by each loop current. Around the first loop, with 
I,(s) #0 and I,(s) 2 0, the total drop is (3s + 1 + 10/sJ,(s). With I,(s) #0 and 
I,(s) = 0, the drop in the first loop is —3s/,(s). The total voltage drop around the first 
loop must be equal to the total voltage rise; therefore, the first loop equation is 


3 1 a I 3si,(s) = : 6 i 
Similarly, in the second loop, I,(s) alone causes the drop [(3)s + 2 + (5/s)]I (s), 


and I,(s) alone causes the drop — 3sI (s). Equate the total drop to the total rise, to get the 
second loop equation 


3 1 
—3sI,(s) + (5 +2 eso = 9 = 
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This method yields the transformed loop equations in their final form, with terms 
collected and arranged. E 


We summarize this method as follows: 


— 


. Replace every resistor by its impedance R. 

2. Replace every inductor by its impedance Ls, in series with an “initial 
condition” voltage source. The value of this source is Li,(0 ), and its 
reference is such that the given i;(0 ) leaves its (+) terminal. 

3. Replace every capacitor by its impedance 1/Cs, in series with an "initial 
condition” voltage source. Its value is v(0 )/s, and its reference is the given 
reference of ve(0  ). 

4. Replace every source by its transform. 

5. Draw the transform loop currents and apply superposition to each loop, 

summing all the drops in the impedances around the loop. On the right-hand 

side of each loop, write the sum of all the voltage rises around the loop 

(positive if a rise, negative if a drop in the direction of the loop). 


The resulting equations will have the general matrix form 


Z(s)Ks) = E(s) (15-29) 
where 
Zii(5) ziX(5) c zi) 
25) = |29 7208) o za) T 


Zu(s) zs) -- zs) 


is the square (I x I) loop impedance matrix. The matrix I(s) is the column matrix of the 
l unknown transform loop currents. The matrix E(s) is the column matrix of all the 
inputs around each loop; it is the sum of the matrix of the actual sources (causing the 
zero-state responses) and of the “initial condition” sources (causing the zero-input 
responses). 

Equation 15-29 is the generalized form of the resistive loop analysis (Equation 
2-12), and of the sinusoidal phasor-loop analysis (Equation 9-63). 

We can also observe that, without dependent sources or current sources, a main 
diagonal term z,,(s) in Equation 15-30 is the total self-impedance around loop p, and it 
carries a (+) sign. An off-diagonal term, z,,(s), is the common (mutual) impedance 
between loops p and q, positive (+) if I,(s) and I, (s) flow in the same direction in 
zp«(5), and ( —) if opposite. 


EXAMPLE 15-6 


In Example 15-5, we write by inspection 


Z4, (S) 2-35 - 1 T the self-impedance around loop 1 


Probs. 15-10, 
15-11, 15-12 
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S 5 
Z,(s) = 3s + z+ 2+ x the self-impedance around loop 2 


Z12(S) = Z2,(s) = —3s the mutual impedance between 
loop 1 and 2; it is negative 
because I,(s) and J,(s) are of 
opposite directions in it 


Also, by inspection, 


4 2 
E,(s) =-+ (= "d 6) the total input in loop 1, grouped 
into actual sources, 4/s, and 
“initial condition” sources 


1 
E (s) =3—-+6 the total input in loop 2, consisting 
* entirely of *initial condition" 
sources B 


With dependent sources or current sources present, it is best to proceed 
cautiously. The first four steps outlined above are still valid, but then it is advisable to 
write KVL around each loop term by term for each element, since the contributions of 
dependent sources and of current sources in the final form of Equation 15-29 are not 
obvious by inspection. 

In a dual fashion, let us develop the transform diagrams and rules for node 
analysis. From Equations 15-10, 15-11, and 15-12 we have 


IMs) = GVq(8) = YANV) (15-31) 

L() = 1. vo) + HO? y gy s) + BO? (15-32) 
Ls S S 

Is) = CsVAs) — Coc(0~) = Y4SVA9) — Cos(07) (15-33) 


displaying the admittance of the element and certain "initial condition" sources. 
These equations can be modeled by the transform circuits shown in Figure 15-8 for 
the resistor, inductor, and capacitor, respectively. Here, again, these models are not 


(a) (b) (c) 


Figure 15-8 Transform diagrams for node analysis. 


Probs. 15-13, 
15-14 
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physical, only on paper in the s domain. The “funny” current source associated with 
the capacitor has the value Cv((0 ) = q«(0 ), the initial charge across the capacitor; 
it is no funnier than the previous voltage source with the inductor, Li (07) = $,(0 ). 
Be sure that you have solved Problem 15-14 by now. 

The rules for writing transformed node equations from the circuit diagram are: 


1. Replace every resistor by its admittance G. 

2. Replace every inductor by its admittance 1/Ls, in parallel with an “initial 
condition" current source. The value of this source is i,(0 )/s and its 
reference is the given reference of i, (0). 

3. Replace every capacitor by its admittance Cs, in parallel with an "initial 
condition" current source. Its value is Cv,(0~ ) and its reference is such that 
its current leaves the (+) terminal of the given v,(0 ). 

4. Replace every source by its transform. 

5. Mark the unknown transform node voltages, usually all (+) with respect to a 
reference node. Apply superposition at each node, summing all the currents 
leaving that node in the admittances incident to that node. Equate this sum to 
all the current sources entering that node. 


The resulting equations will have the general form 


Y(s)V(s) = J(s) (15-34) 
where 
Ya) Yia(S) c  Yim(s) 
Y(s) = Yai(S) Yo2(S) =° Yam(s) (15-35) 
Ymi(S) Yma(S) © Yos) 


is the square (m x m) node admittance matrix. The matrix V(s) is the column matrix of 
the m unknown node voltages. The matrix J(s) is the column input matrix; it is the 
sum of the actual sources and “initial condition" sources entering each node. 

Equation 15-34 is the generalized form of the resistive node analysis (Equation 
2-11), and of the sinusoidal phasor node analysis (Equation 9-91). Look them up! 

Without dependent sources or voltage sources, we can write the elements of Y(s) 
by inspection: y,,(s) is the sum of all the admittances incident to node p, and is called 
the self-admittance of node p. The off-diagonal element y,,(s) is the total admittance 
connected between nodes p and q; this term will be negative (—) if V. (s) and V,(s) are 
marked (+) with respect to reference. 

With dependent sources or voltage sources present, we proceed carefully (no 
“by inspection”) after step 4 and write KCL at each node term by term. Only then can 
we collect and arrange them in the final form of Equation 15-34. 

The following two examples illustrate these points. When there will be no room 
for misunderstanding, we'll use just capital letters for transformed variables, V = V(s), 
I — I(s), etc. Lowercase letters remain, as usual, functions of time. 
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EXAMPLE 15-7 


In Figure 15-9(a) is the given network. Our first decision, as always, must be the choice of the 
method to analyze it. Three loop equations or two node equations are required. 


1 
3 
E eee sl 


i07) 1.À 


i(t) = 6e™ u(t) £y 


vc(07) 22 V 
TS 


(Q, H, F) 


Admittances 


(b) 


Figure 15-9 Example 15-7. 


Solution. Now that we've agreed on node analysis, we draw the transform diagram as 
shown in Figure 15-9(b). The top inductor has no given initial current. In this circuit we 
can write by inspection 


3 3 
gli eg doe pem deed 
(e aas 
Y223 = 1g P 
3 
Y12(S) = Yoi(s) = — di 
Consequently, the node equations are 
PERT "v. Lo 
3^ 3 S PL 5 .3 " 
3 3llvs| | 6 
2l gati sc acque Ld —— 4 04 
S 10 S s+1 
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EXAMPLE 15-8 


In the network shown in Figure 15-10(a), we need two node equations (or two loop equations). 


0.2 vi 2 y 


iy 


v(t) = 10u(t) e vc(07) 22 V 4i 
* 1 


Admittances 


AI) 


(b) 


Figure 15-10 Example 15-8. 


Solution. Draw the transform diagram for node analysis, as in Figure 15-10(b). Since 
there is a voltage source, as well as a dependent source, we can't write Y(s) or J(s) 
immediately by inspection. Instead, write KCL at each node carefully 
(+ current leaving, —entering). At the node V, we have 


AE T a 
Ib * i S 


and at the node V5, with I,(s) = 2(V, — V»), 


S 


10 
(v. zl tXV,—V)20 


AA — V] + È V, — AV; — V) =0 


Collecting and rearranging terms, we obtain 


10 s i li]- S sg 
S rt 
6 ~—6 
3 0 


as the node equations Y(s)V(s) = J(s). While y, ,(s) may have been predicted, the other 

entries in Y(s) are unpredictable—unless you have a lot of experience. Notice also that 

yiz(S) # y2,(s), which is typical with dependent sources. The input matrix has the Probs. 15-15, 
(unpredictable) term 50/s? in J,(s). Conclusion: Do it carefully and slowly after step 4 — 15-16, 15-17, 
listed above. B 15-18, 15-19 
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Having reached the end of this section, you are probably asking, “Are the 
transform diagrams worth it?" The answer is very subjective, and will depend on your 
personal preference and your proficiency in handling the Laplace transform. In the 
early stages of your study (now), you may not wish to have yet another set of rules 
(Figures 15-6 and 15-8). The Laplace transform, when applied to the time-domain 
equations, will produce them, as well as the final answer. On the other hand, a brief 
mental calculation can reproduce the transform diagrams every time without too 
much effort. Whichever approach you prefer, you'll undoubtedly develop your own 
pet shortcuts and mnemonics in it. 
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We are now almost at the end. The transform of the solution has been calculated, and 
V(s) or I(s) is in its final form, a rational function. If this is a ratio of quadratic 
polynomials or less, our table of Laplace transforms (Table 14-2, also reproduced 
inside the back cover) will give us the time function immediately, or after a little 
algebra. Let us use here F(s) and f(t) as generic notation for all our functions. 


EXAMPLE 15-9 


g^ = 2s +6 


ae s+4 


Solution. This is an improper rational function, where the degree of the numerator—the 
highest power of s—is equal to or higher than the degree of the denominator. By 
comparison, an improper fraction has a numerator equal to or greater than the 
denominator, as in 3, or ZZ. 

The first cardinal rule, without exception, is: If F(s) is improper, carry out a 
longhand division to get a polynomial plus a proper remainder. This is similar to writing 
our improper fractions as 


$21 (plus zero remainder) 
and 
1722 (remainder is 2, a proper fraction) 
In our case, longhand division yields (do it!) 
Fis) = 6+ DE 
ind UT" 
Now, we can invert F(s) term by term, using Table 14-2: 
f(t) 2 ^ !F(s) = 6(t) — 66(t) + 30e *u(t) 


As we'll see in our studies, in most physical circuits, F(s) will be a proper rational 
function, and the preliminary longhand division will not be needed. However, there will 
be rare cases (physical circuits, or final exams) when F(s) will be improper. It is easy to 
spot, and then don't forget to divide first! ie 


A second useful rule is related to a quadratic denominator: If this quadratic has 
complex conjugate roots, it is best to complete the square in it. 
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EXAMPLE 15-10 
Find the inverse Laplace transform of 
3s — 1 


F = 
(5) "a 8s 4-18 


Solution. F(s) is proper, so longhand division is not needed. A quick check, b? — 4ac = 
64 — 72 « 0, reveals complex conjugate roots. Therefore, we complete the square in the 
denominator 


s? + 8s + 18 — (s + 4 +2 


The presence of (s + 4) should trigger in our mind the frequency-shifting property of the 
Laplace transform, listed in Table 14-2 as 


L'F(s + a) =e "f(t)u(t) 


We need therefore to introduce (s + 4) in the numerator of F(s) also. This is easy. Simply 
replace every s by (s + 4), then balance the equality. 


3s—1= 3(s +4) — 13 


Now we have, by the linearity property, 


a 35-1 — , 4,364) - 13 
s°+8s+18 (s+ 4)? +2 
„gai WHD _ 24 B Jt 
(s + 4)? + (/2y Ji 4- 4 +42 


13 
= 3e *' cos ./2 tu(t) — Ja e ^ sin J/2 tu(t) 


directly from Table 14-2. In the last term, we multiplied and divided by d 2 to be able to 
recognize the entry in our table. 

The process is, then, to enhance (to “doctor”) the quadratic expression by legal 
algebraic steps in order to bring it into a form listed in Table 14-2. P, 


Let us turn our attention to the general rational function 


s” + as”! Fas"? rera. P 
1 a25 Am ST Om Kk (s) (15-36) 


F(s) = K 
(s) S" + bs"! + bas"? +++» +b,_18 +b, Q(s) 


Here, the constant multiplier K takes care of the unity coefficients of s" and s". Also, 
since we know how to handle an improper rational function, we will assume that F(s) 
is proper, 


m<n (15-37) 


In other cases, of course, you will have to make sure of it with longhand division. The 
numerator polynomial is conveniently denoted by P(s), and the denominator by Q(s). 

Next, we introduce a couple of very important and common terms. A value of s 
which makes F(s) = 0 is called (obviously!) a zero of F(s). If we denote a typical zero 
by z, then 


F(s)],=., = 0 (15-38) 


Prob. 15-20 
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A value of s which makes F(s) approach infinity (“blow up”) is called a pole of 
F(s). If p, is a typical pole then 


lim F(s) — oo (15-39) 


8 pr 
From Equation 15-36 we conclude that the roots of the equation 
P(s) 20 (15-40) 
are the finite zeros of F(s), and the roots of 
Q(s) = 0 (15-41) 


are the finite poles of F(s). Let us look at an example. 


EXAMPLE 15-11 
Consider F(s) in Example 15-10, 


F(s) = 3s — 1 
» s + 8s + 18 
and write it in the form of Equation 15-36 
s—i P(s) 


Fem aperi ao 


Solution. The finite zeros of F(s) are found from 


P()-s—£i- SS 44-4 


and, indeed, F(1) = 0. The finite poles of F(s) are given by 
Q(s) = s? + 85+ 18 =0 


P —4 + j,/2 Pz = —4—j,/2 


and F(p,) = oo, F(p;) = ©. 
There is one additional zero of F(s), at s = z, — oo. If you check the value of F(s) as 
s — oo, you'll find by l'Hópital's rule 
lim F(s)],-2,-.0 = 0 
Be sure to distinguish between the value of s and the value of F. The infinite value of s, 
S = Z, = oo, makes the value of F zero. Therefore, z, is a zero of F(s). In conclusion, F(s) 


has one finite zero (z, = $), two finite poles (p, = —4 + ws P2 = pP] = —4 — j/2. and 
one zero at infinity (z, = oo). In our calculations here, we'll be interested only in the finite 
zeros and poles, given by Equations 15-40 and 15-41. m 


In general, F(s) will have m finite zeros, because Equation 15-40 has m roots. We 
can write P(s) in its factored form to show them 
P(s) = (s — 2,)(S — 22) +++ (S — Zm) (15-42) 
In fact, P(z,) = P(z;) = --- = P(z,,) = 0. Similarly, there will be n finite poles, shown 
by the factored O(s) 
Q(s) = (s — pS — p2) ++: (S — Pn) (15-43) 


Prob. 15-21 
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A polynomial (P or Q) of order 3 or higher can be factored numerically, using a 
conveninent root-finding program. Some are even available on hand-held calculators. 
If a zero is distinct, that is, if 


Zi Z4 x ÉZ (15-44) 
we call it simple. A repeated zero, say 
Zi; = Z2 = HF Zk+1 (15-45) 


is called multiple, of multiplicity k. Similar adjectives apply to poles. 


EXAMPLE 15-12 
s*(s + 1Xs — 4) 


F(s) = —— 

= G3 3*6G3 2 
has a multiple (k — 2) zero at s — 0, and simple zeros at s — —1 and s — 4. It has a pole at 
s = —3 of multiplicity 4, and a simple pole at s = — 2. E 


To invert F(s), we classify it as: (1) having only distinct (simple) poles, and (2) 
having multiple poles. We deal with each case separately. 


1. Simple Poles Only Here we have 

P(s) 
(s — p1X5 — p2):: (S — Pn) 
and p, Æ p; Æ +- Æ p,. We stipulate that Equation 15-46 can be expanded in partial 
fractions as follows: 


F(s) = K (15-46) 


pig ot tg eg E. (15-47) 
S— Pi S—P2 S — Pn 

where A,, A5,..., A,, called residues, are constants, yet to be found. This stipulation 

makes a lot of sense: If we combine the right-hand side of Equation 15-47 under a 

common denominator with suitable values for the A's, we'll get Equation 15-46. Here, 

we have the reverse: Given the combined form (Equation 15-46) we want the 

expanded form (Equation 15-47). 

There are two methods that can be used to calculate the residues. The first one is 
universal, since it applies to all cases. It can be stated briefly as follows: Equate 
Equations 15-46 and 15-47; then choose convenient values of s to obtain enough 
equations with the unknown Z's. Solve these equations. 


EXAMPLE 15-13 


FT TS TE s'542 $3 


Solution. In choosing convenient values of s, stay away from the poles of F(s), because 
you'll get oo on both sides— of little use. 
Here, choosing s — 1 yields 
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With s = —1 we get 


and s — 2 yields 


A = o A,=3 A, — —3 
Consequently 
F() = 8 4 2 -i 
+2 s+3 
and 
fO=(-Etze % —Fe u(t) A 


The second method starts also with equating the given F(s) with its stipulated 
expansion 
P(s) ERE." à A, A, 


NEN TES... MERE CERCA. FREE 
(s—pXs—p3):-(S—p) sS—p S— Pro S — Pn 


(15-48) 


Multiply both sides of this equation by (s — p,), a valid algebraic step. We get 


P(s) 


| e ———— 
(S-—Tp1Xs — p2):-- (S — Pn) 


(s—p7) 


A, A, 
= Agt Gc POd o4 (s— py) (15-49) 
S Pa S — Pn 


where (s — p,) is canceled on the left-hand side. On the right-hand side, the residue A, 
stands free, and all the other terms are multiplied by (s — p,). Now let s = p, in 
Equation 15-49, with the result 


P 

Ew ORE ET] =A, (15-50) 
(s ME p3Xs ui P3) Sidi (s zn Pn) s=pı 

since all the other terms on the right go to zero. Equation 15-50 gives the value of 44. 

This method may be repeated for A45, A3,..., A,. It is summarized as follows: 


A, = F(sYs — p)ls- p. (15-51) 


In words (and in practice), we cover with our hand the factor (s — p,) in the left-hand 
side of Equation 15-48. This amounts to the cancellation in Equation 15-49. In what 
remains uncovered, we set s = p,. The result is A,. For this reason, let us dub it the 
“cover-up” method. 
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EXAMPLE 15-14 


For the same F(s) as in Example 15-13, we have 


A. =sF E s— 1 t 1 

rmi eren. ^6 

"S "n s—1 _3 
s— 1 

"geret wel. Marce m " 


as before. a 


The *cover-up" method is easy to remember: In the expansion of Equation 
15-47, a typical residue A, is set “free” if we multiply throughout by its denominator 
(s — p,). Then all the other terms on the right will vanish for s = p,, leaving only A,. 
With some practice, the *cover-up" method is fast. Unlike the universal method, it 
applies only to simple poles and to one additional case (to be studied soon). With 
these limitations in mind, it is quite handy to use. 


2. Multiple Real Poles This case is more complicated than the previous one. Rather 
than derive and memorize lengthy formulas (something we never recommend), it is 
best to treat each problem on its own, based on some general principles that we'll 
outline. These are illustrated in the following example. 


EXAMPLE 15-15 


Suppose 
F(s) = s—2 
METETE 
with a multiple pole (k = 2) at s = —3 and a simple pole at s = — 1. 


Solution. The stipulated partial fraction expansion must be 


— MÀ =— + st 
(s+1)(s+3)* s+1 (s+3) s+3 


F(s) = 


where the factor (s + 3)* accounts for the last two terms. In other words, the common 
denominator (s + 1)(s + 3)? will accommodate the partial fraction A,/(s + 3)? as well as 
A,/(s + 3). We cannot ignore, in advance, the last term. We must allow for it. 

How do we calculate A,, A,, and A,? The universal method is always valid. Three 
convenient values of s (but not s = —1 or s = —3) will give three equations for the A’s. 
The “cover-up” method will work for A, and for A, only. Specifically, 


A, = F(s\(s + »| — 


5 
A, = F(s\(s + | Ei (do it in detail!) 


s=-3 


Probs. 15-22, 
15-23 
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But if we try it for A}, we run into trouble. Normally, we would multiply through by 
(s + 3) in order to free A;; we get then 


F(s)(s + 3) nd Ai (s + 3) + SA 

SAS — = 

(s+is+3) sti“ "3 Mb 

Letting now s — —3 will cause trouble: Precisely because of the multiplicity of that pole, 


there remains a factor (s + 3) in the denominators on both sides, leading to a division by 
zero. The “cover-up” method is good only for A,, the partial fraction with the highest 
power of the multiple pole, but not for any of the partial fractions with its lower powers. 

A nice algebraic method exists to handle all the A's in such cases. It is based on our 
previous study of simple poles only. Consider a new function 


s—2 
(s + 1)(s + 3) 
which has only the simple poles of F(s). We can expand F(s) by the “cover-up” method 


F(s) = 


5 —3 
2 2 
- 


F = 
iG) s+3 s+1 


(verify it!). Next we divide F,(s) by (s + 3). This restores the original F(s), and we have 
from the previous step 


F,(s) | » 3 m 
43 T9-765132* G4 364 D 


Here the first partial fraction is good, with A, = 5. The second term is expanded again by 
the *cover-up" method, to get the final result 


"i 3 


E 

2 4 4 
+ + = 
(s+3)? s+3 s-cl 


F(s) = 


In summary, we create an auxiliary function with only simple poles, expand it, and 
restore the multiple pole recursively, step by step, by division. 


The inversion of F(s), using Table 14-2, yields Probs. 15-24, 
15-25, 15-26, 
f(t) = Gte ™ + 2e * — Ze" ua) m 15-27 


The last case that needs mentioning is a combination of real poles and complex 
conjugate poles. In principle, there is nothing new here that has not been covered 
already. In practice, however, there are several important points to consider. 


EXAMPLE 15-16 
Let 


3s? + 5s + 19 
(s + 1)(s? + 4s + 20) 


F(s) = 
having simple poles at p, = —1, p, = —2 + j4, p = p? = —2 — j4. 
Solution. The most efficient expansion is 


Fi = A, A,s+ A4 
w= 4:20 
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where the quadratic is left intact, as we saw earlier, ready for completing the square. Its 
numerator is assumed as (45s + A4), a polynomial of one degree lower than the 
denominator. 

How to find A,, A, and A}? With a combination of everything that we know. The 
“cover-up” method yields A, quickly, 


y DE 3s? + 5s + 19 4 
T DAS las: St 4s +20 LL... 
For A, and A,, use the universal method. Choosing s = 0 we have 


19 1 A,:0+ A4 


FO) 720 0-1 0-04 20 
that is, 
A5 = —1 
Another choice, s — 1, yields 
FD = 27 l $ A,—1 
( )^OQ95 141 1+4+20 
or 
A, = 2 
Therefore 
1 2s — 1 


a C TEE E tes 
(s) afl £5 4:4 20 


This is it, as far as partial fractions are concerned. The first term is good. The second term 
is ready for completing the square. Let's do it. 


mos slo. B1 _ l! Q26*2-3 
775-41 G-«2y-44 stl GAD IF 
1 X442) 5 4 


Cs41'6G42)44 4642244 
Finally, 
L~'F(s) = (e^' + 2e ?' cos 4t — 2e" ?' sin 4t)u(t) B 
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Among the many calculations involved with F(s), two are particularly useful. Without 
ever inverting F(s), we can calculate easily the initial value of f(t), f(0*), and the final 
value of f(t), f (oo). In other words, from F(s) in the s domain, we can find how the 
time function starts (t = 0*) and how it ends (t = oo). 


1. The Initial Value Theorem Consider the defining equation for the Laplace 
transform of df /dt, repeated here 


gf = | re dt = sF(s) — f(0 ) (15-52) 
dt Jo- 


Probs. 15-28, 
15-29, 15-30 
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Now, let s > oo in Equation 15-52. Then e *' = 0 and 


lim Eo dt = lim [sF(s) — f(0 )] (15-53) 


so 40- s> oo 


Since the integrand on the left-hand side is zero, we have 


0 = lim sF(s) — f(0 ) (15-54) 
Or 
f(0 ) = lim sF(s) (15-55) 


If f (t) is continuous at t = 0, then f(0*) = f(0^). Even if f(t) has a step discontinuity 
(jump), Equation 15-55 holds. In summary, then, 


f(0*)y = lim sF(s) (15-56) 


S— o0 


gives the initial value of f(t) directly from F(s). 


EXAMPLE 15-17 
Let 


1 
F(s) = — 
S 
and pretend we don't know f(t). 


Solution. The initial value theorem gives 


f(0*) = lim MG 
S 


s> oo 


which is true, of course: The unit step u(t) is 1 at t = 0*. E 


EXAMPLE 15-18 
Take F(s) from Example 15-15, 


"TE s—2 e s—2 
U= TDGrIS S OS i59 


Solution. Without ever finding f(t), we have its initial value 


8* — Qs 


+)_ RM ee Ido NE ENT 
D s nest e Enc ea der 9 


s> œ S-—* oo 


This limit is zero by l'Hópital's rule. In fact, we didn't even have to multiply out fully the 


denominator of F(s). By inspection 
UN LL 1 
lim sF(s) = lim = p.n lim - = 0 


S oo $— o0 "s ee 


where we retained the leading terms in the numerator and denominator for s — oo. 
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As a verification, we found f(t) in Example 15-15: 


f(t) 2 Gte” c e? i e~ )ult) 


and so 
f0*)20ri—-i-0 E 


The initial value theorem (Equation 15-56) may be used repeatedly to find 
f '(0*), f"(0*), etc. If we call f'(t) by g(t) for a moment, then Equation 15-56 says 


g(0*) = lim sG(s) (15-57) 
that is 
f'(0*) = lim s[sF(s) — f(0*)] (15-58) 


EXAMPLE 15-19 
The trajectory (distance) of the DBBM (ding bat ballistic missile) has been designed and 
calculated as 
40s? + 900s + 1000 
s^ + 20s? + 60s? + 100s + 200 


with the units of miles and seconds having been considered. Calculate its distance, velocity, and 
acceleration at the instant it is launched. 


X(s) = 


Solution. We have from Equation 15-56 the initial distance 


40g 4e 


x(0*) = lim sX(s) = lim =0 


4 
s> o S-—* o0 S sus 


which is hardly surprising. The initial velocity of the DBBM is found from 
Equation 15-58 as 


dx(t) ; 
T = x'(0*) = lim s[sX(s) — x(0*)] 
dt t£z0* 


s> oo 


— — — z 40 miles/s 
E WEM / 


The initial acceleration is found from the extension of Equation 15-58, namely 


d*x(t) nnt : 2 = M+ 
i? l. zx" us un s[s^X(s) — sx(0 ) — x'(0^)] 


lim s «2 40s? + 900s + 1000 40 
= S| S > — 
soo | 5S + 20s? + 60s? + 100s + 200 
100s? — 1400s? — 4000s — 8000 
s^ + 208" + 60s* + 100s + 200 


100s* + --- 
= lim —;—— —— = 100 miles/s? 
S 4e 


s> oo 


s> o0 


This is quite a lot of useful information about x(t) without having x(t)! i 
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2. The Final Value Theorem If we take the limit of Equation 15-52 as s > 0, we get 
lim | f'(t)e * dt = lim [sF(s) — f(0 )] (15-59) 
s>0 v0- s>0 


since e * = 1 as s 0, the left-hand side becomes 


| f'(t) dt = fo = lim f(t) — f(0 ) (15-60) 
07 0-7 t> oo 
Equations 15-59 and 15-60 yield the result 
lim f(t) = lim sF(s) (15-61) 
t— oo s—0 


which gives the final value of f(t) in terms of F(s). 
This result is valid provided all the poles of sF(s) have negative real parts. This 
provision will be clarified in the examples that follow. 


EXAMPLE 15-20 1 ———————————————————— 


F(s) = a0 


S-c-a 
: : S 
lim sF(s) = lim —— = 0 
s>0 s>0 a 
As a verification 
f = e * utt) a0 


and its final value is indeed 


lim f(t) = 0 ge 
t> oo 
EXAMPLE 15-21 LL ——————————————— 
F(s) = 
(s) s? 4. i" 


if we apply Equation 15-61, it would seem that 


l . p 
lim f(t) = lim s =——,5 = 0 
t> oo s20 s T p? 
However, the function sF(s) has two poles, p, = jf. p; = —jp. both with a nonnegative (here 
zero) real part. The final value theorem (Equation 15-61) cannot be applied. As a verification, 
we have 

lim f(t) = lim sin ft = ? 


t oo t — oo 
The cited restriction on the poles of sF(s) guarantees the existence of 


lim f(t). 
t> oo w 


Probs. 15-31, 
15-32, 15-33, 
15-34, 15-35 
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As a concluding remark, we notice the beautiful symmetry in these two 
theorems. In one, the behavior of f(t) for small values of t is the same as the behavior 
of sF(s) for large values of s. In the other, the behavior of f (t) for large values of t is the 
same as the behavior of sF(s) for small values of s. 


15-7 THE LOWER LIMIT: 0 OR 0*? 


To wrap up our study of the Laplace transform, let us consider a somewhat fine point: 
What if the lower limit on the integral defining the Laplace transform is 0* instead of 
0 ? That is 


Lf) = | fe" — F(s) (15-62) 
0* 


is another legitimate definition of the Laplace transform. We would have then, for 
instance, 


Lf’) = sF(s) — f(07) (15-63) 


but if f(0*) z f(0^), as we saw in several cases, then, in order to use Equation 15-63, 
we would have to solve first a subproblem: Given f(0~) in a circuit, calculate f(0*). 
We did this in Chapter 7. 

As far as the Laplace transform is concerned, either lower limit (07 or 0*) is 
valid, provided we are consistent with it throughout all the steps. It is much easier, 
though, to work with O^ as the lower limit, because this choice gives automatically the 
correct answers even when f(0^) # f(0*). Let us consider the following example. 


EXAMPLE 15-22 


In the circuit shown in Figure 15-11, the capacitor is initially uncharged, v (0 ) = 0. Att = 0, a 
unit impulse current excites the circuit. 


i(t) = 6(t) LH 


Figure 15-11 Example 15-22. 


Solution. The differential equation for this circuit is KCL 


dv(t) 1 
re eg Halt) = XO) 


Let us apply the Laplace transform, using 0~ as its lower limit. The result is 


C 


1 
CEsVe(s) — ve(07)]  z Vels) = 1 
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and since v (0^) = 0, the transform equation becomes 


(cs + gre zm] 


and its inversion gives 
v(i) = = e URC) 
ie 
If we want to use 0* as the lower limit, we have 
1 
C[sVe(s) — ve(0*)] + g «9-9 
The right-hand side of this equation is zero 
S£ Xt) = | ó(t)e * dt =0 
. ot 


because 6(t) occurs at t = 0, outside the limits of the integral. Now we have the 
subproblem of evaluating v((0*). Since v (0 ) = 0, the capacitor acts as a short circuit 
and the current source i(t) — ó(t) amounts to a unit step of charge (1 C) applied instantly 
to the capacitor. Therefore, q.(0*) = 1 and 


1 


1 
vc(0*) = C qc(0*) = C 


Using this value in the transformed equation, we get 


ds Vs) — c| $ E Vs) = 0 


that is, 


(cs + x) =f 


precisely as before! Pa 


Since the evaluation of initial conditions at t = 0* is an additional task and can 
be quite involved (see Chapter 7), it is preferable to use the Laplace transform with 0^ 
as the lower limit. We will continue to do so. 


PROBLEMS 


Note: When initial conditions are not given, assume them to be zero. 
15-1 For the network shown: 

(a) Write the loop equations in the time domain. (How many node equations are 
needed?) 

(b) Transform them and arrange in final matrix form. 

(c) Solve for the total response of I, (s). Express it as a rational function. 

(d) In part (c), identify clearly the zero-input part and the zero-state part. This requires 
a simple but meticulous tracking of the various terms from steps (a), (b) and (c). 


Prob. 15-36 
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i(07)=2 A 


3 ana 7 


v(t) = ô(t) 


i, (t) 


(2, H, F) 


Problem 15-1 


15-2 For the network shown: 
(a) What is its order n? 
(b) Write the loop equations. 
(c) Transform them and arrange in final matrix form. 
(d) Calculate the characteristic values of the network. Check with (a). 
Note the current-dependent voltage source. 


3i, (t) 


l 4 (Q, H, F) 
Problem 15-2 


15-3 For the network shown, repeat parts (a), (b), and (c) of Problem 15-2, then find 
its characteristic polynomial. 


i(t) = 4u(t) 


(Q,H,F) Problem 15-3 
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15-4 


15-5 


15-6 


*15-7 


15-8 


Solve Example 15-2 by loop analysis, in the following steps: 

(a) Set up the two loop equations. 

(b) Transform them. 

(c) Write the expression for the zero-input response of v,(t), transform it and use part 
(b) to get V,(s) in its final form as a rational function. It must be the same as in 
Example 15-2. 


Rework Example 15-2 with the following change: The voltage source is current- 
controlled 


v(t) = 6i. (t) 


with i,(t) the current through the 0.5-Q resistor, referenced downward. In particular, 
note how this dependent source affects: (1) the matrix of the coefficients and, hence, the 
characteristic equation; (2) the right-hand side matrices, affecting the zero-state and 
zero-input responses. 


(a) Prove in detail Equation 15-24. Hint: Review the corresponding resistive case and 
the sinusoidal case. 

(b) Prove in detail Equation 15-25. 

(c) Prove: For two impedances in parallel 


Zi(s)Z5(s) 


Z4) = ZZ) = 7 c ZO 
1 2 


Equations 15-24 and 15-25 reduce to the sinusoidal (phasor) case if s = jc, where w is 
the single frequency of the source. For what value of s are these equations reduced to the 
resistive (dc) case of Chapter 4? 


Obtain in its final (rational function) form the driving-point admittance Y,s) of the 
network shown. 


(Q, H, F) 


Problem 15-8 
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15-9 


15-10 


15-11 


15-12 


15-13 


15-14 


15-15 


15-16 


*15-17 


15/LAPLACE TRANSFORM IN NETWORK ANALYSIS 


Calculate Z,(s) if R = ./L/C. Comment on your result. 


Problem 15-9 


Draw the transform circuit diagram for Problem 15-1 and, from it, write the loop 
equations in their final form. 


Draw the transform circuit diagram for Problem 15-2 and, from it, write the loop 
equations in their final matrix form. 


Derive carefully the transform circuit diagram for two mutually coupled inductors, L,, 
L,, and M, with initial currents i; (07), i; (0). Use your results to rework Example 
15-1 by the transform diagram method. 


Rework Example 15-2 by loop analysis, using the transform circuit diagram. Notice the 
entries in its loop impedance matrix Z(s): Are they predictable? Is z,,(s) = z,,(s)? 
Notice also the source matrix E(s). Are all its entries predictable? Explain. 


Check the dimensions (units) of each term in Equations 15-26, 15-27, and 15-28. Hint: If 
you run into trouble, go to the beginning and check the units of I(s) = fi(t), 
V(s) = #v(t). Don't take anything for granted! 

Rework Example 15-2 by node analysis with the transform diagram drawn directly 
from Figure 15-2. Compare your results with those in Example 15-2. 


Use node analysis with a transform diagram in Example 15-3, to obtain I(s) and Z,(s). 
Without any initial conditions or dependent sources, Y(s) can be written by inspection 
from the original circuit. 


Consider a one-port (1-P) network, consisting only of R, L, M, C elements. If series- 
parallel combinations are not feasible, we can find its driving-point admittance Y, (s) by 
exciting it with an arbitrary V;,,(s), calculating the zero-state response I,,(s), and then 


Is) 
Yi (5) = M asd 
Vis) 
(a) Prove that 
det, ,Z 
lays) = det Z 


where det Z is the determinant of the loop impedance matrix; here I,,(s) is in the 
first (driving-point) loop current; all other loop currents are inside the one-port 
network. The first cofactor is det, , Z (review Appendix A). The two determinants, 
det Z and det,, Z, can be written by inspection. Hint: Write the loop equations 


PROBLEMS 489 


(Equations 15-29). What is E(s) here? Solve these equations for I,,(s). Take the 
ratio Iap/ Vap- 
(b) Illustrate this procedure on the one-port shown to obtain 


3s? + 9s? + 11s + 12 
21s? + 14s + 36 


Yi(s) = 


Yap SA a l-Port 


(a) (2, H, F) (b) 
Problem 15-17 


15-18 A capacitor C, is initially charged to vc,(0 ) = V, volts. At t = 0, it is connected 
through a series resistor R to an uncharged capacitor C,. 
(a) Calculate the current i(t) and plot it versus t for two values of R, R,, and R, > R,. 
(b) What is the total charge transferred to C,? 
(c) What becomes of i(t) as R > 0? Justify mathematically and explain physically. 


Problem 15-18 


15-19 Calculate the output voltage V,(s) in the op-amp circuit shown. Leave your answer as a 
rational function. 


u,(t) = u(t) 


(Q, F) 


Problem 15-19 
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15-20 


15-21 
15-22 
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Find Z` 'F(s) for each function: 


—2s +3 
3s42. 
E 
(b) 5— 10 
] — 2s 
s+3 
—4 
Fria 
sl 
s? + 6s + 25 
—2s? — 10s + 4 
se+s+2 


(a) 


(c) 


(d) 


(e) 


(f) 


Write f(t) as A cos (ft + 0) 


2s —1 


jop Write f(t) as A cos (fit + 0) 


(À) 
List the finite zeros and poles of each F(s) in Problem 15-20. 


Expand by partial fractions and find f(t) for each F(s). Write a short program to do the 
partial fractions here, in Problems 15-25 and 15-26, and for later use. 


s+1 
s(s + 10) 
1 
s(s + 1)(s + 2) 
—3s+4 
s24 110s + 1000 
—s—2 
s? + 8s + 12 
s—2 
(s + 2)(s + 4)(s + 6) 
—s+4 
3s —4 
2s? — 3 
2s? + 4s + 10 


(a) 3.2 
(b) 
(c) 
(d) (carefully!) 
(e) 4 
(f) 
(g) 


(h) 


PROBLEMS 491 


15-23 


15-24 


15-25 


15-26 


*15-27 


Use carefully the *cover-up" method in Example 15-10 for 


3s — 1 3s —1 


FG a eg me 
s+ 8s+18 (5444 j 2) 4—j 2) 


with the two simple poles p, = —4 —j,/2, p, = —4 + K2 Your f(t) must finally 
agree with the one obtained there. Why is it better to complete the square when poles 
are complex numbers? Hint: In working this problem, you'll have to use Euler's identity 
when you write 


e *jb)y _ ett oJ - e"'(cos bt Tj sin bt) 


Given 


1 
MO) = 64 1? 


calculate v(t) and plot it accurately. Observe the plot of each term in v(t). 


From 
2s + 3 
ie es 
(s + 1)*(s + 2) 
obtain f(t). 
Use the algebraic-recursive method in Example 15-15 to expand 


s(s — 2) 


P) — 3 4) + 6) 


Be careful: The auxiliary function F,(s) will be an improper rational function. Don't 
forget to divide longhand. 


There is yet another method for real multiple poles. Let us outline it using Example 
15-15. We start with 
aee 2 A, A, A5 


FO-GETDG-3 sti G433 543 


and multiply by the highest power of the multiple pole, (s + 3)?. We get 


F(s(s + 3)? = P (s+ 3 + A; + As(s + 3) 


s+1 
If we let s = —3, we get A,, as in the “cover-up” method. To free A}, we differentiate 
both sides with respect to s, then set s = —3. Do this step and check your results with 


Example 15-15. Note: Differentiation of rational functions is unpleasant, at the very 
least. Remember 


and with successive differentiations it quickly becomes a mess. However, it is a 
legitimate method. 
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15-28 


15-29 
15-30 
15-31 


15-32 


15-33 


15-34 


15-35 


15-36 
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Invert 
F(s) = 1 s? —3 
ue A 46 ie aD 
S 
b) F(s) = —————5—————. 
un HU eer DO ba Ei 
Complete Example 15-1 by finding i,(t) = Z~ +1,(s), with I,(s) as calculated there. 


Complete Example 15-2 by finding v,(t) = Y~'V,(s) with V,(s) as calculated there. 


(a) Apply the initial value theorem to F(s) in Example 15-16, then verify by using f(t) as 
calculated there. 

(b) Apply the initial value theorem to F(s) in Example 15-16 to calculate f'(0*), then 
verify by calculating f'(t) from the given f(t). 

(c) Repeat, for f"(0*). 

Apply the final value theorem to Examples 15-15 and 15-16. In each case, verify with 

SO. 

Apply the final value theorem, when possible. If not possible, explain why and 

demonstrate by calculating f(t): 


(a) F()- 5 — 
s(s + 2) 
s+4 

(b) Fue 3 — 5 

(c) Rm * aia 
s?+2s+2 

(d) Meo =* 
s*—2s+2 


Calculate the range (final distance) of the DBBM in Example 15-19. What must you 
check first? 


You are about to plot accurately f(t) for which you know 
F(s) = ——~ 
G) 7633» 
To help you with the plot, calculate f(0*), the initial slope f’(0*), and the initial 
f" (0*)—some good ol’ analytic geometry — without ever finding f(t). 
Calculate the total response v,(t) and v,(t) in Example 15-8. 


Chapter 16 


Generalized Theorems and 
Properties of Networks 


As mentioned in the introduction to the Laplace transform, this method provides not 
only a powerful algebraic tool of analysis; several important properties of networks 
can be derived from the Laplace transform, as well as generalized network theorems. 


16-1 THE NETWORK FUNCTION 


The input-output relations in the s domain are algebraic, as we know by now. To 
characterize a network more specifically, we concentrate on its zero-state response 
only and define a network function H(s) as follows: 


R(s) 2 H(s)E(s) (16-1) 


where E(s) is the transformed input (excitation), and R(s) is the transformed zero-state 
response. 

In a block diagram, shown in Figure 16-1, we can think of the network as a 
signal processor (which it actually is): The input E(s) is processed by the network 
through a multiplication by H(s) to produce the zero-state response R(s). It is also 
easy to appreciate the reason for considering only the zero-state and not the total 
response. Initial conditions are arbitrary, not characteristic of the network itself. 
Therefore, in calculating H(s) we set them all to zero. 

We had the resistive version of a network function in Chapter 5, Equation 5-19. 
There it was always a purely real number. A purely resistive network, we saw, can only 
scale (in magnitude) the input in producing the output, but it cannot change the 
waveform of the input. 

A more general version of a network function was studied in Chapters 9 and 10. 
For a single-frequency pure sinusoidal input, the phasor analysis involves a network 
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E(s) H(s) R(s) 
Figure 16-1 The network function. 


function which is a complex number. When it multiplies the phasor input, it affects 
both magnitude and phase angle of the output, a sinusoid of the same frequency. 

Still a more general network function, H(s), is a rational function. In a linear 
network, it relates an arbitrary waveform input to an arbitrary waveform output, as in 
Equation 16-1. These ideas are summarized in Figure 16-2. For the resistive case, no 
transform is needed, and we have as in Equation 5-19 


r(t) = He(t) = Ke(t) (16-2) 


For the sinusoidal steady state, the input is e(t) = A cos (ot + x), whose phasor 
transform is E = A/a. The network function is also a complex number, H = H/0. The 
phasor output is 


R = HE = (4/0)(A/a) = HA/0 + & (16-3) 
and its inverse phasor transform is the steady-state output 
r(t) = HA cos (oet + 0 + a) (16-4) 


For general waveforms, the Laplace transform yields the zero-state response 


R(s) = H(s)E(s) (16-5) 
e(t) H=K r(t) = Ke(t) 
(a) 
E - A /a H= H /6 R - HE - HA/a 4- 0 
(b) 
E(s) H(s) R(s) = H(s)E(s) 


(c) 


Figure 16-2 Resistive, sinudoidal, and general 
network functions. 
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and 

r(t) = LTRS) = F~*H(s)E(s) (16-6) 
The inversion of the product H(s)E(s) will be studied in detail later in this chapter. 


EXAMPLE 16-1 


A driving-point impedance is a network function, because, at the two driving-point terminals of 
the network, we have 
Vis) F Zap S) ay(s) 

as shown in Figure 16-3(a) This equation is one specific form of Equation 16-1. Here 
R(s) = V, (s), ECS) = I,(s), and H(s) = Z,,(s). 

Similarly, a driving-point admittance is a network function, as seen in Figure 16-3(b). 
Here 

R(s) = 14,(s) | E(s-—V4(s) H(s)- Ys) 


H(s) = Za, (s) 
a) 


Figure 16-3 Example 16-1. i 


Lay 5) 


( 


In this example we have, for the same network, Y; (s) = 1/Z,,(s). This is a very 
special and restricted class of network functions. In general, the reciprocal of a 
network function is not another network function, as illustrated in the next example. 


EXAMPLE 16-2 


For the network shown in Figure 16-4, with the indicated input and output, calculate the 
network function H(s). 


Figure 16-4 Example 16-2. 


Solution. Here we identify E(s) = V,,(s) and R(s) = V,,,,(s). With zero initial conditions, 
we can easily see the transform diagram of the circuit in our mind's eyes. We write 


1 Vials) 


Youll) = COR 4 1/Cs 


which is nothing more than a voltage divider equation. Clearing fractions, we get 


V, (s) 


1 
V5) = RCs4 1 in 
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with the appropriate network function 


1 
H(s) = ——_—_ 
(s) RCs +1 


Its reciprocal, RCs + 1, is not a network function (even if you try, in vain, to turn the 
network around). = 


The systematic approach to calculate a network function is apparent from these 
examples. The steps are the same as for the resistive and for the phasor cases: 


N m 


. Identify the input E(s). 
. Identify the output R(s). 
. Verify that inside the network there are no independent sources other than 


the given input. 


. Set all initial conditions to zero. 
. By methods of analysis studied in the previous chapter, calculate R(s), the 


transform output. Arrange your final answer in the form of Equation 16-1 to 
exhibit the appropriate network function. 


Depending on the nature of the input and the output, network functions can be 
classified as follows: 


Input E(s) Output R(s) Network function Symbol 


Current Voltage Impedance Z(s) 
Current Current Current transfer a(s) 
Voltage Current Admittance Y(s) 
Voltage Voltage Voltage transfer G(s) 


The symbols Z(s), «(s), Y (s), and G(s) will be used for those specific network functions. 
The symbol H(s) is a generic symbol for general purposes. 
Two additional classifications must be made about network functions: 


1. 


The input E(s) and the output R(s) are at the same port. In this case, the 
network function is driving-point by nature. We saw such examples in Z,,(s) 
and Y, (s). 


. The input E(s) is at a different port than the output R(s). See Figure 16-5. 


Then we have a transfer network function. Quite obviously, G(s) and a(s) are 
always transfer functions: It makes little sense to ask, “What is the voltage 
response across the terminals of a voltage input?" However, impedances and 
admittances may be transfer functions, as well as dp (driving-point) 
functions. 
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E(s), R(s) N E(s) N R(s) 


(a) (b) 
Figure 16-5 (a) Driving-point network functions. (b) Transfer 
network functions. 


EXAMPLE 16-3 


The network function in Example 16-2 is a voltage transfer function 


1 Probs. 16-1, 
GCs) =e 16-2, 16-3, 
(s) RCs + 1 B = 16-4, 16-5 


To relate our discussion here to our previous studies, consider the following 
example. 


EXAMPLE 16-4 


In the network shown in Figure 16-6(a), we are interested in the zero-state response i(t). The 
transform circuit diagram for this case is shown in Figure 16-6(b) and you should practice 
seeing it directly from Figure 16-6(a). 


l l 


10 cos 2t 


Impedances 


(a) (b) 
Figure 16-6 Example 16-4. 


Solution. We write immediately 


10s - 1 10s 
CHIN tO sti s* +4 


I(s) = 


The appropriate network function is 


Yip(S) = 


s+1 
The partial fraction expansion of I(s) yields 
—2 2s+8 
fas —— + ——— 
(s) s+1 " s?-4 


(check it!) and its inversion gives the final answer 


i(t) = —2e 'u(t) + (2 cos 2t + 4 sin 2t)u(t) 
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showing the transient part of the zero-state response, —2e 'u(t), and the steady-state 
part, (2 cos 2t + 4 sin 2t)u(t). 

That steady-state part, and only it, may be also obtained by the phasor transform. 
We have, from Figure 16-6(a) and with œw = 2 


10/0° 1 
I= = | z \10/0° 
1 + j2 (TH) a 


showing clearly the relations in Equation 16-3. Here 


1 
R = I E = 10/0° H = ien = 0.447/ — 63.4? 


Therefore 
I = (0.447/—63.4°)(10/0°) = 4.47/ — 63.47 
The inverse phasor transform of I yields 


i(t) = 4.47 cos (2t — 63.4°) = 4.47(cos 2t cos 63.4° + sin 2t sin 63.4^) 
= 2 cos 2t + 4 sin 2t 


as before. Li 


One immediate and important observation to make is the following 


H6) | | 2 Hjo) =H (16-7) 


that is, the network function H(s) becomes the phasor (complex number) network 
function H when we set s = jo, where o, is the radian frequency of the source in the 
circuit. In the previous example, H(s) = 1/(s + 1) and H(j2) = 1/(j2 + 1) = H. 

A second important observation is: The denominator of H(s) is the characteristic 
polynomial of the network. Or, the poles of H(s) are the natural frequencies of the 
network.t 

To demonstrate this statement, let us consider the general approach to finding 
H(s), as shown in Figure 16-7. The input is, say, V,(s), and the desired zero-state 
output is the branch current I,(s). Let us assume that loop analysis is performed. As 
shown, I,(s) = I, (s) — I,(s), the difference of two of the unknown loop currents. 


Figure 16-7 Loop analysis for H(s). 


T We assume that there is no cancellation of common factors between the numerator and the 
denominator of H(s). 
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The loop equations are, as in Equation 15-29, 


Zi(S)) zix(S) =- 2,,(s)] | 1,(s) V,(s) 
Z21($) Z22(S) +++ Z(s)} | J2(s) 0 
e ~~ sed 10) v aes 
zi) za) s zw) | LG) 0 
Zu(s) zs) +++ zs) I(s) 0 
Solution by Cramer's rule gives 
Zii(S) + V,(s) Z1(S) 
Zai(s) °°: 0 “++ Z,(s) 
zu(S) = 0 zi(s) 
bene (16-9) 
det Z(s) 


As usual, the denominator is the determinant of the matrix of the coefficients, here the 
loop impedance matrix Z(s). In the numerator, we have the same determinant, but the 
pth column is replaced by the right-hand side. Expanding the numerator determinant 
in Equation 16-9 by the elements of its pth column we have 


det, , Z(s) 


EMT V,(s) (16-10) 


Is) [V;(s- det,,Z(s) - 0 c0 - --- 4-0] — 


1 
~ det Z(s) 


where det, , Z(s) is the cofactor of V,(s) in that determinant. All the other cofactors are 
multiplied by zeros. 

In a similar way, we get 
det,, Z(s) 


ie 8 (s) (16-11) 


Is) = 


and so 


det,, Z(s) — det,, Z(s) 


ENS V,(s) (16-12) 


I(s) = I(s) — I,(s) = 


exhibiting clearly the network function (here a transfer admittance) 


det, , Z(s) — det,, Z(s) 
det Z(s) 


H(s) = (16-13) 


There is nothing to memorize here, except to review and to draw general conclusions: 
1. In finding H(s), we write any convenient set of equations (loop, node, or state 


variables). The solution of the desired response will always have in its 
denominator the determinant of the coefficients matrix. This is the 


500 16/GENERALIZED THEOREMS AND PROPERTIES OF NETWORKS 


denominator of H(s). This denominator has coefficients that depend only on 
the network elements— hence its name, the characteristic polynomial. 

2. The network does not care how we analyze it. Therefore, we expect to get the 
same characteristic polynomial by any method of analysis. 


EXAMPLE 16-5 


In Example 16-4, the loop impedance matrix, here a scalar, is by inspection (s + 1). This is the 
characteristic polynomial and 
s+1=0 


is the characteristic equation, yielding the natural frequency 
s= —1 


Suppose we wanted to analyze this network by node analysis. The node admittance 
matrix is (1/1 + 1/s). And 


1 1 
1 + im 0 
is the characteristic equation, the same 
s+1=0 
as before. [^ 


EXAMPLE 16-6 


Calculate the natural frequencies of the network shown in Figure 16-8. 


nile 
Mo 


v(t) 1 i 


(2,F) Figure 16-8 Example 16-6. 


Solution. We don't need a transform diagram— use your imagination. Two loop 
currents are chosen inside the two window panes, both clockwise. We write immediately 


2 
=i =j 
S 


= 9s* + 23s +6=0 


det Z(s) ; 
—1 -+10 
S 


sı = —226  s,— —03 


With one loop current clockwise, the other counterclockwise, the only difference in 
det Z(s) will be the off-diagonal terms, + 1 instead of — 1. The answers s, and s, will still 
be the same. With node analysis (fill in details as needed) we'll have 


era 1 

2^9 9$ 
= 95? + 23s+6=0 

1 d e 

0 2 9 
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again. By now it may be a slightly worn observation, but the network does not know or 
care how we analyze it. B 


EXAMPLE 16-7 


Find the characteristic values of the network shown in Figure 16-9. The dependent source is «i,, 
with « (known) but left in letter notation. 


i) 
— 


(Q,H,F) Figure 16-9 Example 16-7. 


Solution. With dependent sources, we don’t rush. One loop equation is needed (versus 
two node equations) and we use the outside loop. KVL reads 


10 
251, + — (I, + aly) + 10, + al,) = V 


Collecting terms, we get the characteristic equation 
2s? + (1+ a)s+(1+«)10=0 


showing clearly how the element values, including «, enter into it. E 


The zero-state response (Equation 16-5) can be written more explicitly as 
follows 


Py(s) Pils) 
Qu(s) Q-(s) 


where H(s) and E(s) are written as rational functions, each as P(s)/Q(s). The subscripts 
H and E identify them. In the partial fraction of R(s), there will be two groups 
of terms: Those with the poles of H(s), the natural frequencies of the network, roots of 
Qg(s) = 0, plus those with the poles of E(s), the frequencies of the input, roots 


of O,(s) = 0 


R(s) = H(s)E(s) = (16-14) 


poss ee ae, ee (16-15) 


n 35 — Pn m S — Pm 


Thus, the zero-state response will read 


r(t) =) A," -- 5 A, cP* (16-16) 


where the p,,’s are the poles of H(s), and the p,/s the poles of E(s). We assumed all poles 
to be simple. There are the obvious modifications for multiple poles. 

It is extremely important to recognize the physical significance of Equation 
16-16. A relaxed network (zero initial conditions) is excited by an input e(t). The 
response will consist of two parts: A waveform similar to e(t) plus a natural waveform 


Probs. 16-6, 
16-7 
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characteristic to the network itself. Think a while about it, and see how the Laplace 
transform helps us in reaching this conclusion elegantly and easily. 


EXAMPLE 16-8 
In the network of Example 16-4, Figure 16-6, we can write without any calculations 
i(t) = A, cos 2t + A, sin 2t + A,e ' 


The first two terms reflect the input waveform. The term A, sin 2t must be assumed as a 
generalization of the input, just as we did in the classical method for the particular solution. The 
term A,e ' is the characteristic response of the network, due to the pole at p = — R/L = —1. 

To find A,, A,, and A, we must go through the algebra of partial fractions. Here we 
demonstrate only how much information can be obtained about the waveform of i(t) with 
hardly any work at all. [t] 


EXAMPLE 16-9 
Let H(s) be given as 
H(s) = X 
s+1 
with the pole p, = —1. Let the input be e" with « real. 


Solution. The zero-state response will be 


1 

R(s) = ——-.—— 

(s) s+1 s—a& 
l 

For any « # — 1, the partial fraction of R(s) is 
A, A, 

R(s) = 

(s) s+1 i s—a 


and the time-domain response will exhibit the natural response and the input waveform 
r(t) = A,e ' + Aze” 
as expected. Let us see what happens when « — — 1. Then 


1 


R C D HN nw 
(s) stis+i1 (s+1) 


and 
S !R(s) = r(t) = te 'uwt) 


What is this? Why, resonance revisited! We excited a natural frequency of the network 
(p, = — 1) with the source (e ‘). Resonance, you'll recall, is the condition when a natural 
frequency of the network is excited. 

Two waveforms of r(t) are shown in Figure 16-10. In Figure 16-10(a), we assumed 
a = —2 and consequently A, = 1, A, = —1. In Figure 16-10(b), « = —1 and resonance 
occurs. 

In the classical method of solution this problem is 


dr(t) 


- Fr Ae r0 y= 0 


Probs. 16-f 
16-9 
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The case « — —1 is the one when the homogeneous solution is already of the same 
waveform as the input. Then, according to Table 7-1 and its notes, the particular solution 
must be multiplied by t. Notice the total correspondence of that procedure with the 
effortless one offered here by the Laplace transform. 

As mentioned in Chapters 8 and 9, resonance may be useful or harmful. You 
couldn't tune to your favorite radio station without resonance; on the other hand, many 
a system, for example, a bridge resonating with the uniform steps of marching soldiers, 
can be ruined by it. 


Probs. 16-10, 
(a) (b) 16-11, 16-12, 
Figure 16-10 Example 16-9. B 16-13 
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At this point, a challenging question comes up. Since the characteristic (natural) 
response of the network is so important, as it appears together with every type of 
input, is there a way to obtain it just by itself, without the “contamination” of the 
waveform of an input? In other words, is there an input E(s) that will contribute no 
poles to Equation 16-14? 

A moment of thought tells us that e(t) = ó(t), the unit impulse function, is just 
the right input. Since E(s) — 1 in this case, Equation 16-14 becomes 


E " P,(s) E 
R(s) = H(s) = 0,(s) (16-17) 
and its inverse 
r(t) = L~1H(s) = h(t) (16-18) 


will contain only the terms with the natural frequencies of the network. We have 
labeled Y~*H(s) = h(t), and h(t) is called the impulse response of the network. Figure 
16-11 illustrates this important concept and suggests a laboratory experiment for 
obtaining h(t): To the initially relaxed network (zero initial conditions), we apply a 


Figure 16-11 The impulse response. 
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unit impulse (voltage or current) as the appropriate input, and measure or record the 
appropriate output. This output is h(t) in Equation 16-18. 

Whats so important about h(t)? We saw already that it is the natural 
(characteristic) response of the network. Its Laplace transform is H(s), the network 
function that allows us, through Equation 16-14, to compute any zero-state response. 
Having H(s) is just like placing an identification tag on the network. Any time that we 
wish to calculate the zero-state response for that network, we take H(s) from the tag, 
the given E(s), and use Equation 16-14. In the next section, we'll learn how to calculate 
the zero-state response r(t) directly in the time domain, without the Laplace 
transform, using the impulse response h(t). 


EXAMPLE 16-10 


Calculate the impulse response of the network in Example 16-2. To be more specific, what will 
be Vault) across the capacitor if v,,(t) = ó(t)? 


Solution. We have 
1 


= E = "E ent EE cam 
"ges He Bee EE 


e Reale) 


If we did not have H(s), the laboratory (or paper) experiment for obtaining h(t) is shown 
in Figure 16-12(a), and the result makes sense also intuitively, as it did in Chapter 7. At 
t —0', the capacitor is uncharged and acts as a short circuit. The impulse voltage 
“rushes in” at t = 0; from t = 0*, the source is zero, a short circuit, and the capacitor 
voltage decays in the RC circuit with the familar time constant t = RC. The plot of h(t) is 
shown in Figure 16-12(b). 


R h(t) 


he RC 
de 
Vin(t) = 6(1) C Vout (D) = A(t) 


Fi t 
(a) (b) 
Figure 16-12 Example 16-10. Fi 


EXAMPLE 16-11 


Calculate the impulse response in the previous example if the output voltage is across R. 
See Figure 16-13(a). To distinguish the two cases, let us use H(s) and h(t) here. 


Solution. The relevant network function here is another voltage transfer function, 
obtained by the voltage divider 
fs = R B RCs 
`= R+1/Cs RCs4d 


To find the impulse response h(t), we must first divide A(s) longhand, since it is an 
improper rational function (you did not forget this paramount rule, did you?). We get 
1 1/RC 


Hi = 1-—-———-1-————— 
(s) RCs +1 s + 1/RC 
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h(t) 


t Dour (1) = A) 


"di in." s(t) 


R 
Vin(t) = (t) C t 


(a) (b) 
Figure 16-13 Example 16-11. 


Consequently, 
n 1 
boult) = h(t) = V7! Bs) = 80) — Rae O 


and it is shown in Figure 16-13(b). The impulse response, h(t), contains an impulse and a 
decaying exponential. Can we see it physically? Of course: At t = 0, the capacitor being 
still a short circuit, the entire input voltage ó(t) appears across R, according to KVL at 
t = 0. Thereafter, there is a decaying voltage component with the time constant t = RC. 

As an additional confirmation of our results in these two examples, we check KVL 
for the circuit for all t > 0 


b (t) * vou (£) = Vin(t) 
or 
ó(t) — ZA e RO m e FC — ó(r) 
RC RC 


which is certainly true. ‘a 


To conclude this discussion of network functions, let us consider the total 
response. We know that Equation 16-14 relates only the zero-state response to the 
network function and the input. What about the zero-input response? The answer and 
the conclusions are best illustrated with an example. 


EXAMPLE 16-12 


We are given the first-order network in Figure 16-14(a). Let us retain algebraic (letter) notation, 
rather than specific numerical values, so that we can trace every term in the calculations. 


ne 
v(t) 
4 
Igu(t) i C v(07) 


+ 


Admittances 
(a) (b) 


Figure 16-14 Example 16-12. 


Probs. 16-14, 
16-15, 16-16, 
16-17 
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Solution. Using the transform circuit diagram of Figure 16-14(b), or transforming 
directly the node equation for v(t), we get 


(Cs + G)V(s) = = + Cv(0-) 


That is, 


1 Io 1 S 
d imr. rm targ ) 


The first term on the right is the zero-state response, showing clearly the relation 
R(s) = H(s)E(s). The second term is the zero-input response due entirely to initial 
conditions. In it, we see also a division by the characteristic polynomial, and this will be 
always true. 

Inversion of these terms yields (fill in the details) 


v(t) = RI (1 — e~ /®©)u(t) + v(0~ e~ "RCu(t) 


where we used R = 1/G. The two parts, the zero-state and the zero-input, are familiar to 
us from our previous studies. We just want to review and see how H(s) affects the total 
response. We see that poles of H(s), the natural frequencies of the network, appear 
generally in both the zero-state and the zero-input parts. 

Another aspect of the total response also deserves to be reviewed. Rewrite v(t) as 
follows: 


v(t) = RI u(t) + [((0^) — RI]e "Cu(t) 


Here, the first term is the steady-state part of v(t), remaining nonzero for t > oo. The 
second term is the transient part of v(t), decaying to zero as t > oo. 
We observe that: 


1. The steady-state response here is part of the zero-state response. This is 
reasonable to expect, since the initial conditions, causing the zero-input 
response, cannot affect the total response as t — oo. The initial energy stored in 
the dynamic elements is dissipated in the resistors of the network as t — oo.T 

2. The zero-input waveform resembles the impulse response waveform; both have 
the natural frequencies in the exponents. 

3. With a proper choice of initial conditions, we can sometimes suppress the 
transient part. Here, the choice v(0 ) = RI, will do so. € 


16-3 CONVOLUTION AND SUPERPOSITION 


Let us return to the zero-state response. Its transform, R(s), is given by Equation 
16-14, repeated here 


R(s) = H(s)E(s) (16-19) 


We ask now the following question: Since the network is linear, why not obtain r(t) 
directly in the time domain by using superposition? After all, this approach is very 
basic and does not require any indirect methods such as transforms. As a bonus, 
whatever the superposition yields in the time domain, we already know its Laplace 
transform from Equation 16-19: it is H(s)E(s). 


T In trivial cases, such as a single capacitor with an initial voltage v((0 * ), the total response as t > oo 
is still ve (0). 


Prob. 16-18 
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fi) gi) fj) 82 (t) f3Q) g4() 


(a) 


e(t) = a fi) + ag hy) + a3 f3(0) 4,8, (t) + a585 (D) + a383 (t) = r(t) 


(b) 


Figure 16-15 Superposition. 


The idea of superposition is very simple. Assume that we know the zero-state 
response of the network to an elementary function. Assume that an arbitrary input 
e(t) can be written as a sum (superposition) of such elementary functions. Then the 
zero-state response r(t) will be the sum (superposition) of the corresponding responses 
to those elementary functions. 

We show this idea in Figure 16-15. Let f,(t) be an elementary function that 
produces a known zero-state response g,(t). Similarly, let f;(t), another elementary 
function, produce a known g(t), and let f3(t) produce g,(t). Let us now form the input 
e(t) as the sum 


e(t) = a, f, (t) + az f(t) + a3 fs(t) (16-20) 


with arbitrary constants a, a,, and a}. The linearity of the network means that the 
zero-state response to this e(t) will be the sum (superposition) 


r(t) = a,g,(t) + a292(t) + a3gs(t) (16-21) 


with the same multipliers a,, a,, and a4. Simple, right? 

What do we mean by "elementary functions"? Of several possibilities, the 
impulse function is a promising candidate, because we know the zero-state response of 
the network to it: That's h(t), the impulse reponse. So, to put it loosely for a moment, if 
an input e(t) is the sum of impulse functions, the response r(t) will be the sum of 
impulse response functions. 

Our first precise job is to be able to write an arbitrary input e(t) as a sum of 
impulse functions. Here, the sampling property of the impulse function comes to our 
aid. Recall it from Chapter 14 as 


| f(t)à(t — b) dt = f(b) (16-22) 


Next, consider an arbitrary input e(x) plotted versus x, as shown in Figure 16-16. We 
use x as a dummy variable. We can write, according to Equation 16-22, 


| i e(x)ó(x — t) dx = e(t) (16-23) 
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e(x) 


x= f x 


Figure 16-16 The sampling property. 


where t is any point on the x axis. If we assume that e(x) = 0 for x < 0, as is the case 
for all our inputs, then the limits on the integral in Equation 16-23 can be changed as 
follows: 


| "ett — x) dx = e(t) (16-24) 


0 


Here, we have used (without proof) the fact that ó(x — t) = ó(t — x). 

Our first job is done: Equation 16-24 expresses an arbitrary input e(t) as the sum 
(integral) of shifted impulse functions ó(t — x), each of strength e(x). These strengths 
are the multipliers a,, a,, and a; in our preliminary discussion. 

Now we use linearity and superposition for the output r(t). By definition, the 
zero-state response to an input 6(t) is h(t). In a constant, time-invariant network, the 
response to a shifted input ó(t — x) is an identically shifted h(t — x). The response to 
e(x)ó(t — x), a shifted impulse of strength e(x), will be e(x)h(t — x), where the same 
strength e(x) multiplies the response if it multiplies the input, as in Equation 16-21. 
Next, a sum (integral) of these shifted impulses is the input e(t), as in Equation 16-24, 
and a corresponding sum (integral) of impulse responses is the response r(t) 


r(t) — | «cora — x) dx (16-25) 


0 


Finally, our physical system is nonanticipatory (causal), meaning that its response at 
any time x = t cannot possibly depend on future values of the input, x > t. In simple 
words, the system does not have a crystal ball; at x = t, its response depends only on 
input values up to x — t. With this observation, the upper limit in Equation 16-25 is 
changed to x — t, and we have 


r(t) = | 'e(eh(t — x) dx (16-26) 
0 


These steps are summarized in Figure 16-17, with a brief explanation of each step. The 
integral in Equation 16-26 has a special name and a special symbol. It is called the 
convolution of the input e(t) with the impulse response h(t), and we denote convolution 
with a star * 

t 


e(t) + h(t) = | e(x)h(t — x) dx (16-27) 


0 
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Impulse response 


e(t) 


—> h(t) 


Shifted response, 


— h(t — x) constant network 


otf = x) 


> e (x) h(t — x) Same weight, 


e(x)ó(t — x) linear network 


t Superposition; 
—— o fech — x)dx = r(t) linear, causal 
0 


t 
e(t) = | (x6 = x)dx 
0 network 


Goan 


Figure 16-17 Steps in deriving convolution. 


The verb is “to convolve” (not “convolute”), and we “convolve e(t) with h(t)”; or else, 
“e(t) is convolved with h(t),” to obtain the zero-state response r(t). A quick example is 
needed right now. 


EXAMPLE 16-13 
Let 
h(t) = e 'u(t) 
be the given impulse response of a network, and let the input bet 


e(t) = e ?'u(t) 


Solution. The zero-state response r(t) is, according to Equation 16-27, 


t 
r(t) = e(t) « h(t) = | e ?*u(x)e * u(t — x) dx 

0 
That is, we first multiply the input as a function of x, e(x), by the shifted impulse response 
h(t — x). Then we integrate this product over x from x = 0 to x = t. 

The actual evaluation of this integral, like any integral, starts with any possible 

simplifications of the integrand. The unit step function u(x) versus x is equal to 1 over the 
range of integration, 


u(x) 2 1 x0 


So is u(t — x), because, by definition, 


M 1 t—x>0 s. WE 
HE e 0 t—x<0 * X254 


and we are integrating along the x axis, as shown in Figure 16-18. We cannot stress 
enough the importance of drawing such sketches when we evaluate convolution integrals. 


+ Undoubtedly an unnecessary reminder: In e(t), the letter e is a generic notation for “excitation.” In 
e u(t), the letter e = 2.718... is the base of natural logarithms. 
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x70 x=t x 


Figure 16-18 Example 16-13. 


They help clarify and simplify the integrand, as well as keep tabs on x, the dummy 
variable of integration, and t, the running point along the x axis. 
Now our integral is simplified to 


t t t 
r(t) = | ge 1397079 dy = et | ge dx = e~ f e * dx 
0 0 0 


where e ' is a constant as far as integration with respect to x is concerned, and is 
therefore pulled out front. Finally, 


=X Ix-t 
=e" | —-e'(1—e*)2e'—e" t0 


1 x=0 
As a quick check, we have in the transform domain 


1 


H(s) = Lhe) = 1 


E(s) = e(t) = "3 


s+2 
and 
R(s) = H(s)E(s) 
S) = — a 
PES s+1s5+2 
Expansion by partial fractions yields 
Ce 
S) = 
s+1 s+2 
and 
r(t) = (e~' — e ?*u(t) 
which checks with the convolution. a 


This typical example raises an obvious question, “Why bother with a long, 
involved convolution when we can get the answer quickly and neatly by the Laplace 
transform?” There are several answers to this: (1) Convolution is based on a physical 
property of the network, superposition. (2) Superposition has a meaning in real life, in 
the time domain. (3) Historically, people have used convolution long before any 
transform methods. (4) In many practical cases, h(t) is not given analytically, but is 
rather obtained graphically or numerically in the lab, as we saw in the previous 
section. Then convolution is the best way to go. 

In summary, convolution stands firm on a solid foundation in the real world. It 
just so happens that the Laplace transform handles this operation more quickly in a 
nonreal world of the complex number s. That is the proper perspective to take when 
working with convolution. 
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We repeat in words the result of Equation 16-27: The zero-state response of a 
linear network is obtained by convolving the input with the impulse response. The 
convolution consists of three steps: 


1. Replace t by a dummy variable x in e(t), obtaining e(x). 

2. Replace t by (t — x) in the impulse response h(t), obtaining h(t — x). 

3. Integrate the product e(x)h(t — x) over x, between x = 0 and x = t. The 
result will be r(t), the zero-state response to the input e(t). 


EXAMPLE 16-14 
Use the same h(t) as in Example 16-13 


h(t) = e 'u(t) 
but the input is now 
e(t) = e 'u(t) 
Solution. The three steps yield 
t t 
r(t) = e(t) « h(t) = | e *"u(x)e  * ?u(t — x) dx = e| dx = te t>0 
0 0 


where the simplifications of u(x) and u(t — x) were done as before. This result is in 
agreement with Example 16-9; even without referring back to it, we should recognize here 
immediately resonance: The impulse response e ‘u(t) has a natural frequency at — 1, and 
the input e 'u(t) excites it. i7 


Two important properties of convolution are: 
1. Commutativity, that is, 


| «cona — x) dx = e(t) x h(t) = h(t) * e(t) = | ico — x) dx (16-28) 
0 0 


which means that in setting up the convolution integral, the integrand can be 
e(x)h(t — x) or h(x)e(t — x). This is nice, since we don't need to worry which of thetwo 
functions is in terms of x and which is in terms of (t — x). The choice is ours. The proof 
is easy: In the left-hand integral of Equation 16-28, substitute a new variable 


t—x=y (16-29) 


Then dx = —dy, the lower limit x = 0 becomes y = t, and the upper limit x = t 
becomes y = 0. Therefore 


t 


t 0 
| e(x)h(t — x) dx — | e(t — y)h(yK — dy) = | e(t — y)(y) dy — (16-30) 
0 t 


0 
which is precisely the right-hand integral in Equation 16-28. In both integrals, x and y 
are dummy variables. 


2. The Laplace transform of the convolution of two time functions is the product 
of their Laplace transforms, as we saw throughout this chapter 


S h(t)* e(t) = H(s)E(s) (16-31) 


Prob. 16-19 
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Thus, a difficult operation in the time domain (convolution) is transformed into an 
easier operation in the frequency domain (multiplication), as expected of a transform. 

Besides serving to calculate the zero-state response, Equation 16-31 can be used 
to find the inverse Laplace of products. The following example illustrates it. 


EXAMPLE 16-15 


By convolution, find 


E a 1 1 
ss-1) ss+1 
Solution. Therefore, identify 
1 
F(s) = e <. fiH) = u(t) 
F(s) = th=e ‘u(t 
2(s MET] <. fat) =e wt) 


Consequently 


t 


S !1FQG)FGG) = fit) fh) = | u(t — x)e *u(x) dx = fe dx = (1 — e wt) 
0 


0 


which can be quickly verified by partial fractions. Here we've used f,, fa, F,, and F, as 
general functions in Equation 16-31, not necessarily input and impulse response. B 


16-4 GRAPHICAL AND NUMERICAL CONVOLUTION 


It is useful and instructive to interpret graphically the convolution integral, repeated 
here 


"(d = | e — x)h(x) dx (16-32) 
0 


This expression gives r(t) for any t > 0. Let us concentrate our attention on one 
specific time, t = t,. Then the response at t = t, is 


rt.) = | et — x)h(x) dx (16-33) 
0 


This value r(t,) can be interpreted as the area (the integral) under the product curve 
e(t, — x)h(x), between x = 0 and x = t,. For another value of t, t = t,, the response 
r(t) is the area under the product curve e(t, — x)h(x) between x = 0 and x = fy, etc. 
Proceeding in this manner we can get r(t,), r(t,), r(t3), ..., in other words, the response 
r(t) for various points in time. 


EXAMPLE 16-16 


Let e(t) and h(t) be the triangular-shaped functions in Figure 16-19(a) and (b). To use the 
graphical approach for convolution, we must form the integrand, the product curve, as in 
Example 16-13. First, the curve h(x) versus x is identical to the curve h(t) versus t, as given. It is 


Prob. 16-20 
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A(t) e(t) 


(a) (b) 


(c) (d) 


e(t, — x) for t4, =2 h(x)e(t, — x) for t, =2 


-—2 -1 Ol 1; 2 3 4 x Ya 3 —3 x 


(g) 


Figure 16-19 Example 16-16. 


514 16/GENERALIZED THEOREMS AND PROPERTIES OF NETWORKS 


shown in Figure 16-19(c). The curve e(t, — x) versus x is obtained in three steps: First, the plot 
of e(x) versus x is identical to the plot of e(t) versus t. Next, we get the curve e( — x) versus x by 
reflecting (folding) the curve e(x) about the vertical axis, as shown in Figure 16-19(d). Finally, 
we slide it to the right by t, units along the x axis to obtain e(t, — x) versus x, as shown in 
Figure 16-19(e). 

The integrand, h(x)e(t, — x), is then the product of the curves in Figure 16-19(c) and 
16-19(e). This product of curves can be done point by point, and the result is the curve shown in 
Figure 16-19(f). The area under this curve (shaded) is a number that is easily evaluated; it is 
r(t,). 


The process is repeated for t — t, in the same steps: 


. Keep h(x) frozen. 

. Slide the reflected e( — x) by t, units on the x axis, and stop. 

. Multiply these two curves to get the product curve, the integrand. 

. Calculate the area under the product curve between x = 0 and x = t,. That area, a 
number, is r(t,). 


A W Nm 


Repeat steps 2, 3, and 4 for t = t}, etc. 
In Figure 16-19(g), these steps are summarized. Bi 


This graphical method is very convenient to interpret and to execute. It is 
suitable when, for instance, h(t) is given graphically (the display of an oscilloscope in 
the laboratory experiment) In addition, this method is extremely helpful in 
determining analytical results for some common functions, as illustrated in the next 
example. 


EXAMPLE 16-17 


Use the graphical convolution to obtain the analytical expression for r(t) when e(t) and h(t) are 
given in Figure 16-20(a) and (b). 


Solution. In Figure 16-20(c), we show h(x) versus x. This is the stationary (frozen) curve. 
Figure 16-20(d) shows e( — x) versus x, the reflected curve. On it, we show the point x = t 
which changes as this curve is sliding to the right. At this instant in Figure 16-20(d) t = 0, 
and we start our clock as we slide e( — x). Note also the points x = t — 2 and x = t — 4 
on e. 

Between t = 0, Figure 16-20(d), and t = 2, shown in Figure 16-20(e), the product of 
h(x) and e(t — x) is zero because one function is zero (though the other isn't.) Hence, the 
product curve, the integrand, is zero. The area under this integrand, then, is zero. 
Consequently 


rt) 20 Üwte«2 


We could have predicted this much just by looking at e(t) as given in Figure 16-20(b): 
There is no input until t — 2; therefore there is no zero-state output until then also! 

Things aren't so obvious for t > 2, but our method will work. Consider the range 
of 2 < t < 4, as e(— x) continues to slide to the right. A typical position is shown in 
Figure 16-20(f); here h(x) is in solid lines and the sliding e(t — x) is in dashed lines. The 
product curve will be zero for x « 0, because h(x) is zero there, and for x > t — 2 because 
e(t — x) is zero there. Therefore, the area under the product curve is 


x-t-2 
r(t) — | (4A(8)dx 232t—2)  2«t«4 


x=0 


Prob. 16-21 


# 
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h(t) e(t) 

8 
4 

| 
12 T 2.3 4 2 
(a) (b) 

h(x) 


> 
| 2 x 
(c) 
(d) 
e(t — x) 
i] 
gem 
| 
| 
one 
> 
A t x | x 
j= $2 t—4 t=2 
(e) (£) 


Figure 16-20 Example 16-17. 
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For t > 4 but t < 6, the two curves are shown in Figure 16-20(g). The product 
curve, and therefore the area under it, is nonzero only between x — t — 4 (the trailing end 
of e) and x = 2 (the fixed end of h). Therefore 


osf (8X4) dx 2326—t) 4<t<6 


x=t-4 


This is where the graphical method really shines: It is simple and decisive in setting the 
rather unexpected limits on the convolution integral. 

Finally, for t > 6, the two curves are shown in Figure 16-20(h). Their product is 
obviously zero; hence the area under their product is zero. Thus 


Nt} = 0 t>6 


In summary: 
0 t<2 


32(t — 2) 2«t«4 
32(6 — t) 4<t<6 
0 t>6 
and its plot is shown in Figure 16-20(i). H 


Numerical convolution is used when either h(t) or e(t) or both are given in a 
tabulated form, that is, as a sequence of numbers, in digitized form. From the lab 
experiment that we set up, we might, for instance, obtain h(t) shown in Figure 
16-21(a), as the sequence of values 


h(n) = (h(0), h(1), h(2), h(3), ...) (16-34) 


where h(n) is a simplified notation for h(nT). The sample points are T seconds apart, 
and as T is made smaller, the accuracy is improved. As a rule, the spacing between 
points is the same, although this is not absolutely necessary. Similarly, let the input be 
given in the sequence 


e(n) = (e(0), e(1), e(2), e(3),...} (16-35) 


as shown in Figure 16-21(b). 

We proceed as before. Reflect e(x) to obtain e( — x), as shown in Figure 
16-21(c), and start the clock now, t = 0. The product curve e(0 — x)h(x) is zero, and, 
unless h or e has impulses at the origin, the area under that product curve is zero. 
Therefore r(0) = 0. Next, slide e to the right by one interval T, as in Figure 16-21(d). 
The product curve is e(1 — x)h(x), and is shown in Figure 16-21(e); at x = 0, its height 
is h(0)e(1), and at x = T (n = 1) its height is h(1)e(0). All other points are zero in the 
product curve. 

The area under this curve (shaded) is approximately that of a trapezoid, 
provided T' is small enough. That is 


r(1) — ; [h(O)e(1) + h(1)e(0)] (16-36) 


where the area of a trapezoid is its height (T) times one-half the sum of its parallel 
sides. 


Probs. 16-22, 
16-23 
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etl = x) h(x) 


(c) (d) 


e(l — x)A(x) 


h(1)e(0) 
h(O)e(1) 


(e) (f) 
h(l)e(k — 1) 
h(2)e(k — 2) 


h(O0)e(k) 
h(k)e(0) 


(g) 


Figure 16-21 Numerical convolution. 


The pattern is established now for a general time, t — kT, in Figure 16-21(f). The 
reflected curve e( — x) has slid to the right k units (kT). The product curve is shown in 
Figure 16-21(g); pay attention to the ordinates (heights) of the various points of this 
curve, h(O)e(k) at x = 0, h(1)e(k — 1) at x = T, h(2)e(k — 2) at x = 2T, etc. The area 
under the product curve is r(k), the response at t = kT. It can be obtained as the sum 
of the areas of the trapezoids, that is 


r(k) = [h(O)e(k) + 2h(1)e(k — 1) + 2h(2)e(k — 2) 


+++» + 2h(k — 1)e(1) + h(K)e(0)] (16-37) 
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Inside the brackets we have the first parallel side h(O)e(k), the last parallel side h(k)e(0), 
and twice the internal parallel sides, since each belongs to two adjacent trapezoids. 

Equation 16-37 is the numerical convolution of the two sequences A(n) and e(n), 
providing the sequence of the output r(n) = (r(0), r(1), r(2),...} 


r(n) = h(n) * e(n) (16-38) 


16-5 THEVENIN’S AND NORTON’S THEOREMS 


It is time now to generalize Thévenin’s theorem. We formulated it first for resistive 
networks in Chapter 5, and for sinusoidal steady-state phasors in Chapter 9. It may be 
a good idea to leaf back and review them now. 

The generalized Thévenin's theorem can be stated as follows. As far as any 
arbitrary load (“the observer”) is concerned, as in Figure 16-22(a), the linear network 
can be replaced by a single voltage source V;,(s) in series with a single impedance, 
Z7,(S), shown in Figure 16-22(b). In both cases, the load current /(s) and voltage V(s) 
are the same. 

To find V;,(s), the Thévenin equivalent voltage, we remove the load from 
terminals A-B, leaving them open-circuited (o.c.). Then we calculate the open-circuit 
voltage V, (s) across those terminals caused by all the sources and initial conditions 
in the linear network. See Figure 16-22(c). This is best done with the transform circuit 
diagram. 

To find Z,,(s), we set to zero all the independent sources (a voltage source is 
replaced by a short circuit and a current source by an open circuit), and we set to zero 
all the initial conditions. Dependent sources are left unchanged. Then we calculate the 
input impedance at terminals A-B, to get Z4,(s). See Figure 16-22(d). 


Zrn(5) A I(s) 


i 
Le 


Linear network 


(elements, Arbitrary Arbitrary 
initial conditions, load load 
sources) (Observer) (Observer) 


(a) (b) 


Linear network 
(elements, 
zero independent 
sources, 
zero initial 
conditions) 


Linear network 
(elements, 
initial conditions, 
sources) 


+ 
Voc, (8) = Vy S) 


(c) (d) 


Figure 16-22 Thévenin’s theorem. 


Probs. 16-24, 
16-25, 16-26, 
16-27, 16-28 
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The equivalent Thévenin circuit and the load are then connected as in Figure 
16-22(b). 
It is important to make the following remarks: 


1. The load (observer) is entirely arbitrary, linear or nonlinear. 

2. The network seen by the observer must be linear, and may contain 
independent and dependent sources. 

3. There must be no coupling between the observer and the network, through 
some mutual inductance or through some dependent source. 

4. The usefulness of Thévenin's theorem is twofold: First, it simplifies our 
calculations, particularly if we're interested only in J(s) or V(s) of the load; 
second, it gives us a conceptual simplification of a linear network as a single 
equivalent voltage source in series with a zero-input (no independent sources) 
and zero-state (no initial conditions) network, Z4,(s). 


EXAMPLE 16-18 


Calculate i,(t) in the load R by Thévenin's theorem. See Figure 16-23(a). 


i(07)24A 
ilii A 


000 
| ip (1) 


v(t) = 10e * u(t) he 10 


(Q, H, F) B 
(a) (b) 
A Zrn(s) A 
2s | Tp (s) 
l 
s -«—— Z7,(s) V) 10 
B B 
Impedances Impedances 


(c) (d) 
Figure 16-23 Example 16-18. 


Solution. We remove the observer and draw the transform circuit diagram of the 
network as shown in Figure 16-23(b). In this simplified circuit (that's a good reason to 
use Thévenin's theorem), we have the open-circuit voltage across A- B as 
i 1 10/(s + 1) — 8 + 3/s 3. —6s* — 14s—8s+2 

n()-—.— 24 ijs s (G-DQsg-41) 


The Thévenin impedance is found from Figure 16-23(c) as 


z 5 1 2s 
me 29 s 2s?+1 
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Finally we connect the load to the Thévenin equivalent circuit as in Figure 
16-23(d) and write from it 


VAS 
I,(s) = Vins) — 
Zrn(s) + 10 
There remain only the elementary algebra and inversion to be done. m 


Norton's equivalent circuit is merely the dual of Thévenin's. It is shown in 
Figure 16-24, with each step being the dual of the one in Thévenin's derivation. As far 
as an arbitrary load (observer) is concerned, the linear network to the left of terminals 
A-B can be replaced by a single current source /,4(s) in parallel with a Norton 
admittance. The current J,(s) is the current flowing from A to B when the load is 
removed and terminals A and B are short-circuited. The Norton admittance is the 
reciprocal of the Thévenin impedance 


Ys) = (16-39) 


Z5) 
Also, the relation 


Ven(s) = Zq()H w(s) (16-40) 


exists between the two circuits. This is easily verified if we replace the load in Figure 
16-24(b) by an open circuit, that is, find the Thévenin equivalent of that circuit. Then 
Ix(s) = Y«(s)V, , (s), and, owing to Equation 16-39, we get Equation 16-40. The result 
in Equation 16-40 is very useful when we have to calculate Z,,(s) with dependent 


Sources. 


A 19) 
A I(s) — ea 
umm Arbitrary T Arbitrary 
initial conditions load Iu G) it : taut FG) EI ea 
sources) ' (Observer) (Observer) 
B 
(a) (b) 
Linear network 
Linear network (elements, 
(elements, I...(s)=In(s zero independent "E 
initial conditions, sos) = Iy (8) sources, Fun Zr G) 


sources) 


zero initial 
conditions) 


(c) (d) 


Figure 16-24 Norton’s equivalent circuit. 
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EXAMPLE 16-19 


Find the Norton equivalent circuit seen by the resistive load R in the network of Figure 
16-25(a). There is a voltage-controlled current source, and there are no initial conditions. 


Solution. The load is removed, and in Figure 16-25(b) we calculate V, . (s) by writing 
KVL: 


1 
Veo 8) + Cs (gV,) - Vj 20 


Note that the current gV, flows in the capacitor, since terminal A is open-circuited in this 
simplified circuit. Also, 


V, = Lsn — gV) 


Now we compute I,(s) = I, , (s) in Figure 16-25(c). We have, first, 


V,(s) = (s) 


Ls 
Is) = lose +i I 


1 
1/Ls + Cs 
and therefore 


(Cs — g)Ls 


I,..(s) = CsV, — gV, = (Cs — g)Vy; = ICE +1 


Iis) 
Therefore, the Thévenin (or Norton) inpedance is 


V.) LCs? +1 


ms) = I..(s) Cs(14 gLs) 


With V, .(s) = Vials), I; . (s) = Iy(s), Z74(S) = 1/Y.(s), we have all the components 
needed to construct either the Thévenin or the Norton equivalent circuits. 

As we learned in the resistive and phasor circuits, the calculation of Z7,(s) can be 
also done by connecting a test current source I, (s) to terminals A-B in Figure 16-22(d) or 
16-24(d), then calculating the resulting voltage V,(s) across it. The ratio V,(s)/I,(s) gives 
Z (s). In this example, let us connect I,(s) as shown in Figure 16-25(d). Don't forget: In 
this step, all independent sources and initial conditions are set to zero. Node analysis here 
readst 


Cs — Cs 
M H 
1 — 
Cs S+ Ls 


t Again, for convenience, V, = V,(s), I, = 1,(s). 
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Admittances B 
(a) 


(b) 


I, G8) = IG) 


Figure 16-25 Example 16-19. 


Solve by Cramer's rule 


I, g—Cs 
0 Cs+— 
m "asi Les? +1 
: CS ¢-ts Cs(1 + gLs) ' 
Cs C ‘2 
s Cs; 


yielding the same answer for Z4,(s). 


Probs. 16-29, 
16-30 
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16-6 TWO-PORT NETWORKS REVISITED 


In Chapter 5 we studied two-port (2-P) resistive networks and their several 
parameters. The extension to sinusoidal steady-state phasors was done in Chapter 9. 
Here, we present the generalized, Laplace transform description of such two-ports. 

A linear 2-P network, shown in Figure 16-26, may contain linear resistors, 
inductors (including mutual coupling), capacitors, and dependent sources. The 
standard references for the port voltages and currents are also shown. The 2-P 
network is an *extended version" of a one-port (1-P) network (Figure 16-3). In a 1-P, 
there is only one port (two terminals) of access for one input and one output. A 2-P 
has two ports of access for two inputs and two outputs. 


I, C) I; (s) 


Figure 16-26 Linear two-port network. 


The input-output equation for the 2-P (Equation 16-1) is still valid but must be 
written in matrix form 


R(s) = H(s)E(s) (16-41) 


where E(s) is a (2 x 1) column matrix of the two inputs, R(s) is a (2 x 1) column 
matrix of the corresponding two zero-state outputs, and H(s) is the appropriate 
matrix (2 x 2) network function. As always, we must be given the 2-P network and the 
two inputs. The two outputs are then clearly identified, and we must relate them by 
two linear equations to the inputs, thus getting the relationship of Equation 16-41. 
This informal approach is strongly recommended by comparison with the formal one 
where we must set up two separate experiments, some under open circuit, others 
under short circuit, still others under mixed conditions. The two approaches, studied 
in Chapter 5, will be reviewed in the examples that follow. 


EXAMPLE 16-20 


For the 2-P network shown in Figure 16-27 (sometimes called a “T network" or a “Y 
network”), the three impedances in the arms are Z,(s), Z,(s), and Z,(s). 


Solution. We write KVL for the left loop, noting that the current in Z (s) is (J, + 15) due 
to KCL at the center node: 


V+ ZI ZI, +i =O 


Figure 16-27 Example 16-20. 
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Also, KVL for the right loop is 
—V,+2Z,1,+ Z2.1,+1,)=9 
Rearrangement in matrix form yields 
E I4. 2, Z, r 
"|^ z^ nize] 
which is in the form of Equation 16-41, with 
E(s) = Bal R(s) = b 1 H(s) = |^ E ú Py z,| 
By the formal approach, take one input at a time and set the other input to zero. 


With J, # 0, I, = 0, we get the partial responses 
V = (Z: + Zl, I,=0 


and 

V, s, 1,20 
Next, with J, = 0, I, #0 we get 

Ve = ZA I, =0 


V, = (Z, + Zo I, =0 
By superposition for the linear network, the total responses add up 
V, = (Za + ZJI, + Zl I, 30,1, #0 
V = Z.L + (Z, + ZJl; I, #0,I, #0 


as before. In this approach, setting J, = 0, then J, = 0, means that the two experiments 
were conducted under open-circuit conditions at that port. The resulting 2-P parameters 
are called the open-circuit impedance parameters, 


l= Zi 232] [2.+ 2, Z. 
^^ [Za Zal Ze Z,+ Z; 
by extension of the open-circuit resistance parameters in Chapter 5. 
Be sure to recognize the distinction between these open-circuit parameters and the 
terms in a general loop analysis matrix (Equation 15-30 and Example 15-6). There is no 
relationship—except that we use the same letters and subscripts. With 26 letters and 10 


digits, the choices become limited. On the other hand, there is little room for confusion 
between a 2-P network and a general network. i 


EXAMPLE 16-21 
Given the 2-P shown in Figure 16-28, with the dependent source and with elements denoted by 
their impedances. 
Solution. Without memorization or formal approach, we write any two valid equations 
among V,, I, V,, and I,. For instance, the left loop yields 
V, — sI, + kV, 


The current through the capacitor is sV,, and therefore (by KCL) the current through the 
resistor is (I, — sV,) as shown. Then the loop on the right yields 


V, — kV, — (I, —5V,) =0 
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Impedances 


Figure 16-28 Example 16-21. 


From these two informal equations, we can get any of the parameters of the 2-P by simply 
arranging them into the desired form. If, say, we want V, and J, as outputs in terms of J, 
and V, as inputs, we arrange the equations to read so 


[s] lo ted 

' ^7 ~ EENEN i 

" á 1—k+s 5 

yielding the desired parameters. Don't like them? Want J, and J, as outputs, in terms of 
V, and V, as inputs? Again, a simple algebraic rearrangement gives 


l k 
els S 
I V. 
R 0 1—k-4s]-^* 
There is nothing to memorize, no agonizing decisions to make (“which port is 
open-circuited? short-circuited? and how does this affect the dependent source?"). m 


There are six sets of parameters for the 2-P network. They are the open-circuit 
impedance parameters, defined by 
l; -y = Z,1 (16-42) 


WI | 24 

Hre A 

PE E 1 Pi AE. =Y, V (16-43) 
I; Yai  Fs3 


the short-circuit admittance parameters, 
HESSE NN 
I hj, hy || V; V 


the inverse hybrid parameters, 


I, Ju 912 || Vi Vu 
= = 16-45 
H ja «3 bi H ) 


the chain (transmission) parameters, 


Breal nI (16-46) 


the hybrid parameters, 
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and the inverse chain parameters (rarely used), 


V] [E FTH 
idee mln] aen 


where all the variables and parameters are functions of s. 

It does not hurt to repeat: The adjectives “open circuit" or “short circuit” do not 
mean that the 2-P network is actually operating with one port or the other open or 
shorted. That would be useless or disastrous. What it means is that the matrix 
network function may be calculated by the formal approach, setting up such an 
experiment on paper or in the laboratory. Once calculated, Z, . , or Y, , , or any other 
of the six matrix network functions, is attached to the 2-P network as its identifying 
tag. 

The algebraic relationships among the six sets of parameters are summarized in 
Table 16-1. Entries in the same position are equal, so, for instance, 

"ue M a o (16-48) 


= = 
" Ay h; gu € 


TABLE 16-1 2-P PARAMETERS 


o.c. 


S.C. 
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and in each case the symbol A means *the determinant of...," so 


Az = 241222 — Z12221 (16-49) 
AT = AD — BC (16-50) 


etc. Compare with Table 5-1. 


PROBLEMS 

16-1 Identify fully, by letter and by name, the network function in Example 15-1. Write it in 
its form as a rational function. 

16-2 Calculate the zero-state response V,(s) in Example 15-2 with only the voltage source as 
input. The current source is zero (it isn’t there). Identify fully the resulting network 
function. 

16-3 Calculate the zero-state response J ,(s) in Example 15-5. Identify the network function. 
Could you have calculated this network function quickly by another way? Do it. 

16-4 Derive the voltage divider equation with generalized impedances, just as we did in the 
resistive and in the phasor cases. Identify and classify the network function. 

16-5 Derive the current divider equation with generalized admittances. Identify and classify 
the network function. 

16-6 Solve Example 16-7 by node analysis. 

16-7 Calculate the network function in the network shown, for the output i, (t). Compute its 
natural frequencies if k = 2. 

ki, (t) 
(92, H, F) 
Problem 16-7 

16-8 Within arbitrary multiplying constants, write the zero-state current in the 9-Q resistor 
of Example 16-6 if 
(a) v(t) = 10e **u(t) 

(b) v(t) = 10 cos (377t + 15°) 
16-9 Repeat Problem 16-8 for Example 16-7, with « = 2 and 


(a) v(t) = 6u(t) 
(b) v(t) = 10e‘u(t) 


16-10 Consider a pure inductor excited by a unit step voltage. Calculate the zero-state current 


and plot it versus t. What is the pole of the pertinent network function? Is there 
resonance here? Does the answer make sense from a “primitive” point of view (how 
does an inductor behave for dc)? 


Y 


Probs. 16-31 
16-32, 16-33, 
16-34 
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16-11 A parallel LC circuit, L= 1 H, C = 1F, is excited by a sinusoidal current source 
i(t) = 10 sin Mot 


(a) Calculate the natural frequency of the network and, consequently, the frequency of 
the source, o, which will cause resonance in the zero-state output v(t) across the 
circuit. 

(b) Under resonance, plot v(t) for 0 < t < 3s. 


16-12 In Problem 16-11, a parallel resistor R — 100 O is added. It accounts for the lossy 
inductor and capacitor. 
(a) Calculate the natural frequency of this network. Will there be resonance due to the 
current source? 
(b) Calculate the damping factor ¢ for this circuit; see Chapter 8. Relate this factor and 
the classification of the circuit response (overdamped, underdamped, or critically 
damped) to part (a). 


16-13 The zero-state driving-point current in a one-port network is 


S 
(s? + 1s + 1) 


Identify completely the network and the voltage source. Is your answer unique? If not, 
give another solution. 


1 4,(S) == 


16-14 With the help of a couple of examples of your choice, determine how the impulse 
response of a network differs from the natural response of the network with a specific 
input. 

16-15 Calculate and plot the impulse response of each network as shown. Be sure to identify 
and calculate first the appropriate network function. 


0.4 
i bout (1) ls (4) 0.1 2 | Jour (0) 
(b) 


(Q, H, F) 


(c) 
Problem 16-15 
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16-16 


*16-17 


16-18 


16-19 


Use Examples 16-10 and 16-11 to develop a quick rule of thumb in deciding, at a glance 
of H(s), whether h(t) will have an impulse in it. Verify this rule on the following 
functions: 

2 


S — 
i ij <33-—— a oes 
WAM ee | ETT 
1.25? + 10s — 100 —s+2 
Pee 0 dn Oe 


In the lab experiments suggested for finding h(t), as in Example 16-10, there is a small fly 
in the ointment. We don’t have usually a voltage source or a current source that is truly 
ó(t), an impulse function. Sometimes, an approximate source will do, such as a voltage 
pulse of several megavolts (MV) with a very short duration of a few nanoseconds (ns). 
Still, we want to devise a simple lab experiment from which we can get an accurate 
impulse response h(t). 

The suggested experiment is shown in the figure. To the related network we apply 
as input a unit step (voltage or current), a commonly available source. We record the 
output, designated as r,(t), the step response of the network, as studied at the end of 
Chapter 7. Use Laplace transform calculations on this experiment, with E(s) — 1/s, H(s) 
of the network, R(s) — R,(s), to prove that 

ht = Er) 


thus providing a handy and accurate method for obtaining the impulse response from 
the step response. 


Problem 16-17 


An inductor L with an initial current i,(0 ) is connected at t = 0 across a capacitor C 
with an initial voltage v«(0 ). Calculate the total response v((t) for t > 0. Identify 
clearly the zero-input response, the zero-state response, the transient response, and the 
steady-state response in v((t). 


For the given input and impulse response, perform convolution to find r(t). Then (not 
earlier) check your answer by the Laplace transform. 


(a) e(t) = 10u(t) h(t) = 2e ‘u(t) 
(b) e(t) = 2e" *'u(t) h(t) = u(t). 
What name is suitable for this network? 

(c) e(t) = (4e ' — e u(t) h(t) = 2e ?'u(t) 
(d) e(t) = 10 sin 4tu(t) h(t) = ó(t). 


Draw this network. 
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16-20 By convolution, find .Z ^! of: 
(a) 1 11 
os ss 
1 
(b) = use your result from part (a) 
S 


10 
(s + 1)(s + 2) 
*(d) F(se ^ 
16-21 Perform graphical convolution on the two functions shown. Use the values t, — 0, 


t, = 1, t, = 2, t, = 3, and t4 = 3.1 to calculate r(t). Plot r(t) versus t using these values. 
Extend the plot by inspection to tę = 4, t; = 5, etc. 


(c) 


À e(t) h(t) 


10 
t t 
0 l 2 0 1 


Problem 16-21 


16-22 Rework Example 16-17, this time with e(x) stationary and h(t — x) reflected and sliding. 
Your final result, r(t), must be the same as the one in Figure 16-20(i). 


16-23 Use graphical convolution to obtain the analytical expression for r(t) over the various 
ranges of t, given h(t) and e(t) as shown. Here it is easier, although not mandatory, to 
reflect and slide h. 


e(t) 
A h(t) 
10 12 
t t 
l 1 2 3 


Problem 16-23 


16-24 Apply the numerical convolution algorithm (Equation 16-37) to Example 16-17 by 
using T = 0.5 s. Plot r(n) and compare with Figure 16-20(i). 


16-25 Write a short computer program to implement numerical convolution (Equation 
16-37). Run Problem 16-24 on it, with T — 0.5s, then with T — 0.01 s. Compare the 
results with Figure 16-21(i), the exact response. 


16-26 In Figure 16-21(c) show the present value (x — 0) of the input and the future values 
(x > 0) of the input. As e is reflected and sliding to the right, show to your satisfaction 
that only past and present values of e(t — x) affect the output r(t,)— not future values of 
e beyond t,. This is plain common sense: Future inputs cannot possibly affect the 
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present output. The network is causal and obeys the natural sequence of “cause and 
effect." 


16-27 Use the graphical-numerical convolution to prove the sampling property of the impulse 
function in Equation 16-24. 


16-28 By using convolution, prove the well-known property of the Laplace transform 


e|] reo is = : F(s) 
ð S 


16-29 The network shown is in the zero state at t = 0. Find its Thévenin and Norton 
equivalent circuits at terminals A- B. 


Problem 16-29 


16-30 Repeat Problem 16-29 for the network shown. There is a current-controlled voltage 
source. (Hey, you really don't have to redraw the circuit with terminals A-B at the 
right!) 


Problem 16-30 


16-31 (a) For the 2-P network shown, calculate the short-circuit admittance parameters Y, .. 
using the informal approach. 
(b) Verify by the formal approach. 


Problem 16-31 


16-32 (a) Use the informal approach to calculate the inverse hybrid parameters g for the 
network shown. 
(b) With Table 16-1, obtain Z, , for this 2-P. 
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Impedances Problem 16-32 
16-33 A 2-P, given by its Z, ., is terminated by a load impedance Z,(s) as shown. Calculate 
the voltage transfer function G(s) in 
V,(s) = G(s)V,(s) 


in terms of z,,, z,5, z;, and z,,, and Z,. Next, let Z,(s) — oo (an open circuit) and 
compare with the result obtained directly from the defining equations of the 2-P. 


Problem 16-33 


*16-34 Use Table 16-1 and Y,. for the 2-P network in Problem 16-31 to obtain its Z,,. 
Compare that result with Z,., of the T network in Example 16-20. What have you 
derived here? 


Chapter 17 


Frequency Response and Filters 


In this chapter, we expand our preliminary discussion of frequency response (Chapter 
10) and relate it to several other topics. 


17-1 FREQUENCY RESPONSE, POLES AND ZEROS 


In Chapters 9 and 16, we had the phasor relationship for sinusoidal steady-state 
input-output as 
R = HE (17-1) 


where E is the phasor input, R the phasor output, and H the (complex number) 
network function. Equation 17-1 holds for the sinusoidal steady state at a single 
frequency. We also saw that if we substitute s = jm in the general network function 
H(s) well get 


R(s)],-j, = H(s)E(s)].- jo (17-2) 
that is, 
R( jo) = H(jo)E(Cjo) (17-3) 


This relation is valid for any zero-state sinusoidal steady state of any frequency w. As 
such, Equation 17-3 is a generalization of Equation 17-1, and E(j@) and R( jo) may be 
considered as generalized phasors. For a single value of w, Equation 17-3 becomes 
Equation 17-1.+ 

From Equation 17-3, we obtain the magnitude of the response as 


| R(jo)| = |HGjo)| | E(jo)] (17-4) 


T It is a curious paradox in semantics that a real frequency o is denoted as the imaginary part of s, 
s = o + jo. Equally curious is the fact that the real part of the complex frequency, c, is not a real frequency 
in the common sense: The waveform e” does not oscillate! But, after all, it’s only a matter of semantics. 
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and the phase of the response 
Orjo) = Oujo) + Orjo) (17-5) 


Compare these results with Equation 16-3. Therefore, the magnitude | H(jo)| and 
phase 0,,(j@) of a network function are very important in determining the zero-state 
output. They can be obtained either analytically (on paper) or in the laboratory. 
Together, they are called the frequency response. In specific cases, we'll refer to the 
magnitude response or the phase response as the behavior of | H( jo)| versus œw and of 
04( jo) versus œ, respectively. Our first example will cover all the important points. 


EXAMPLE 17-1 


For the network shown in Figure 17-1(a), calculate the voltage transfer function and plot its 
frequency response curves. 


Solution. Although we did some of the work in Example 16-2, let us do it here. We write 
a voltage divider equation 


1/Cs 1/RC 


Vin(S) = —— pz Vus) 


V. ee Ma = 
out() R+1/Cs ™ s+1/RC 


and identify the network function as 


1/RC 
H(s) = G(s) = s + 1/RC 
For s = jo, we have 
1/RC 
CUO) = 15 + I/RC 


The magnitude of G( jo) is the ratio of the magnitudes of its numerator and denominator 
I1/RC] 1/RC 


jo + 1/RC| - ep? + (1/RCY 


Its phase is the difference between the angles of the numerator and the denominator, 


|G(ja)| = 


05(jo) = 0° — tan" ! oRC 


Here, the numerator is a real, positive number whose angle is zero. The denominator is of 
the general form a + jb whose angle is tan ^ !(b/a). 

The plots of |G(jo)| and 0,(j@) are obtained by calculating a few significant points 
for each: 


1. For very low frequencies (o > 0), we get |G| —^ 1. This may be obtained 

immediately from the original G(s), because if œ > 0 then s = jo > 0. Setting 

s = 0 in G(s) gives G(0) = 1. The angle 6,(j@) is calculated as 0° when c — 0. 

These two points, | G(0)| = 1 and 0,(0) = 0°, are plotted. They show how 

the two curves begin. We call them the low-frequency asymptotes. Do these 

values make sense physically? (Never fail to check it out!) Yes, they do. As 

w — 0, we get dc (constant) input and output. For dc, the capacitor is an open 

circuit and since there is no current through R, then »,,,(t) = v,,(t). The 

magnitude and phase of the dc output are identical to those of the dc input, and 
so |G| = 1 and 6, = 0°. 
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2. The high-frequency asymptotes (how the two curves end) are also easy to 
compute. As œ > oo, the magnitude of G( jo) approaches zero 


. 1/RC 
lim ————————— 0 


Q oo Ie 4 (1/RCY 


while the phase approaches — 90° 
lim (—tan™ !'oRC) = —90* 


€) -* oo 


Physically, as œ — oo, the capacitor becomes a short circuit, and therefore the 
output voltage across it approaches zero in magnitude, and a phase of —90* due 
to 1/(joC), the angle of 1/j = —j being —90°. 

3. A couple of points in the middle range of œ will complete the plots. At 
w = 1/RC, the magnitude of G( jo) is 


d 1/RC 1 
GI j E en ae i OO 


RC/| JaKROP 2 


|G(jw)| 


l 
EY 
V2 


6¢(jw) 


—45? 


-90° 


Figure 17-1 Example 17-1. 
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and the phase 


1 
0. ] i sé dan ides dU 
(i A an 1 5 


At w = 4/RC we calculate 
and 


The frequency plots are shown in Figure 17-1(b) and (c). 

In Chapter 9 we classified such a network as a lowpass filter. Specifically, inputs in 
the frequency range near o = 0 will pass through the network, |G| ~ 1, while signals of 
high frequencies will not show at the output because |G| ~ 0 

A convenient cutoff frequency, w,, separating the passband from the stopband, is one 


where the magnitude response is down from its maximum by a factor of JI . Here, then 
o, = 1/,/2. The passband is then 


0zo0zo 


-— = Mte 


and the stopband is 


0, € 0 X o0 x 
The general network function is a rational function, as in Equation 15-36 


s" + as"! + as" 7? E au 18 + Am g PO (17-6) 


H(s) = K ——— ———————————————— zz 
G)— KS Eb I bus + Eb, us b, Qs) 


Let s — jo to get 


(jo)" + a,(jo)" ! + +++ + a, 4o) + ap ao P(jo) 


H(jo) = K ^O" Off 
Qe) = E (joy  b.GoY t tb, Go) b, ^ Oa) 


(17-7) 


and we can write the numerator and the denominator in their rectangular forms as 


A 4 jB 


H(jo) = K 
(o) - Kop 


(17-8) 


where A is the real part of P( jo»), and B its imaginary part. Similarly, C is the real part 
of Q( jo) and D its imaginary part. They are all functions of œ, but we want to keep the 
notation simple. 

From Equation 17-8 we have 


A? + B^ 
Go) = IKI = = Ki ete (17-9) 


Prob. 17-1 
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and 


B E 
tan Fi — tan C 


B 
180° + tan! FE tan ! 


=F 


C 
where 0, = 0° if K > 0 and 0, = 180° if K < 0. 
These equations look formidable. Actually, they need not be memorized. Their 


derivation is presented only to show the general approach. It is easier to work out 
each case on its own, following these guidelines. 


EXAMPLE 17-2 


Given 
H(s) = s—3 
S a2 á. O 
E +3s+8 
Solution. Set s = jo to get 
jo —3 —3 4 jo 

H CITUR Ae EAR LEM Met. ine dig 
GO) cS E aS em Oe) + Jo 


where we collected real terms and imaginary terms in both numerator and denominator 
and wrote them as in Equation 17-8. The magnitude of H( jo) is then 


(—3)* + o* "t wa oe 
H -2 
HEU = Ja cour (8 — 20)? + Boy? ^q (8 — 20”)? + 90? 
and the phase is (here K = —2 and it contributes 180°) 


. o o @ — 
04(jo) = 180 T tan Zz tan '3—25 X 


It would be helpful to develop general guidelines for the high-frequency and 
low-frequency asymptotes for the frequency response in Equation 17-7. As œ —> œ, we 
have 


lim H(jo) = lim Kk US = lim K(jo)"^" (17-11) 


n 
w> o oro (OF ss 


because then the highest powers of c prevail over the lower powers in P and in Q. 
There are three possibilities to consider: 


1. m >n. The magnitude of H( jo) is then very large 
lim | H(jo)| = lim|K |o" " > oo (17-12) 


Don't forget that |j|" " = 1. The phase of H(jo) is 
lim 04( jc) = (m — n)90* (17-13) 


€) oo 
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because every j contributes 90°. There may be an additional 180° in Equation 17-13 if 
K <0. 
2. m — n. Then the magnitude is 


lim |H( jo)| = lim |K| = |K| (17-14) 

and 

0* K>0 
i iw) = 17-1 
Jim 6 (jo) tian En (17-15) 
3. m « n. Then 

lim | H(jo)| = lim |K|o" "—- 0 (17-16) 

and 
lim 04(jo) = (m — n)90° (4-180?) (17-17) 


These are shown in Figure 17-2. In a similar way, the low-frequency asymptotes are 
dictated by the lowest powers in P and Q, and they can be determined quickly. 

In summary, let us repeat that no memorization is needed of Equations 17-11 to 
17-17. High-frequency behavior is governed by the highest powers of œw (or of s), and 
low-frequency behavior by the lowest powers of c (or s). Each case is then treated on 
its own. 


| HG) | "m 


0j (Gio) 


(m — n) 90? 


(m — n) 90? 


Figure 17-2 High-frequency asymptotes. 
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EXAMPLE 17-3 
Investigate the asymptotic behavior of 


s—3 


H e NN ul. EN 
(s) 2s? +3548 


from Example 17-2. 


Solution. For high frequencies, we have 


lim H(s) 5 S 1 s=jo 1 . 1 
s)= —2 — = — -—> ——=j— 
peur 2s" S jo Jo 
Therefore, 

lim | H(jo)| = li E ciii 

lim |HGo)| = lim z = 
and 


lim 0,,(j@) = 90° 


€ —> oo 


ino - aoa 
im s) = nm | — — = — 
s>0 s>0 8 4 


3 
lim |H(jo)]| = 4 


o0 4 


For low frequencies 


and so 


and 


lim 0, jc») = 0° 


0^0 


Several intermediate points must be calculated by the expressions developed in 
Example 17-2 before the complete plots can be drawn. Bg 


A graphical method for evaluating points in the frequency response will be a 
most welcome addition to our knowledge. After all, engineers love graphical methods. 
The graphical method will depend (not surprisingly) on the location of the poles and 
zeros of H(s) in the s plane. 

We write H(s) in its factored form, taken from Equation 17-6, as 


P(s) | (s — z AS — z2):-: (S — Zp) 


H(s) = K = 
ue MS oco a On ees 


(17-18) 


showing the finite zeros z,, z5,..., Zm, the roots of P(s) = 0, and the finite poles p,, 
pj. Pn, the natural frequencies, the roots of Q(s) = 0. They may be real, complex, 
simple, or multiple. We show them on the complex s plane with a small circle O for a 
zero, and a small x for a pole. 


Probs. 17-2, 
17-3, 17-4 
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s plane 


Figure 17-3 Geometry of (jog — z,). 
To calculate H( jo), at a specific œ = c, we write Equation 17-18 as 


(joo — z1YX (joo — 22): (Oo — Zm) 
ooo 17-19 
(joo — p1)(jOo — P2): (jOo — Pn) ( ) 


and consider the geometry of the term (j@o — z,). We let z; be a complex number, as 
shown in Figure 17-3. Therefore, it is given graphically by the directed line from the 
origin to z,. In a similar way, the number jo, is a directed line from the origin to jwg. 
The subtraction (jo — z,) yields geometrically a directed line going from z, to jo. 
As a quick check, add vectorially to get z, + (jo, — Z1) — jog. In a similar way 
(j@o — Z2) is a directed line from z, to jo, etc. These are called zero lines, from each 
zero to the point jo. Likewise, (j@o — P1), (jo9 — P2), etc., are pole lines, from each 
pole to the point jw,. Therefore, Equation 17-19 can be written, for œ = «c9, as 


H(ja@o) = K 


product of all zero lines to jo 


(j@o) product of all pole lines to jo 


(17-20) 


We'll write every zero line and pole line in its polar form, in magnitude and angle, then 
calculate H( jc) according to Equation 17-20. 


EXAMPLE 17-4 


Let 
Bü etü--— 
UT st x25 10 
with a finite zero at z, = 2 and two complex conjugate poles at p, = —1 + j3, p; = pt = 


— | — j3. See Figure 17-4(a). Let us evaluate H(j1). 


Solution. We draw the zero line from z, = 2 to j1, and the two pole lines, from p, to j1 
and from p, to j1. The lengths and angles of the lines can be measured directly from an 
accurate sketch, with only a ruler and a protractor; it's that easy! Or else, lengths and 
angles are calculated easily from the geometry of the sketch. Here we have 


/5/153.4? 10,/5 


(JT 51-634) — AT. 5 
= 243/1408? = |H(j1)|/0g(j1) 


H(jl) = 10 /153.4° — (76° — 63.4?) 
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(a) (b) 
Figure 17-4 Example 17-4. 


The same approach is repeated for as many points c as needed, to get the magnitude 
and the angle plots. 

In Figure 17-4(b) we show this construction for the high-frequency asymptote 
€ > oo. Then we get a zero line of infinite length (M) at 90°, and two pole lines, each of 
infinite length (M) at 90°. Therefore 


lim H(jo) = lim 10 MPO li m 90* 

im @) = lim 10 ———— ————— = lim — /— 

oo Mes (MIBUPXM9) ya M 

Consequently, | H(joo)| > 0 and 6,( jo) = —90°. m 


A concluding remark is in order here. For a multiple zero, the corresponding 
factor is (s — z;)', the zero z; being of multiplicity r = 2, 3,.... There will be r zero lines 
sitting on top of each other in the graphical method. Length and angle will be counted 
r times. The same is true for a multiple pole. 
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It is common in engineering to measure and plot the gain function o( jc) which is 
related to the magnitude | H( jo)| as follows: 


a(jo) = 201og|H(jo)) dB (17-21) 


with the unit of decibel (dB). The log is to the base 10. Also, because of the wide range 
of frequencies, we compress the horizontal axis from a linear scale in œ to a 
logarithmic scale. In Figure 17-5 we see a linear scale of x, with equal distances 
between the points x = 0, 1, 2,.... Below it we have a logarithmic scale of c, with 


x —logo a= 10° (17-22) 


allowing us to squeeze a big range of frequencies on a reasonable plot. We speak of 
two frequencies w, and w, being one decade apart if 


a. Erin, (17-23) 


Probs. 17-5, 
17-6 
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0 l 2 3 4 
10 10 20 10 10 10 
ee ee —— 1L —À —L———— LL ÉL» uà (log) 
NM | | 
>| je pg o ox 
Octave Decade 


Figure 17-5 Logarithmic scale. 


so, for example, c, = 2000 is one decade above œw, = 200. Another common interval 
is the octave, defined by 


oo, = 205 (17-24) 


The term octave is borrowed from music, where the frequencies of two notes that are 
one octave apart obey Equation 17-24. 

Frequency response plots of gain and phase versus a logarithmic scale of œw are 
called Bode plots, named after H. W. Bode (1905-1982), an American engineer and 
educator.+ To appreciate fully the advantages of Bode plots, let us consider the 
general form of H(s) as in Equation 17-18. To obtain the gain function, we write 


|jo — 2,||j@ — z,|---|jo — z,,| 


1 — far ^ Pn 


(17-25) 


that 1s, 
a(jo) = 201og |K | + x 20 log | jo — z;| — » 20 log |jo — p,| (17-26) 
i k 


The advantage is clear now: Instead of multiplying and dividing terms in | H( jo»)|, as in 
Equation 17-19, we add and subtract terms in «( ja). The phase plot is, as before, 


0,(jo) = 0y + Y, 0, — Y: 0, (17-27) 


where 0, is the angle contributed by K, 0. is the angle of a zero factor (jœ — z;), and 0, 
is the angle of a pole factor (jm — p,). All that we have to do now is calculate the 
individual contributions in Equations 17-26 and 17-27. We do it step by step: 


1. The Constant K The gain is 
a = 20 log |K| dB (17-28) 


which is a constant. It can be added to the total gain in Equation 17-26 by raising or 
lowering the plot. In practice, such a “dc gain" is often ignored in the plots, since it 
does not affect the shape of the plot. The angle contribution of K is 


0° K>0 
0p = - 
K w K<0 N 


t The name rhymes with Jody, not with node. 
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2. A First-Order Factor (jo —z, Let us write it in a standard form as 


jo—z;- ; (1-cjoT) -z= i (17-30) 
The factor 1/T; can be absorbed in K. The gain of the first-order factor is then 
a = 20 log |1 + joT;| = 20 log (1 + o? T2)!? dB (17-31) 
and the angle 
Ü = tan * wT, (17-32) 


Another advantage of the Bode plot is the asymptotic plot of the gain. For very small 
frequencies, w « 1/T,, o? T? «1, and Equation 17-31 yields 


a z 20 log 1 = 0 dB (17-33) 
and for large frequencies, c» 1/T;, œ’ T2» 1, and 
a = 20 log oT; dB (17-34) 


As we increase o by a decade, from wT; to 10cT;, the value of « will increase by 
20 log 10 = 20 dB. Therefore, the plot of Equation 17-34 is a straight line with a slope 
of 20 dB/decade ( — 6 dB/octave). 

The low-frequency asymptote and the high-frequency asymptote meet when 


0 = 20 log oT, (17-35) 


or at 


o = (17-36) 


Koe | kan 


which is called the break frequency or the corner frequency. This is an old friend, the 
half-power frequency in the resonant RLC circuit (Chapters 8 and 9), and the 
reciprocal of the time constant, as in Figure 17-1(b). 

At the break frequency, the exact gain is 


a = 20 log /2 « 3 dB (17-37) 


A few additional points are listed in Table 17-1. At the corner frequency, the exact 
curve of (jæ) is 3 dB away from the asymptote; one octave above and below the 
corner frequency, the curve is 1 dB away. Figure 17-6(a) summarizes these results. 
They apply also to a pole factor (s — p,), with negative signs. 


TABLE 17-1 GAIN OF (1 + joT;) 


w Exact « Asymptote 
1/2T,  201log.J/3 «1 dB 0 dB 
1/T, 20 log /2 x 3 dB 0 dB 


2/T,  20log./5 « 7 dB 6 dB 
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4-20 dB/dec 


a(w) dB cT; (log scale) 


90* 


0(c) 45° 


0.1 0.2 0.3 0.5 1 2 3 
wT; (log scale) 
(b) 


Figure 17-6 Bode plots of a first-order factor. 


The phase, according to Equation 17-32, has 0° as the low-frequency asymptote 
and 90° as the high-frequency asymptote. At the break frequency it is 45°. Its plot is 
shown in Figure 17-6(b). 


EXAMPLE 17-5 


(s + 10)(s + 3200) 
(s + 80)(s + 600) 


The break frequencies are at œ = 10, œ = 3200 (zero factors), and œ = 80 and œ = 600 (pole 
factors). Draw the gain asymptote for each factor, as in Figure 17-7(a), each at 0 dB below its 
break frequency, and a straight line of +6 dB/octave beyond its break frequency. Each slope is 
marked beside its asymptote. Now add these individual asymptotes, to get the total asymptote, 
as shown in Figure 17-7(b): 


H(s) = 2.3 


Up to œ = 10, the sum of the asymptotes is 0 +0+0+0=0. 

Between w = 10 and o = 80, it is 0 + 6 = 6 dB/octave. 

Between c = 80 and o = 600, it is 6 — 6 = 0 dB/octave. 

Between w = 600 and o = 3200, it is 0 — 6 = —6 dB/octave and beyond w = 3200 it is 
—6 + 6 = 0 dB/octave. 


In most cases, this total asymptote is good enough! We add the dc gain = 
20 log{2.3[(10)(3200)/(80)(600)]} = 3.71 dB, and note the asymptotic value for large c, 
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w (log) 


— 2 
\ X 
i \ 
, -6\ 
-8 TD X \ 
—10 
(a) 
o dB 
17.71 HE 
jy n mu rea asymptote 
13.71 l \ 


\ Exact gain 
7 t 
mul —À— 
l 10 80 600 3200 w (log) 
(b) 
0? 


N 3200 gem lo 
b 


— Individual factors 
== = e Total phase 


(c) 
Figure 17-7 Example 17-5. 


20 log 2.3 = 7.23 dB. If we need more accuracy, we add the exact points at the break frequencies 
and draw the exact gain curve. The individual phase plots and the total phase are shown in 
Figure 17-7(c). a 


3. A Second-Order Factor A second-order factor arises from a pair of complex 
conjugate zeros or poles, 


(s +b + jos + b — jc) = s? + 2bs + b? + c? (17-38) 
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If we let 
1 
a= =P e? (17-39) 
= B (17-40) 
Wo 
Then 
1 
s? + 2bs + b? + c? = T (1 + 2CsT + °T?) (17-41) 


where ( <1 is the damping factor from Chapter 8. Again, the constant 1/T? is 
absorbed in K, and so we have the gain function 


a(jo) = +10 log [(1 — o?T??? + QtoT)?] (17-42) 
and the phase function 
a 22lwT 
0( jo) — tan : 1— oT? (17-43) 


Several plots of « and 0, for common values of ¢, are given in Figure 17-8 for a 
second-order pole factor. For a zero factor, use the negative values of « and 0. Here we 
note that the low-frequency asymptote for the gain is 


æ z 10log1=0dB Q «(09 (17-44) 
while, for 07» 0$, the high-frequency asymptote is 
a x +10 log (—w?T’)? = +40 log oT dB (17-45) 


that is, a straight line with a slope of 40 dB/decade. This is twice the slope of a 
first-order factor, and it makes good sense: A quadratic is, in principle, a squared first- 
order factor. Similarly, from Equation 17-43, we get the low-frequency and the high- 
frequency asymptotes for 0 i 


0 z 0? Q «(09 (17-46) 
and 


0 x 4-180? (7? (09 (17-47) 


At the break frequency, 0 = +90° for all C, as seen from Equation 17-43. 
In summary, these are the steps for plotting the Bode frequency response curves: 


1. Write H(s) in its factored form, in both numerator P(s) and denominator 
Q(s). 

2. Rewrite all first-order factors in their standard form (Equation 17-30). 
Identify and mark the break frequencies on the w(log) axis. Draw the first- 
order gain asymptotes, flat 0 dB up to the break frequency, a straight line 
+6 dB/octave (= +20 dB/decade) beyond. The +6 goes with zero factors, 
— 6 with pole factors. 
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Figure 17-8 Bode plots for a second-order factor. 
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3. Rewrite all second-order factors in their standard form (Equation 17-41). 
Identify and mark the break frequencies. Identify the damping factor ¢ for 
each case. Draw the individual gain asymptotes, O dB up to the break 
frequency, +12 dB/octave (= +40 dB/decade) beyond. 

4. Add all the asymptotes to get the total asymptote. 

5. Draw the necessary correction values for the first-order factors from Table 
17-1, and for second-order factors from Figure 17-8. 

6. Draw a smooth curve through these points, guided by the asymptotes. 

7. Follow the same steps for the phase plot. 


EXAMPLE 17-6 


Solution. 


s(s — 2) 


u= Se 30 "EXT 


Rewrite each factor in its standard form to get 


qoa c 090 s(s/2 — 1) 
() 7100 (10 + $ 6/104 1 


Therefore, we have: 


1. 


A constant multiplier K = 0.032 


2. A first-order zero factor, s 
3. A first-order zero factor (s/2) — 1 
4. A second-order pole factor (s/10)? + 2(0.2)(s/10) + 1 


The gain plot proceeds as follows: 


1. 
2. 


a 
4. 


The gain of K is 20 log 0.032 = —30 dB, and will be added at the end. 

The zero factor s has a break frequency œw = 1 and the line rises at +6 
dB/octave (see Problem 17-8, which you did earlier, right?). 

The zero factor (s/2) — 1 has a break frequency c = 2, and the line rises at +6 
dB/octave. 

The second-order pole has a break frequency at c = 10, and a damping factor 
¢ = 02. The high-frequency asymptote goes down at — 12 dB/octave. 

These individual asymptotes are shown in Figure 17-9(a). The total 
asymptote is shown in Figure 17-9(b) in dashed lines. A correction of +3 dB is 
added at the break frequency œ = 2 for the factor (s — 2). At œ = 10, a 
correction of +7 dB is read from Figure 17-8(a) for ¢ = 0.2, and added to the 
curve; the corrections of s and of (s — 2) are negligible at œ = 10. The solid line 
in Figure 17-9(b) is the true gain curve a(o). Finally, the entire curve must be 
shifted down by 30 dB, due to the factor K. Or else, relabel the vertical axis of o, 
making the old 0-dB point a new point of — 30 dB, etc. This was actually done 
in the figure. 


The phase plot goes along these lines: 


1. K contributes 0°. 
2. The factor s = jo contributes 90° for all œ. 
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3. The angle of (jw — 2) is 180° for «2, it is 135° at œw = 2, and it is 90° for wm >2. 
Don't rely on lengthy memorizations; rather, think quickly 0 = tan ^ '(@/—2) 
and take it from there, or use the zero line. 

4. The angle contribution of the second-order pole is 0° for œ« 10, — 180° for 
w» 10, and —90* at w = 10, according to Figure 17-8(b). 


These individual phase plots are shown in dotted lines in Figure 17-9(c). Their sum is the 
total phase plot, shown in a solid line. 


a dB 


(a) 0 


(b) 


(c) 9° p——————— 


w (log) 


Figure 17-9 Example 17-6. x 


Probs. 17-10, 
17-11, 17-12 
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17-3 FILTERS—AGAIN 


In our previous encounter with filters in Chapters 8, 10, and 16, we defined a filter asa 
frequency-selective two-port network. Its transfer function, H(jc), has specific 
characteristics which let inputs at certain frequencies pass, others not to pass to the 
output. In Figure 17-10 we show the ideal magnitude characteristics of a lowpass, 
bandpass, bandstop, and highpass filter. The ideal lowpass filter, for example, has 
|H(jo)| = 1t for 0 < o < o,, and therefore all inputs of frequencies in the passband 
0 < o < o, will produce outputs according to | R(jo)| = | H(jo)| | E( jo)| = | E( jo»)]. 
In the stopband o, < o < oo, | H(jo)| = 0, and consequently R(jo) is zero. Similar 
remarks apply to the passband filter, where only inputs at frequencies c, < @ < o,, 
are passed. The bandstop (or band-elimination, or band-rejection) filter does not pass 
signals of frequencies c, < o < o,. The highpass filter passes all signals of 
frequencies greater than the cutoff frequency o. 

It is obvious why these are ideal characteristics. In practice and in design we 
make certain allowances, typical in all engineering. For example, a common bandpass 
filter specification is shown in Figure 17-11. There is a transition band between the 
stopbands and the passband, at c, < œ < o,, and o, < o < o. In the stopband, we 
allow a deviation of €, from the ideal zero, and in the passband e, from the ideal 1. A 
sample practical curve is shown also. The parameters @,, @,,, @,,, €, £,, and e£, are 
typical engineering specifications. 

From our studies so far, we appreciate also the facts that at (or near) a zero of 
H(s), the function is zero, H(z;) — 0, and therefore its magnitude is zero. At (or near) a 
pole, H(s) becomes very large, H(p,) — oo, as does its magnitude. An elementary rule 
for design is therefore to place zeros of H(s) in the desired stopband and poles in the 


|H(jw)| | H(jo)| 


We We 


(a) (b) 
|H(jw)| | H( jw) | 


(d) 


Figure 17-10 Ideal filter characteristics: (a) Lowpass. (b) Bandpass. (c) 
Bandstop. (d) Highpass. 


T We use magnitude scaling for this convenient value. See Appendix C. 
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|H(jw)| 


Figure 17-11 Typical bandpass filter characteristic. 


desired passband. In the following examples, we explore this relationship between 
locations of poles and zeros of H(s) and the corresponding frequency response. We do 
it for some common first-order factors. 


EXAMPLE 17-7 
Let 


1 
H(s) = — 
S 
with a pole at s = 0 (œw = 0) and a zero at s = oo (c = oo). 
Solution. The magnitude response is 

1 

|H(jo)| = — 

wW 


and the phase is — 90°. See Figure 17-12(a) for the pole-zero configuration in the s plane. 
The magnitude and phase are shown in Figure 17-12(b) and (c). We have here a very 


elementary (primitive?) lowpass filter, essentially a single capacitor or inductor. Prob. 17-13 

ka jw H | Ü 

i C2 

s plane 
—90* 
0 U) 
(a) (b) (c) 

Figure 17-12 Example 17-7. E 


EXAMPLE 17-8 


As) = pı>0 


S+ P; 
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Solution. Here, there is a simple pole on the —o axis, and a simple zero at infinity. This 
is exactly the network function of Example 17-1 (with a suitable scaling.) We have 


| H(jo)| = 


o^ + p? 


0(jo) = —tan^! à 


Pı 


See Figure 17-13. How do these characteristics change for p, > p, (a pole farther away 


from o = 0 on the —o axis)? For p, < p,? For p, > 0? Prob. 17-14 


| H | dl 


(a) (b) (c) 
Figure 17-13 Example 17-8. E 


EXAMPLE 17-9 


S+ Zi z; > 0 
s + Py pı>0 


with a simple zero on the —o axis and a simple pole on the —o axis. Also, let z} < p,. See 
Figure 17-14(a). 


Solution. Here 


and 


(c) 


(a) 
Figure 17-14 Example 17-9. 
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The frequency plots are shown in Figure 17-14(b) and (c), and we have a highpass (sort 


of...) filter, where the low frequencies are not quite attenuated. Where would you place z, 
to improve the attenuation? E 


A classical magnitude response for filters is known as a Butterworth response. If 


H(s) EE (17-48) 
then 
1 
H(j Ia 17-49 
e a (17-49) 


and we speak of a Butterworth of order n = 1. A second-order (n = 2) Butterworth 
response is given by 


1 
BS) a Mi (17-50) 
s*+./2s+1 
that is, 
1 
| H(jo)| = ————— (17-51) 
AJ (0^)^ + 1 
The third-order (n — 3) Butterworth response is given by 
Hs) = (17-52) 
DS + 2s? +2541 
that is,T 
1 
ETO = — (17-53) 
./(@7)? + 1 
and, in general, the nth-order Butterworth magnitude response is 
1 
|H(jo)| = (17-54) 


Jori 


Several magnitude plots are shown in Figure 17-15. Here the cutoff frequency is 
scaled, œw, = 1. It is also the —3-dB break frequency. The Bode plot has a low- 
frequency asymptote of 


1 
a = 20 log ——— 0 dB o«1 (17-55) 
(o?) + 1 


+ Don't take it on blind faith; derive Equation 17-51 from 17-50, and 17-53 from 17-52. It's easy. 


Probs. 17-15, 
17-16 
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| H(joo) | 


Figure 17-15 Butterworth response. 


and a high-frequency asymptote 


= —20n log w a> 1 (17-56) 


1 
a = 20 log ——— 
v (o^) 


that is, a rolloff of 20n dB/decade — 6n dB/octave in the stopband. 


EXAMPLE 17-10 


A certain lowpass filter must satisfy the following specification: At 4@,, its attenuation must be 
at least — 100 dB. 


Solution. The Butterworth filter that will do the job is found as follows: 4c, is 2 octaves 
beyond o, — 1, and the rolloff is 6n dB/octave. So 


12n > 100 
n> 8.3 


and so n = 9, a ninth-order Butterworth response, will do: 


|H(jo)| = 


1 
Joy? + 1 


Standard tables are available with listings of H(s) for various values of n. In Equations 
17-48, 17-50, and 17-52 we have these listings for n = 1, 2, and 3. E 


Prob. 17-17 
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Zy(G) 


Vin (s) V out ts) 


Figure 17-16 Inverting op amp circuit. 


As examples of active filters (with active elements such as dependent sources), let 
us consider two op amp circuits, studied for resistive circuits in Chapter 4. The 
inverting op amp circuit, shown in Figure 17-16, has the voltage transfer function 


Val) Zs) l 
Wm ZO una 


with f standing for “feedback” and s for “source.” Equation 17-57 is a generalization 
of the resistive case, Equation 4-33 and Example 5-17. A judicious choice of Z ,(s) and 
Z,(s) provides the design of such a filter. 


EXAMPLE 17-11 


Design an RC inverting op amp circuit for the same voltage transfer function as in Example 
17-9, 


S+ 2, 
G(s) — 2, 2-0, p, >90 
St Pi 
Solution. We have 
Zs) sz 
Z(s) s-p 


but we cannot identify Z (s) = s + zi, Z,(s) = s + p, because this will require inductors. 
Instead, write 

Z(s) ls Ps) 

Z(s) l/(s-z) 


and therefore 
Y(s) =S+ zi 


with the complete circuit shown in Figure 17-17(a). 
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(a) (b) 


Figure 17-17 Example 17-11. 


Another possible realization may be obtained if we write 


Zs) (s+ zs 1+ Z,/s 
Z (s) ^ (s + p,)/s At P,/s 


with the circuit shown in Figure 17-17(b). Question: What happened to the minus sign in 
Equation 17-57 in these circuits? Answer: Think magnitude and phase! a 


+ 
Va) 


FI 
V out G) 


(a) 


(b) 


Figure 17-18 Noninverting op amp circuit. 
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The noninverting op amp circuit, shown in Figure 17-18(a), has the voltage 
transfer function 


WS .. ZG 
D | 
Ei TZ 


Compare it with the resistive circuit in Figure 4-17 and Example 5-18. Just to refresh 
our memory about the nature of the op amp, the equivalent circuit in Figure 17-18(b) 
shows the voltage-controlled voltage source which obeys Equation 17-58, as well as 
the infinite input impedance of the op amp itself. 

Here, as before, a wise identification of Z,(s) and Z ;(s) from the given G(s) will 
realize the circuit. 


G(s) = (17-58) 


EXAMPLE 17-12 
With the same G(s) as in Example 17-11, we have here 


Z\(s) s-cz 
ZXs) sth 


or, 
Zi(s) = Z1 — Py 
Z,(S) S+ Py 


Solution. To realize the circuit with R and C elements, we must have z, > p,. If we write 


Zi(s) 1s + ps) 
Z(s) 1/(z, — Pı) 


we can select 


Z,(s) = 


Z(s) = 
s +P: i Zı— Pı 


as shown in Figure 17-19(a). An alternate realization may be obtained if we divide by s, 


Zs) (anys 
Zxs) 1 + p,/s 


3 


(Q, F) Í (Q, F) 


(a) (b) 
Figure 17-19 Example 17-12. 
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and identify in Figure 17-19(b) 


Z,(s) = 


2 — 
CCP a single C 
S 


Z(s)=1+ 2  aseries RC a 
S 


In this chapter we studied in detail the concepts of frequency response and their 
relations to poles and zeros; it would not be a bad idea to review now Chapters 8 and 
10 and the preliminary discussion of resonance, frequency response, bandwidth, and 
damping factor as these relate to our present discussion. 

The introduction (that's all it is) of some ideas from filter design is, we hope, 
exciting enough to make you pursue this topic further. It is fun! 


PROBLEMS 


17-1 


17-2 


17-3 


17-4 


17-5 
17-6 
17-7 


17-8 
17-9 


17-10 


Rework Example 17-1 with the resistor R and the capacitor C exchanging places. 
Calculate the magnitude and phase functions, low and high asymptotes, and cutoff 
frequency. Plot the frequency response curves and classify this filter. 


Develop the low-frequency asymptote values for the general network function to 
complement Equations 17-11 through 17-17. Draw the corresponding figure to Figure 
17-2. 

Complete Examples 17-2 and 17-3 by drawing the frequency response curves. (If you 
have access to a plotter on your computer, be honest about it. Use it only to confirm 
your work, not instead of your work. There are no shortcuts in the learning process.) 


Plot completely the frequency response curves for 


H gml 

(a) (s) = — 
s?—s+1 

€ HOT sel 


Classify each filter by an appropriate name. 
Work out Example 17-2 using the graphical method of zero lines and pole lines. 
Repeat Problem 17-4(a) and (b) using the graphical method. 


Finish Example 17-1 by plotting its Bode phase plot. Draw the individual contribution 
of each factor, then the total plot. 


Calculate and plot the Bode gain and phase of the factor s, a zero or a pole at s — 0. 


Sketch on semilog paper the individual magnitude asymptotes, the total asymptote, and 
the smooth gain curve for 


S 
H(s) = 8.4 —————————— 
(s) (s + 10)(s + 100) 
Draw the Bode gain and phase plots for 
s—4 


H(s) = —10 (ays? + 20s + 400) 


Probs. 17-18, 
17-19 
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17-11 By comparing with Example 17-6, draw the Bode gain and phase plots for 


s(s 4- 2) 
H(s) = 1.6 424—— ———— 
(s) s? + 4s + 100 
and draw conclusions on the contributions of a zero factor of the form (s — a) and 


(s 4- a), a 7 0. 
17-12 From each given total gain asymptote, find the network function H(s), including the 
constant multiplier K. 


a dB 
6 dB/octave 


—6 dB/octave 


(a) 


—6 dB/octave dm 
i| NOD DR eli UP RUNE: 12 dB/octave 


(b) 


Problem 17-12 


17-13 Prepare, as in Example 17-7, the pole-zero configuration and the frequency response 
plots for H(s) — s. 


17-14 Repeat Problem 17-13 for H(s) = s + z,, Z, > 0, and z, < 0. Compare with Example 
17-8. 


17-15 Repeat Example 17-9 with z, > p,; that is, the pole is nearer to the origin (s = 0) than 
the zero. 


17-16 Consider the voltage transfer function 
Zi(s) 


GG) 7 7 (94 ZG 


of the class of filters shown. 
(a) Design such a filter for the given specification 


S 
dert 
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as: (1) an RL network, (2) an RC network. That's when the real fun begins, when 
you have more than one solution to a design problem. Factors of desirable elements 
(C) versus bulky nonlinear elements (L) come into consideration. 

(b) Plot the pole-zero configuration of G(s) and its frequency response curves. 


Problem 17-16 


(a) Show on the s plane the location of the poles of the Butterworth responses 
(Equations 17-48, 17-50, and 17-52). 

(b) The general rule for finding these poles is as follows: Solve for the 2n roots of the 
equation 


(—1ys? = —1 


and retain as poles only the n roots in the left-hand s plane, i.e., those with a 
negative real part. Then write the nth Butterworth network function as 


1 


D P MERE MEM 
STR IN n-6-» 


Check this rule for n = 1, 2, and 3; then obtain the Butterworth transfer function for 
n — 4 and 5. 


17-18 Try to realize with passive R, L, C elements a noninverting op amp filter (Figure 17-18) 


*17-19 


for 
; 1 
(a) G(s) = — 
S 
(b) G(s) — p, 0 


S + Di 


Comment on your results. 


Another popular method of filter design is the cascade realization. Say we wish to 
realize the voltage transfer function 


2 
Gi e 
() = G3 1X6 4 2) 
We write it as 
Glen ee De 
uir" (5): G5(s) 


and realize G,(s) and G,(s), then cascade them with a voltage follower (buffer) between 
them, as shown. The buffer, as you recall, is essentially a noninverting op amp circuit 
used to isolate the two RC sections. 
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-— G1, (s) >< Voltage follower ——— —À68. (s) > 


(Q, F) 
Problem 17-19 


(a) Prove by actual calculations that for the two RC sections cascaded without the op 


amp, 
G(s) # EN E 
We Lir 
(b) Realize by cascade RC sections 
G(s) = — 
ET 


then sketch the Bode gain plot. 


Chapter 18 


Stability 


The stability of a network is extremely important in analysis and particularly in design 
(synthesis). Intuitively, we expect in a stable network to have all the voltages and 
currents finite (bounded) as time goes on, so that there will be no burning of 
components or, more likely, catastrophic distortions of waveforms. Let us elaborate 
on this intuition more precisely, and discuss three related concepts of stability. 


18-1 IMPULSE RESPONSE STABILITY 


A network is impulse response stable if 


lim |h(t)| # oo (18-1) 


t— oo 


or, in plain words, if its impulse response doesn't *blow up" as time increases; more 
succinctly, if its impulse response is bounded. We place magnitude signs on h(t) 
because it is equally bad if h(t) becomes unbounded with large negative or with large 
positive values. 

This concept is very sensible: A relaxed network is excited by ó(t), and a good 
measure of its stability is the boundedness of h(t). A stricter requirement is sometimes 
imposed as follows: 

lim |h(t)| = 0 (18-2) 


t— oo 


meaning that the impulse response must approach zero as t increases. We will be able 
to distinguish this requirement easily. 
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In Chapter 16, we learned that the impulse response is 


1 P H(S) 
Og) 
the inverse of the network function given as the rational function P,,(s)/Q,,(s). We also 


learned that Qj(s) is the characteristic polynomial of the network, and, in factored 
form, 


hit) ev HB eu (18-3) 


Qi(s) (S— p)(s—p2):--(s— Dy)”: 
where the roots of Q (s) = 0 are the poles of H(s). To be more specific, we show simple 


poles at s = p,,s = p,, anda multiple pole of order r at s = p,. By partial fractions, we 
get h(t) as 


(18-4) 


k k 
h(t) = Y. A,eP*u(t) + X} K,t" !eP*u(t) + --- (18-5) 
i=1 r=2 
Here, the first summation is due to all the simple poles and to the first power of the 
multiple pole, and the second summation is due to the multiple pole. 

The decay rates and the frequencies of h(t) are entirely dependent on the poles, 
the characteristic values. The zeros of H(s), P a(s) = 0, affect only the finite multipliers 
A, and K, as obtained in the partial fraction expansion of Equation 18-4. Thus, zeros 
do not affect the boundedness of h(t). 

As far as their location in the s plane, all poles of H(s) fall into three categories: 


1. Real Poles on the c Axis A simple, real pole on the o axis is shown in Figure 
18-1(a), p, = —o,. It yields the waveform 


Gg. — ue gt —A,e 7! (18-6) 
Sp». S+ 0, 


which is bounded if 
0,20 (18-7) 


that is, if the pole is in the left half of the s plane (LHP), to the left of the jo axis, or at 
the origin. The inequality sign satisfies Equation 18-2, and the equal sign satisfies 
Equation 18-1 because then A,e?' = A, remains bounded. The waveform of Equation 
18-6 is shown in Figure 18-1 (b), assuming A, > 0. We also recognize that the farther 
c, is to the left in the LHP, the faster the decay of this waveform. 

A simple pole on the positive c axis, in the right half of the s plane (RHP) yields a 
waveform 


= A,e™! (18-8) 


which is unbounded since it increases with time. 


+ See your Problem 8-20! 
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(d) 


A, e id COS (Watt 04) 
NS 


(h) 


Figure 18-1 Pole locations and related waveforms. 


A multiple pole on the negative real axis, shown in Figure 18-1(c), has 
A, 
(s+ o5) 


— 


= K,t' le^ ot (18-9) 


and this waveform is shown in Figure 18-1(d) Here K, = A,/(r — 1)!, a finite 
number. Therefore, we are concerned with 
Ü 1 
lim t’~*e~° = lim — —0 0,0 (18-10) 


2t 
t— oo t oo 
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where the last limit is evaluated by l'Hópital's rule. If o, = 0, a multiple pole at the 
origin, Equation 18-9 shows an unbounded response. A multiple pole in the RHP on 
the +o axis will obviously cause an unbounded waveform, t7 !e* *?', 


2. Imaginary Poles on the jœ Axis A simple pole and its complex conjugate are shown 
in Figure 18-1(e), p4 = j@3, p = —jw 3. They appear as a pair of conjugates because 
the coefficients of Q4 (s) must be real numbers 


(s — p3X(s — p3) = s? + oj (18-11) 
This pair yields 
_, A,S+A 
i Fie = A cos (@3t + 63) (18-12) 


or a similar sine waveform. See Figure 18-1(f). This is a bounded response according 
to Equation 18-1, since its magnitude never exceeds its amplitude A. We also observe 
that the larger c, (farther on the jo axis from the origin), the larger the frequency of 
oscillation of this waveform. 

A multiple pole of the jæ axis, (s? + o2)? or (s? + o$), etc., will cause 
an unbounded response of the form Acos(@3t+«) + Btcos(m3t + f) 4- 
Ct? cos (wt + y). 


3. Complex Conjugate Poles A pair of simple, complex conjugate poles inside the 
LHP is shown in Figure 18-1(g): 


0,0 (18-13) 


They contribute the factor (s — p4)(s — p*) = (s + o4)? + o5 in Q,(s), and 


K,s+K, 
(s +04)? + oi 


eJ 


= A,e ?" cos (4t + 04) (18-14) 


a damped sinusoid shown in Figure 18-1(h). The amplitude of this sinusoid decreases 
as e ^^, and its frequency is w,. Obviously, this is a bounded response satisfying 
Equation 18-1. 

Multiple poles inside the LHP will give the waveform 


k 
3, A, le 7* cos (wat + 0, .,) (18-15) 
-2 


r= 


which is bounded provided o, > 0. 
A pair of complex conjugate poles inside the RHP 


Ps =95,+jOs 


a o,>0 (18-16) 
Ps = 05 —JWs 
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will yield an unbounded waveform 


lim e?^*' cos (5t + 05) > oo (18-17) 
t — oo 
and so will such poles if they are multiple. 

We have exhausted all the possibilities and can summarize our conclusions: For 
impulse response stability, the poles of H(s) must be inside the LHP (c < 0), where they 
can be of any multiplicity r; or, at most, on the jw axis (c = 0), where they must be 
simple, r = 1. No poles are allowed in the RHP (ce > 0). This is illustrated in Figure 
18-2. 


EXAMPLE 18-1 


All these network functions represent networks which are impulse response stable: 


—1 
(a) Hs) = 24 a EO 
s+4 
Lb H9) 7 GES +54 D 
(c) H(s) = —3 : 


st + 2s? -.2:;?--scl 


Solution. In (a), H(s) has two complex conjugate poles in the LHP at p, = —1 + j3, 
p; = př. It has a zero in the RHP (!) at z, = 1 but that's O.K.—there are no restrictions 
on zeros, in general. In (b), H(s) has simple poles on the jm axis at +j1, and multiple poles 
in the LHP. In (c), H(s) has all four poles in the LHP. How do we know so fast? This will 
be discussed in Section 18-4. Xx 


EXAMPLE 18-2 


Comment on the following network functions: 


— 3s 
(a) H(s) — ASI 
s—1 
(b) H(s) = 4 s+34j2 
(c) Ho) = ming 


? — 10 
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Solution. In (a), H(s) has a multiple pole (r = 2) at the origin, and the origin is part of 
the jo axis; the impulse response will be unbounded since Y~ !(1/s?) = tu(t).t In (b), this 
is not a network function at all, since its coefficients are not all real; the pole at 


pı = —3 — j2 must be accompanied by its conjugate pf = —3 + j2 to make these 
coefficients real. In (c), H(s) has a pole in the RHP at p, = 4/10; therefore, the impulse 
response is unstable.T m 


Let us look at this situation from the point of view of energy. With the impulse 
input, we impart to the network a certain amount of energy. If the network consists 
entirely of passive elements (R, L, M, C), the impulse response will go to zero as t — oo 
because of the heat energy dissipated in the resistors, and Equation 18-2 is satisfied. 
With only lossless elements (L, M, C) but without dependent sources, the initial 
energy will oscillate between the elements, as we saw in Chapter 8, and Equation 18-1 
is satisfied. Therefore, passive networks are stable. Dependent sources that deliver 
energy may sometimes add to the original imparted energy and cause instability 
through a characteristic value in the RHP. 

One class of network functions deserves additional attention. These are driving- 
point impedances and admittances. Since 


1 

TL h= (18-18) 
Y; (S) j Zap) 

we see that the reciprocal of one network function is another network function. 
Consequently, the zeros of Y, (s) are the poles of Z,,(s), and the zeros of Z,,(s) are the 
poles of Y; (s). Therefore, zeros of driving-point functions are restricted in the same way 
as poles for impulse response stability. In transfer functions, no such restriction holds, 
because the reciprocal of a transfer function is not a network function, in general. 


Zap(S) = 


18-2 ZERO-INPUT RESPONSE STABILITY 


As its name indicates, this is the stability of the zero-input response. The network is 
excited by a given initial state, consisting of n initial capacitive voltages and inductive 
currents, vc,(0 ), vc,(0 ),..., i], (0 ), ij (0 ),.... Here, as before, we consider three 
cases: 


1. The poles of H(s), the characteristic values of the network, are in the LHP; 
that is, they all have negative real parts. In this case, the zero-input response 
will approach zero as t— œ; in particular, the final state of the 
network —those n capacitive voltages and inductive currents— will approach 
zero. This type of stability is also called asymptotic stability. 

2. The poles of H(s) are on the jo axis and are simple. Here, an initial state will 
cause sinusoidal oscillations in the lossless (L, M, C) networks. 

3. The poles of H(s) are in the RHP, with positive real parts. Here the zero-input 
response becomes unbounded as t — oo and the network is unstable. 


t Actually, unbounded responses are allowed —in fact, are essential —in oscillator circuits (to start 
up) and in computer flip-flops. Such responses, of course, are limited to very short durations of time. 


Probs. 18-1, 
18-2, 18-3 
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EXAMPLE 18-3 


In a parallel RLC circuit, the initial state is given, v((0 ) and i;,(0 ). The zero-input response 
v(t) is obtained from KCL as 


mit 3 Ln O 
(tpt O= ve(0~) - — 


that is, 
LCv((0 )s — Li,(0 ) 


Vs) = 
c) LCs? + L/Rs + 1 


Solution. The characteristic values (natural frequencies) are the roots of 
L 
LCs? + Rit 1=0 


and they fall into the three familiar categories of overdamped, underdamped, or critically 

damped. In all cases they are in the LHP, meaning that the network is asymptotically 

stable: The two state variables, v,(t) and i,(t), will decay to zero as t > oo. ie 
EXAMPLE 18-4 


In the previous example, let R — oo (open circuit). 
Solution. The network becomes lossless, and we get 


LCvoe«(0 )s — Li,(0 ) 


Fels) = LCs? + 1 


yielding two poles on the jo axis, at oy = 1/(LC)!?. The state variable v,(t) will be of the 
form 


S Vs) = velt) = A cos (wot + 0) 


and so will be i; (t). This is a bounded oscillatory zero-input response. fa 


EXAMPLE 18-5 


In the network shown in Figure 18-3, the initial state is given, vc«(0 ) = 0, i;,(0 ) #0. The 
zero-input response of J, is calculated as 


LCi,(0~)s 


C pe MAR ira HN S RN 
US) = TOS Cs + —a) 

You should fill in the details here. The characteristic equation is a quadratic, and if « > 1, the 

characteristic values will be in the RHP; the i,(t) will grow unbounded from its initial finite 

value, and the network will be zero-input unstable. 


Figure 18-3 Example 18-5. pm 


Prob. 18-4 
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18-3 BOUNDED-INPUT, BOUNDED-OUTPUT (BIBO) STABILITY 


The third type of stability is concerned with input-output relations. Specifically, it 
requires that for every bounded input, the zero-state output be also bounded. Hence 
its brief name *bounded input, bounded output" and the acronym BIBO. 

We resort to the general expression of the zero-state response 


R(s) = H(s)E(s) (18-19) 
and, as rational functions, 


PRS) _ Puls) Px(s) 
Qr(s) Qg(s) Qx(s) 


We see therefore that the poles of R(s), which determine the waveform of the 
output, are the poles of H(s) and the poles of E(s).T By assumption, e(t) is bounded, 
and so the poles of E(s) are either in the LHP or (simple) on the jw axis. From our 
previous discussion, we have the same restrictions on the poles of H(s). However, for 
BIBO stability, we require that all the poles of H(s) be confined inside the LHP, but 
none on the jo (and certainly not in the RHP). To illustrate this point, consider the 
following example. 


(18-20) 


EXAMPLE 18-6 
A parallel LC circuit has the driving-point impedance 


Ls 1 S 


z ni EA O P M 
as) LCs? +1. Cs? +o? 
where 
1 
2 = am 
WU T 
This network function has two poles in the jo axis at p, = joy and p; = pt = —j@p. If we excite 


the network with the bounded sinusoidal input 


if Ht ddr Ree 
i(t) = I, SIN Wo S -Eo 


the output voltage will be 


I n®o S 
V(s) = Za (S)I(s) = ^ (+ op 
that is, v(t) will be unbounded 
" M 
vt) = 9 'V(s)- 2C t sin Wot 


Hello, again! we have excited here a natural frequency of the network at jo with an outside 
source, causing resonance—and BIBO instability. It is for this reason that we exclude the 
characteristic values of the network even from the jo axis and allow them only inside the LHP 
when BIBO stability is important. B Prob. 18-5 


t We assume that there is no cancellation of terms in forming the product of Equation 18-20. 
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An obvious way to check the location of the characteristic values is to actually find 
them by solving the characteristic equation Q,(s) = 0. First-order and quadratic 
characteristic equations are no problem. Higher-order ones need a numerical root- 
finding computer program. In many cases, however, we only want to make sure that 
there are no poles in the RHP, without actually calculating them. 

Let us see what conclusions we can reach about a given polynomial 


Qus) = bos" + bus" ^! +--+» +b,_ 18+ b, (18-21) 


if we insist that all its zerost be in the LHP or, at the most, on the jo axis (where they 
must be simple) for impulse response stability. From our studies and Figure 18-1, the 
only possible factors of Q,,(s) are: 


1. (s+a)*, x20, k=1,2,... accounting for real, negative poles of any 
multiplicity 

2. (s + B+ jy (s + B —jyy = (s? + 2Bs + B +77), B>0,y>0, r=1,2,... 
accounting for complex conjugate poles inside the LHP, of any multiplicity 

3. (s? + w?), œw; > 0, accounting for simple poles on the jo axis 

4. s, a simple pole at the origin, on the jo axis (œ = 0) 


That's all! The polynomial Q (s) can therefore be written as a product of these 
factors 


Qals) = s[] G + ao [[ G? + 28,5 + B? + YD T] (s? + o) (18-22) 
k r i 


where the symbol || means “the product of ....” A polynomial of the form in 
Equation 18-22 is called a Hurwitz polynomial. 

When we multiply out fully the factors in Equation 18-22 we reach the following 
conclusions: 


1. All the coefficients b; in Qj(s), Equation 18-21, must be real and positive, 
because no negative sign appears in any of the factors in Equation 18-22. 

2. No power of s can be missing in Q,,(s) below its highest (leading) power. 
Reason? In carrying out the products of these factors, a power of s can 
disappear only by subtraction; for example, 20s? will cancel —20s°. 
However, subtraction cannot happen without negative signs in Equation 
18-22. 


There are two exceptions to this observation: If all the poles are on the jo axis, 
Q,,(s) will consist only of the product s(s? + c2)(s? + w3).... Then Q,,(s) will have 
only odd powers of s, and all the even powers will be absent. If there is no pole at 
s = 0, Q,(s) will consist of product (s? + w7)(s* + 3)..., and will have only even 
powers. 


+ A reminder of nomenclature: The zeros of Q,,(s) = 0 are the poles of H(s). 
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The two observations, 1 and 2, are necessary but not sufficient. In other words, if 
Q,(s) does not satisfy them, then it is definitely not Hurwitz; however, if this 
inspection test is satisfied, Q,,(s) may or may not be Hurwitz. 


EXAMPLE 18-7 
Consider 
Q(s) = 2s* + 10s? + 24s + 8 
Solution. This is not a Hurwitz polynomial. The term in s? is missing, and therefore one 
or more poles are in the RHP. A network with this Q(s) as a characteristic polynomial is 
unstable. E 
EXAMPLE 18-8 
The polynomial 
Q(s) = 3s? + 4s* + 2s? + 5s? + 3s +1 
passes the test by inspection, and therefore may or may not be a Hurwitz polynomial. Further 
investigation is needed. E 
EXAMPLE 18-9 
The polynomial 
Q(s) = sê + 6s* + 11s? + 6 


may, or may not, be a Hurwitz polynomial. 


EXAMPLE 18-10 
The polynomial 
Q(s) = s? + s* + 6s? + 6s? + 25s + 25 
looks O.K., right? However, two of its roots are in fact in the RHP, 
py = 1 +j2 P2 = pi = 1 — j2 


This example illustrates the fact that the two observations by inspection are only necessary 
conditions but not sufficient. Clearly, this polynomial is not Hurwitz. Ez 


We are ready now for a conclusive test that will tell us definitely whether a 
polynomial is Hurwitz or not. Two such tests will be explained. 


The Routh Test This test is named after E. J. Routh (1831-1907), a British scientist. 
After Q,,(s) passes the inspection test, we form an array of numbers as follows. The 
first two rows of the array are the given coefficients of Qj(s) in Equation 18-21, 
arranged as 


S |b, b, b, bg 


18-23 
lb, b. b. b. ( ) 


that is, the first row contains the first, third, fifth, ..., coefficients, and the second row 
contains the second, fourth, sixth, ..., coefficients. The notation in the margin s" and 
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s" ^l is for “bookkeeping” purposes and will be useful later. The third row of the array 
is generated from the two rows preceding it, as follows 


bb, — bob, b,b, = bobs bib, = bob; 
b, b, by 


gt 2 


(18-24) 


This pattern is shown in Figure 18-4, and can be stated as, “the first terms in the two 
preceding rows interact with every two terms in succession.” For convenience, denote 
this row as 


as | Cy C5 C3 eee (18-25) 


The fourth row is generated in the same pattern from its two preceding rows, rows two 
and three 


2-3 | €193 — DyC2 c4bs — b,cs 


s (18-26) 


Cy C1 
and is denoted conveniently as 
gs | d, d, d, eee (18-27) 


Don’t be scared by the “complicated” notation in Equation 18-26. The pattern is easy 
to learn, and instead of letters you'll be working with real numbers, so the rows will 
look a lot simpler. The fifth row is formed similarly, using the third and the fourth 
rows. Every row is generated by this algorithm, using the two preceding rows. The 
array is finished when the marginal power is zero, s?, and we have the Routh array: 


s" by b, by bg 
iA by b, b, 
gt 2 
s-* | dj d, d, 
50 

The Routh criterion says: “Count the number of sign changes going down the 
first column of this array, from by to b,, to c,, to d,, etc. This number is the number of 
zeros of Q,,(s) in the RHP.” Amazingly simple and powerful, isn't it? It is too bad that 
we have to present these results without proof, which is rather long. But, after all, we 
are mainly interested in the working results. 

As a result, Q,,(s) will have all its zeros inside the left half plane (LHP) if, and 
only if, there are no sign changes in the first column of the Routh array. 


bo © b) TO b4 bo © be 


DK b; OX, >< b, 


© o © 


Figure 18-4 Pattern for the Routh array. 
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EXAMPLE 18-11 
Consider part (c) of Example 18-1. There we had 
Q,(s) = s* + 25° + 2s? si 
Solution. After it passes the inspection test, we set up its Routh array as follows. The 
first two rows are 
12 1 
2 1 


s* 
3 


S 
The third row is formed according to Equation 18-24 


(2)(2) — 00) DO — (DO) 


2 
R 2 2 


that is 


The fourth row is generated along the same lines, with Equation 18-26 


1,00 - 00 
that is 
114 
The last row is 
o | AW — GX0) 
mgecoe—p 
3 
Or 
EE: 


The complete Routh array is therefore 


s*|12 4 

S 1 
2|3 1 

S Z 4 

s! |4 

s° |4 


There are no sign changes down the first column. Therefore, all four roots of Q,,(s) are in 
the LHP. (That's how we predicted it in Example 18-1c.) 


EXAMPLE 18-12 
Check Q(s) = s? + 2s* + 3s? + 4s? + 3s + 1. 


Solution. It passes the inspection test. Its Routh array is (do it step by step!) 


s? i 3 3 
s* 2 4 i 
s? 1 2.5 

$ |—1 1 

s! 3.5 

s? 1 
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There are two sign changes in the first column, from +1 to —1 and from —1 to 4- 3.5. 
Therefore, there are two roots of Q(s) = 0 in the RHP and the network is unstable. E Prob. 18-6 


There are two special cases of the Routh array that need consideration. We do 
them by two specific examples. 


EXAMPLE 18-13 
Q(s) = s* + 28? + 3s? + 6s + 1 


passes inspection. 


Solution. Its Routh array starts with 


The next row is in trouble because, to form it, we must divide by zero. What’s the cure? A 
favorite of mathematicians (and engineers): Replace the zero by e > 0, carry on bravely, 


then let e > 0. 
Following this approach we get the complete array as 


s* 1 
s? 2 
s? 1 
E 6e — 2 
€ 
s? 1 


For a very small e > 0, the entry in the fourth row is negative. There are two sign changes 
in the first column, and therefore Q(s) has two zeros in the RHP (by now it may be called 
the wrong, not the right, half plane). * 


EXAMPLE 18-14 
Take Q(s) of Example 18-10 


Q(s) = s? + s* + 6s? + 6s? + 25s + 25 


Solution. Here the Routh array starts as 


and an entire row (not just the first entry as before) is full of zeros. The trick with e won't 
work here, if we try. (Do it!) 

What we have here is a possibility to factor the original polynomial (again, this is 
in the general proof of the Routh method). We form an auxiliary polynomial whose 
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coefficients are those of the last nonzero row, with powers starting with the one in the 
margin and going down by two. Here the auxiliary polynomial is 


1s* + 6s? + 25s? = s* + 6s? + 25 
Now we can continue in either of two ways: 


1. Knowing that the auxiliary polynomial is a factor of Q(s), divide it into Q(s) to 
get a partial (or total) factorization. Here we get 


Q(s) = (s + 1)(s* + 6s? + 25) 
and, furthermore, the auxiliary polynomial is a quadratic in s*; if we let s? = x then 


s* + 6s? + 25 =x? + 6x + 25 
x = —3 + j4 = 5/+126.8° 
s= +,./x = +,/5/+63.4° = +1 + j2 


Therefore 
Q(s) = (s + 1s + 1 + j2Y(s + 1 — j2Y(s — 1 + j2)(s — 1 — j2) 


and we have factored completely a fifth-order polynomial! Sit back for a moment and be 
properly impressed: It is no small feat to find all the zeros of a fifth-order polynomial, in 
the first place. That it can be done with so little work is doubly amazing. Two of these 
zeros are in the RHP and the network is unstable. 

Finally (again, without proof), a row full of zeros occurs in the Routh array 
whenever the roots of the auxiliary polynomial are in quadrant symmetry about the 
origin, as shown in Figure 18-5. 

2. Suppose you don't want to factor Q(s), but just to complete the Routh array and 
to draw the conclusions from it. In that case, replace the row full of zeros with the 
derivative of the auxiliary polynomial with respect to s. Here 


d 
T; (s* + 6s? + 25) = 4s? + 12s 


and the Routh array is completed as follows 


s? 1 6 25 
st 1 6 25 
s? 4 12 

s? 3 25 

s! | —21.33 

s? 25 


The two sign changes in the first column indicate the two roots in the RHP. 


jo Jw 


(a) (b) (c) 
Figure 18-5 Quadrant symmetry. LI 
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EXAMPLE 18-15 
Q(s) = sê + 7s* + 14s? + 8 


Solution. The test by inspection is still good here. Setting up the Routh array 


s$|1 7 14 8 
s|0 0 0 
we run immediately into a row full of zeros. The auxiliary polynomial here is Q(s) itself, so 


factorization is not possible, Q(s)- 1 = Q(s). We must, therefore, use the derivative. Then 
the Routh array is 


s° | 1 7 14 8 
s° | 6 28 28 
s* | 2.33 933 8 
s |4 7.43 
pls 8 
s! | 1.033 
s918 
and there are no sign changes down the first column. [| 


The Routh array, by itself, will not detect multiple roots on the jœ axis, as shown 
in the next example. 


EXAMPLE 18-16 


Let 
Q(s) = sÉ + 3s* + 3s? + 1 = (s? + 1? 


and pretend that we don't know in advance that there is a multiple root at jw = j1. 


Solution. The Routh array, without the option of partial factorization, is 


sé | 1 3 3 1 

s|6 12 6 

s*|1 2 1 (s* + 2s? + 1) 
s$|4 4 

$|1 1 (s? + 1) 
$2 

SII 


and the first column simply tells us correctly that there are no zeros in the RHP. On the 
right, we show the two auxiliary polynomials that appear in the process. The first one will 
reveal immediately a multiple zero, 


st + 2s? +1 — (s? + 1Y 


and the second one offers a “last chance” at factoring. However, using the derivative and Probs. 18-7, 
the straight array does not reveal the multiple zero. B 18-8 


As a concluding example, let us consider the stability of active networks, such as 
those with dependent sources. In particular, we'll see that variations of a parameter in 
a dependent source may cause instability. See also Example 18-5 earlier. 
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EXAMPLE 18-17 


The network shown in Figure 18-6(a) is a second-order active RC filter, containing a voltage- 
controlled voltage source. The constant p is positive and can vary, 0 < u < oo. Calculate the 
transfer function and discuss the stability of this network in terms of y. 


+ 
Es 


U2 (Q, F) 


SS) 


Figure 18-6 Example 18-17. 


Solution. A straightforward analysis yields the voltage transfer function. (Check it in 
detail!) 


Vs) | 2 
VO s? +(4—2p)s + 2 


Here 
Q(s) = s? + (4 — 2y)s + 2 


is a quadratic, and the location of the poles clearly depends on u. The Routh array here is 


578 


18/STABILITY 


and, therefore, for stability, we must have 
4—2u>0 
or 
0-cuc2 


(Note: For a quadratic polynomial, there is no formal need for the Routh array; the 
quadratic formula will get the same results.) 
Let us explore the variations of u and the resulting locations of the poles: 


1. For u = 0: By assumption, this is the lowest value of u. Then 


Q(s) 2 s? - 4s - 22 (s - 24 /2)(s - 2— 2) 
and there are two distinct, negative, real poles, 


pı —3.414 pı —0.586 


2. Foru22— /2 = 0.586: Then Q(s) is a perfect square (that’s the reason for 
choosing this 4!): 
Q(s) = s? + 2J/2s + 2 = (s + /2y 


yielding two equal poles on the negative real axis 


Pı = P2 = —/2 = —1414 
3. For an increasing value of u, u = 1: Then 
Q(s) =s? --2s +2 
with two complex conjugate poles inside the LHP 
pio -—ltj 
4. For u — 2: Then 
Q(s = s* +2 
and the two poles are on the jo axis 
pi =j/2 P2 = -j/2 


5. For u » 2: Now the poles migrate into the RHP, causing instability. For 
instance, when u = 3, we get 


Q(s) 2 s? — 2s 4-2 
yielding two complex conjugate poles in the RHP 
pi, =1+/ Jl p,=1-jl 
When u = 2 + JA the two poles merge on the real positive axis 


Py = Pa = Ji 
and, as u continues to increase, one pole moves towards infinity while the other 
moves towards zero on the +o axis. See Figure 18-6(b), called a root locus plot. 
It shows the locus of the poles, roots of Q(s) = 0, as they vary with u. We see 
how 4 can affect the output of this network from stable, to oscillatory, to 
unstable. 
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Root locus plots are very useful in both the analysis and the design of 
networks. a 


The Hurwitz Test This test, named after the German mathematician A. Hurwitz 
(1862-1909), is totally equivalent to the Routh test. It starts, in fact, from the first two 
rows of the Routh array. Two auxiliary polynomials are formed, each using the 


coefficients of one row. Specifically, 
4 


Q,(s) = bos" + bas"? + bs" * +- (18-28) 
and 


Q,(s) = b,s" ^! + bas"? + bes"? ++- (18-29) 
Obviously, the given polynomial Q(s) in their sum 


Q(s) = Q,(s) + Q2(s) (18-30) 


and Q,(s) contains only the even (or odd) powers of Q(s), while Q,(s) contains only the 
odd (or even) powers of Q(s). 

The Hurwitz algorithm states simply, “divide longhand Q,(s)/Q.,(s) once. This 
yields a quotient of the form «,s plus a remainder. Invert the remainder and repeat a 
longhand division. Continue to divide once, then invert the remainder.” The definitive 
criterion is: Q(s) is Hurwitz if, and only if, all the coefficients of the quotients, 
04, %,..., are positive. 


EXAMPLE 18-18 


Take 
Q(s) = st + 2s? + 2s? +s +4 
as in Example 18-11. 


Solution. Here we start as follows 


DN Maca Gs $57 44 
Q,(s) 2s) +s 


01 
Invert the remainder, then divide once: 
25? +s Ss + is 
=($)s 
35? +4 7 S 352 js 1 
X5 


3.2 1 1 
25 +4 (Dy 4 
2 =) + p» 
35 7 35 
a3 
Zs 
T =(§)s 
4 
O4 


and the test is finished. All the partial quotients are positive æ, > 0, æ, > 0, a; > 0, 
a, > 0. Hence Q(s) has no roots in the RHP. m 


580 18/STABILITY 


Zap(s) —»- Cy C, Cs 


Figure 18-7 Ladder LC network. 


The divide-invert process of the Hurwitz test can be summarized as follows 


(18-31) 


(4S + = 
Cast 


that is, a continued fraction. In this connection, there is a very interesting relationship 
between the Hurwitz test—a pure mathematical operation—and certain ladder 
networks. The driving-point impedance of the LC ladder network in Figure 18-7 is 
1 
Zap(S) = Lys + ————————————— (18-32) 
Cis + 
Ls + 2——— 
" C48 + S 


and with all L's and C's positive, we see the equivalence between Equations 18-31 and 
18-32. 

Let us explore the two special cases of the Routh array here, with the same 
polynomials. 


EXAMPLE 18-19 
Q(s) = s* + 2s? + 3s? + 6s + 1 


as in Example 18-13, with the first entry in a row being zero. 


Solution. The Hurwitz test reads 


Qi(s) | s* + 3s? uaa dn 
Qs) 2s 46s * 258 + 6s + 6s 
"4 


and the “defect” becomes obvious immediately: In the remainder, the numerator is not 
one degree less than the denominator. The next inversion and division will not yield o, s 
plus a remainder. Lj 
EXAMPLE 18-20 
Q(s) = s? + s* + 6s? + 6s? + 25s + 25 


as in Example 18-14, with a row full of zeros in the Routh array. 
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Solution. Here we get 
Qi(s) s*- 6s? + 25s -() 
Qs s*+6s?+25 4^ 


ay 


+0 


a zero remainder and a premature ending of the process of “divide-invert.” Here, the last 
divisor is the same auxiliary polynomial found in the Routh array. 

It is easy to explain the presence of such an auxiliary polynomial by the Hurwitz 
test. Let us write 


Q,(s) = p,(s)q,(s) 
and 
Q,(s) = p,(s)q2(s) 


where, by assumption, p,(s) is such an auxiliary polynomial. Then obviously Hurwitz’s 
algorithm will end prematurely 


Qi(s) _ Px(s)4i(S) 
Q,(s) —px(s)q2(s) 


through the cancellation of p,(s). On the other hand, the original polynomial is 


Q(s) = Q,(s) + Q,(s) = p,(s)Lqi(s) + 92(s)] 
showing that p,(s) is indeed a factor of Q(s). 


PROBLEMS 


18-1 Classify the location of poles in the s plane in terms of the damping factor ¢ and the 
undamped natural frequency o, as studied in Chapter 8. Consider the four cases 
(a) ¢ < 1, (b) ¢ > 1, (c) £— 1, (d) £— 0. 

18-2 For each network function given, check by inspection its impulse response stability. 
Write h(t) by inspection, within arbitrary constant multipliers. 


H(s) - 3042 —3 
(a) (5) = 304 —3 
1 
(b) BY) — 1 IXS + 46320 
4s— 1 
(c) H(s) 


~ s(s + lys 4-2) 


18-3 Someone insists that the following network function provides a stable impulse response. 
Check it carefully, and draw conclusions. 

—1 

—1 


S 
H(8) = 245 


18-4 Consider the parallel RLC zero-input circuit in Example 18-3. This time, let R < 0 bea 
negative resistor. Such an active element is a model of several devices. Calculate the 
natural frequencies and determine the zero-input stability or instability of this circuit. 


Probs. 18-9, 
18-10, 18-11, 
18-12, 18-13 
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18-5 


18-6 


18-7 


18-8 


18-9 
18-10 


18-11 
18-12 


18-13 
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(a) A series LC circuit is excited by a unit step voltage. Verify that the zero-state 
response does not contain a unit step. Note the pole-zero cancellation. 

(b) Repeat with a series RL circuit. In both cases, explain the result by physical 
(electrical) reasoning. This is a good place to remind ourselves that the Laplace 
transform, or any other tool, is no substitute for basic thinking. 


From the results of Examples 18-11 and 18-12, show on the s plane the possible locations 
of all the zeros of each polynomial. Hint: If complex, zeros must be conjugate. 

Write a short program for the Routh test, and check for stability each network whose 
characteristic polynomial is: 


(a) Q(s) = s? + s? + 2s + 24 

(b) Q(s) = s? + 2s* + As? + 35 - 8 

(c) Q(s) = 2s? + 3s* + 7s? + 7s? + 6s + 2 

(d) Q(s) = st + 28? +s? + 35+ 3 

(e) Q(s) = 2s* + 3s? + 10s + 1 

(f) Q(s) = 2s9 + 4.1s? + st + 1.353 + 2s? + 1.45 + 0.3 

(g) Q(s) = s? + 2s* + 3s? + s? +45 + 6 

(h) Q(s) = sè + 7s9 + 17s* + 17s? + 6 

(i) Q(s) = s! + 4s° + 2s? +s 

In the design of a certain active circuit, the following network function is proposed 
H(s) = 


s? + Ks? + 10s +1 


where K is an adjustable parameter of an active element (say, the gain of a voltage- 

controlled voltage source). 

(a) Determine the value, or values, of K to ensure the stability of this network. 

(b) Is there a value of K that will place a natural frequency on the jo axis and thus cause 
a problem for BIBO stability? If so, at what frequency will this happen? 

(c) Sketch the root locus as K varies, 0 < K < oo. 


Run the Hurwitz test on each polynomial in Problem 18-7. 


Try the Hurwitz test on Problem 18-8. Recognize how much easier the Routh test is here. 
That’s one good reason to know both methods, don’t you agree? 


Show the dual ladder network to Figure 18-6; that is, Y,,(s) is given by Equation 18-31. 
Check BIBO stability of the network for which 

1 
s? + 14s? + 49s? + 36s 


The characteristic equation of a network is 


s? + 2Ks? + 10s + (K + 19) 20 


H(s) = 


Investigate the zero-input stability of the network in terms of the adjustable constant K. 


Chapter 19 


State Variable Analysis 


We have had some exposure to state variables, starting in Chapter 7. Here we will 
study this topic in detail, including the systematic formulation of the state equations 
and their solution. 

As a partial review, and as further motivation, let us list the advantages of state 
variable analysis: 


1. 


2. 


It is yet another general method of analysis, in addition to loop analysis and 
node analysis. 
It provides a better understanding of the physical (electrical) aspects of the 
network. State variables are easily measured or displayed, unlike some loop 
currents, for example. State variables are associated directly with the energy 
in the circuit. 


. It generates always a set of simultaneous first-order differential equations, 


unlike the integro-differential equations of loop or node analysis. 


. The extension to time-varying and nonlinear networks is very easy, which is 


not the case with loop or node analysis. 


. These equations are particularly suitable for solution by analog or digital 


computers. 


We will emphasize these points as we progress in our study. 


19-1 SYSTEMATIC FORMULATION OF STATE EQUATIONS 


A formal definition of the state of a network will be helpful, particularly if we recall the 
several examples, starting in Chapter 7. The state of a network is the minimal set of 
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data satisfying the following two conditions: 


1. Given the state at any time, t = tọ, and the inputs to the network for t > tọ, 
the future state can be determined uniquely for any time t > tọ. 

2. The state at any time t; and the inputs at ty determine uniquely any variable 
in the network. 


EXAMPLE 19-1 


In the series RC circuit excited by a voltage source v,(t), studied in Chapter 7, the capacitor's 
voltage vc(t) qualifies as the state of the network. Given v,(t,), particularly if t, = 0, but not 
necessarily, and given v,(t) for t > tọ, we can—and did— calculate v,(t) for any t > tọ. Also 
given vc(t) and v,(t), we can calculate, for example, i,(t). 

These two conditions qualify v(t) as the state of this network; however, this is not a 
unique choice: We can choose the capacitor's charge q((t) as the state. As we'll see later, such a 
choice is particularly useful for time-varying or nonlinear networks. Li 


The systematic formulation of state variable equations begins with drawing a 
proper tree for the network. (Review quickly the idea of a tree in Chapter 3.) First, the 
graph of the network is drawn, with a branch representation for each element; no 
series or parallel combinations must be made. In the proper tree we choose as tree 
branches the following elements, in order of preference: 


. All the voltage sources 

. All the capacitorst 

. Some resistors, as needed 
. None of the inductorsTt 

. No current sources 


Un bh UG Nm 


To begin with, note the beautiful duality here: All the voltage sources in the tree, 
and all the current sources in the co-tree; capacitors in the tree, inductors in the co- 
tree; resistors, being dual of themselves, go either way. The reasons for these choices 
will become clear as we go on; for now, let us comment that: 

Choice 1 is possible because voltage sources by themselves cannot form a closed 
loop; if they did, one of them is redundant or else they violate KVL. Since they can't 
form a loop, they will fit into the tree which, by definition, has no closed loops. 

Similarly, all the capacitors will fit into the tree if they don't form any closed 
loops. Their initial voltages, vc,(0 ), vc,(0 ),..., are part of the initial state of the 
network, and v¢,(t), vc. (t), ..., are state variables. 

A resistor may be needed in the proper tree if, for example, there is a node to 
which are incident only resistors. This node must be connected to the tree via one 
resistor. 

By a dual argument to the capacitors, all the inductors will be in the co-tree as 
links. The given i;,(0 ), i; (0 ),... form part of the initial state of the network. These 
currents for t > 0, i, (t), ij (t), ..., are state variables. 


t A small modification to this rule will be explained later. 
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All these somewhat abstract notions will become clear as we work out our 
examples. 
EXAMPLE 19-2 
For the network shown in Figure 19-1(a), we draw the graph in Figure 19-1(b) 

Solution. The proper tree, drawn according to the list above, is shown in Figure 19-1(c). 


The orientation of the branches is either given, as, for example, the voltage of the source 
and the initial conditions, or arbitrarily assigned, as in both resistors. 


v, (f) = 10e^* u(t) c 


(Q, H, P) 


(a) 


(b) 


Tree branch 


(c) 
Figure 19-1 Example 19-2. 


As mentioned, the state variables for a network are the capacitive voltages (or 
charges) of the tree branches and the inductive currents (or fluxes) of the links. In a 
carefully presented problem, the initial state will consist of the initial values of those 
variables, thereby helping us to confirm the choice of state variables. 

The next step is the formulation of the state equations. Here, too, there is little to 
memorize. Instead, we are guided by the attractive promise of only first-order 
derivatives. The first derivative of a capacitive voltage, dv,/dt, triggers in our mind 
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C dv,/dt, the current through the capacitor. Dually, di; /dt reminds us of L di, /dt, the 
voltage across the inductor. The two rules are very simple, then: 


1. Write KCL for every fundamental cut set in the network formed by each 
capacitor in the tree. 

2. Write KVL for every fundamental loop in the network formed by each 
inductor in the co-tree. 


We remember that a fundamental cut set is formed by one tree branch (a capacitor in 
our proper tree) and some links. A fundamental loop is formed by one link (an 
inductor in the proper co-tree) and some tree branches. 

This is it. The algorithm for writing state equations is that simple. Let us 
continue to illustrate with the previous example. 


EXAMPLE 19-3 
The fundamental cut set for the 1-F capacitor reads 
i(t) + i(t) + i,9(t) = 0 


where the subscripts correspond to the element values. This fundamental cut set consists of the 
capacitor that creates it (tree branch), the inductor (link), and the 10-Q resistor (link). 

The second fundamental cut set consists of the 2-F capacitor which creates it (tree 
branch), the inductor (link), and the 4-Q resistor (link). KCL for it reads 


i,(t) — i3(t) — i4(t) = 0 


The fundamental loop consists of the inductor that creates it (link) and the two 
capacitors (tree brancheg. KVL for it is 


v3(t) + v(t) — v,(t) = 0 
In the first state equation i,(t) = 1(dv,/dt), so 


dv,(t) 
dt 


= —i,(t) — i,o(t) 


Similarly, in the second state equation i,(t) = 2(dv,/dt), and therefore 


= $is(t) + 3i4(0) 
In the third state equation, v4(t) = 3(di,/dt), so 


xs = —30,(t) + 30,(t) 


1 
We are almost there! The left-hand sides of these equations, as promised, show only the first 
derivatives of the state variables. On the right-hand side we have “desired” state variables, i,(t), 
v,(t), and v,(t), and “undesired” variables i,9(t) and i,(t). To substitute a desired variable for 
i,o(t), write a fundamental loop equation for it, because the 10-Q resistor is a link. We get 


10i, e(t) = v(t) 
i4o(t) = 0.1v, (t) 
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To replace i,(t), also in a link, write a fundamental loop for it 
4i,(t) + v2(t) = v(t) 
ig(t) = 40,(t) — 402(t) 


where v,(t), a known function, is a desired variable. 
With these substitutions, the three state equations are 


dv,(t) 
J: = —0.1v,(t) — i,(t) 
dv,(t) 
J T T800) dis + do 0 
di,(t) 
am Beat) — S020) 
In matrix form they read 
dv,(t) 
» ül . 8 =i (t) 0 
—0. — v,(t 
dv(t) Aw 0 1 1 1 
“1 —s8  2[|[vX0|-|s|v.«(0 
+ —% Oflu 0 
di,(t) 3 3 3(t) 
dt w 


The standard, or normal, form of the state equations is illustrated in the previous 
example. It is given by 


a x(t) = Ax(t) + Be(t) (19-1) 


Here x(t) is the column matrix of the n unknown state variables 


Uc, (t) 
vc. (t) 


x(t) = (19-2) 


iy, O 


i (t) 


and n, as usual, is the order of the network. A is a square (n x n) matrix. The p 
independent sources in the network are in the column matrix e(t), and B is (p x n). In 
Equation 19-1 we have n simultaneous first-order differential equations, or a single 
first-order matrix differential equation, subject to the n given initial conditions 


vc,(0) 
vc, (0) 


x(07) = (19-3) 


i, (07) 
i, (07) 


the initial state of the network. 


588 19/STATE VARIABLE ANALYSIS 


Once the state is known, that is, after Equation 19-1 is solved for x(t), we ought 
to be able to express any output in terms of the state and the inputs (see the second 
condition of the definition of state). In a linear network, this will be done by 
superposition, as follows: 

r(t) = Cx(t) + De(t) (19-4) 


where r(t) is the column matrix of those outputs, and C and D are appropriate 
matrices. Equation 19-4 is called the output equation. 


EXAMPLE 19-4 
In Figure 19-1, let the desired outputs be i, )(t) and i,(t). 


Solution. Then we have 
iso(t) = 76%, (t) 
i,(t) = 4(v, — v2) 
and Equation 19-4 reads 


; (t) 
ið [5 o OF,” 0 
b3 E [o -i o| MM |; uo " 
^ * i3(t) x 
We should recognize that the state equation (Equation 19-1) is a differential 
equation with the unknown x(t). It must be solved, and well do it. The output 
equation (Equation 19-4) does not need any solution: The output r(t) is merely a 


linear combination of x(t) — presumably solved already —and of e(t), the known input. 
We summarize the algorithm for formulating the state and output equations: 


1. Draw the proper tree. Capacitive voltages (or charges) of the tree branches 
and inductive currents (or fluxes) of the links are the state variables. There are 
n state variables, determining the order n of the network. 

. For each capacitive tree branch, write its fundamental cut set KCL equation. 

. For each inductive link, write its fundamental loop KVL equation. 

4. In steps 2 and 3, substitute for undesired variables. If such a variable is in a 

link, write a fundamental loop for it; if a tree branch —a fundamental cut set. 
5. Arrange in final form, as in Equation 19-1. 
6. Write the output equation in its form (Equation 19-4). 


WwW N 


Let us do another example, this time with a dependent source. Be sure to track 
this algorithm step by step, as developed. 


EXAMPLE 19-5 


In Figure 19-2(a) we are given, the initial state 
- v4(0 ) 
x(0)2|.,- 
O) ke 1 


x(t) = ir] n2 


therefore, the state variables are 
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and the independent input matrix is 


e(t) = i(t) = 6u(t) 


a scalar in this case. 


is(t) = 6u(t) cy 


(a) 


Tree branch 


(b) 
Figure 19-2 Example 19-5. 


Solution. 
1. The proper tree and co-tree are shown in Figure 19-2(b), where the branches are 
labeled as the elements. 
2. The fundamental cut set equation for the capacitor ist 


dv; ; . , 
C y 7 =h hy TF Pa 


3. The fundamental loop equation for the inductor is 


di, 
L, — => rly + v3 


dt 


4. The undesired variables are those that do not belong in x(t) and e(t); here it is 
only i,(t). Since R, is a link, write the fundamental loop for it 


Rji, = v3 
1 

hp seda 
R, 


t Don't forget: Lowercase letters are functions of time, v4 = v(t), etc. 
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5. Substitute this i,(t) into the two state equations and arrange in final form 


dv, 1 E dd 
— z— v,—i,+i 
dt DET 77 
di, r 

— = 04 + V3 


or in matrix form 


dv, 1 1l 

dt R,C; v3 1 
EE ML. 6u(t) 

di r 1 0 l5 0 

dt AM a ie 


6. Let the desired output be i,(t). Then Equation 19-4 reads 


(9m eO m [s 0 io | + LOO 

i,(t) = — v4(t) = | — i 

R, 7 R, Ib ; * 
To get just a taste of nonlinear networks, consider the following example. 


EXAMPLE 19-6 


In the network in Figure 19-3(a), the inductor is nonlinear, defined by a functional relation 
between its current and flux 


i, = f ($1) 


and shown in Figure 19-3(b). 


(a) (b) 
Figure 19-3 Example 19-6. 


Solution. The algorithmic formulation of the state equations is still valid, and this 
universality is one of the most attractive features of this method. Using the proper tree, 
and with $, as the state variable, we write the fundamental loop equation as 

Ur, + UR = Vin 
that is 


doy 
ar T 


Vin — Ug = Vin — Rig = tj, — Riz 


= Vin — Rf ($1) 


Probs. 19-1, 
19-2, 19-3, 
19-4 


$r 
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In other words, 


do, 
a F($,, Vin) = FLOz, e(t)] 


The first derivative of the state variable is a nonlinear function of the state variable and 
the input. In that sense, state variable formulation is universal, always relating the first 
derivative of the state to the state and the input. m 


Let us get back to our main discussion and consider the cases when not all 
capacitors can fit into the proper tree or when not all inductors can fit into the co-tree. 
In the capacitors' case it is very easy to spot: You begin to build the proper tree, 
having first used all the voltage sources, by adding capacitors as required. Suddenly 
you add a capacitor to the tree and you find that you have closed a loop! A tree 
(proper or otherwise) must not contain closed loops. 

What's happened? In the network there is an all-capacitive loop, consisting of 
only capacitors and possibly voltage sources. In this loop, one capacitive voltage does 
not qualify as an independent variable since its value depends on KVL for that loop. 
To illustrate, consider the network shown in Figure 19-4. To build the proper tree, we 
start with the voltage source, then add C,. By doing so, C, must be excluded from the 
tree, because KVL around this all-capacitive loop says 


vc. (t) T vc. (t) E Vin(t) (19-5) 


With v,,(t) known, only vc,(t) or vc, (t) is independent. Hence, if vc, (t) is chosen as an 
unknown state variable, then vc,(t) is not an unknown any longer— and it does not 
belong in the tree. We could, of course, choose C, in the tree; then v¢,(t) is a state 
variable and ve,(t) is not. Thus, an all-capacitive loop reduces the number of 
capacitive state variables, and therefore the order of the network n, by one.T 

As we continue to build our proper tree, we may find the dual of an all- 
capacitive loop. It is an all-inductive cut set, consisting only of inductors and possibly 
current sources. One inductor must be a tree branch because a tree, by definition, is 
connected. In Figure 19-4, we see such a cut set, and either L, or L, must be a tree 
branch. As such, it is no longer an independent state variable, because it depends on 
the link current in KCL for that cut set 


iy (t) — ij (t) = 0 (19-6) 


—— ir, 


vig C£) 


Figure 19-4 All-C loop and all-Lcut set. 


+ The initial capacitive voltages at t = 0^ are generally independent: vc, (0 ), vc,(0 ),... can be 
specified arbitrarily if they don't form a loop at t = 0°. However, for t > 0, they are dependent and tied by 
KVL around the all-capacitive loop. 


592 


19/STATE VARIABLE ANALYSIS 


An all-inductive cut set reduces the number of inductive state variables, and therefore 
the order of the network by one.T Only inductive link currents qualify as independent 


state variables. 


The simplest and straightforward way to detect all-C loops and all-L cut sets is 
via the actual construction of the proper tree. Of course, you may be able to detect 
some of them just by looking at the network. However, it is safer to be systematic 


about it. 


EXAMPLE 19-7 


Formulate the state equations for the network in Figure 19-4. 


Solution. The proper tree is shown in Figure 19-5. From it, we write immediately 


Uc, (t) 
iy (t) 


| n=2 e(t) = v(t) 


dvc, dvc 
= à EF M nc 
The fundamental loop equation for L, is 
di, , di, 
2 dt es ba aera a 


The undesirable variables are v¢,, iz, and vg. The all-C loop yields for vc,, as in Equation 


19-5, 
Uc, = Uj — Ve, 


The all-L cut set (Equation 19-6) gives 


dij, di, 


dt dt 


The resistor is a tree branch; therefore, a fundamental cut set equation for it yields 


ig = i}, S. Vp = Ri, 


T The initial inductive currents at t — 0^ are generally independent: i, (0^), ij, (0 ),... can be 
specified arbitrarily if they don't form a cut set at t = 0^. However, for t > 0, they are dependent and tied by 


KCL at the all-inductive cut set. 
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With these substitutions, the two state equations become 


dvc, d , 
C, a Co Fin — tc.) — i, = 0 
dir, PIBES Mo AE TA, 
zie Vin T Uc, 1t ip = 


Collecting terms and arranging in final form, we get 


dve, qu C, du, 
= L——— lr, au as 
A Ce £5 d 
di,, 1 E. 
= ——————— — — — 1 —— s 
dt LRLOCUELILOUU E Fh. 


In passing, we note that the derivative of the input appears here. Nothing to worry about: 
Since v,,(t) is a known function, so is its derivative. il 


*19-2 FORMULATION BY SUPERPOSITION 


This method is very instructive in bringing out certain basic ideas in circuit analysis. It 
can be reasonably fast, with some practice. As its name implies, this method is valid 
only for a linear network, since we'll be using superposition. 

The first idea here is to recognize that, as far as the entire network is concerned, 
a capacitor may be replaced by a voltage source whose waveform is v((t), the voltage 
across that capacitor. In fact, we can replace it by anything, as long as the voltage 
across this anything is v c(t) and the current through this anything is C dv c /dt. For the 
formulation of the state equations, v((t) is, of course, an unknown. It will be found 
during the solution. Dually, an inductor can be replaced by a current source i(t) 
whose voltage is L di,(t)/dt. Figure 19-6 illustrates these ideas. 

To formulate the state equations for a linear, constant network, we: 


1. Replace every capacitor by a voltage source and every inductor by a current 
source, as in Figure 19-6. 

2. Use superposition in the resulting network to calculate the partial 
contribution of each source (real, inductive and capacitive) to the current in 
each capacitor and to the voltage across each inductor. Add them up to give 
the total C dv,/dt or L di, /dt. These are the state equations. 


Figure 19-6 Equivalence of state variables and sources. 


Probs. 19-5, 
19-6 
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EXAMPLE 19-8 
The network shown in Figure 19-7(a) is replaced by the one in Figure 19-7(b). 


i, (t) Ur t 


(c) (d) 


(e) 
Figure 19-7 Example 19-8. 


Solution. By superposition, we consider v, alone, with i, = 0 and v. = 0, as in Figure 
19-7(c). The partial response iç, is, by inspection, 


and the partial response vz, is 


Next, with i, acting alone, v, = 0 and vç = 0, as in Figure 19-7(d), we get the partial 
responses 
UL, = 0 


since R is shorted out. Finally, with vç acting alone, i, = 0, v, = 0, as in Figure 19-7(e), we 
have 
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By superposition, then, 


dic, : À 1 : 1 
uc und m te, the Phe a a E 
di, 
Lo Sty Uy tp, FOr m —5 DUE ty 


These are the state equations. Dividing the first one by C and the second one by L, we 
arrange them in matrix form as 


dvc 1 1 1 
: = . - R Us 
di, 1 0 i, i 
dt L 
Do it the “conventional” way and compare. Such learning practice is good! ai 


This method can be very fast, because each of the subnetworks is purely resistive 
with only one source. ( Exception: A controlled source always stays with its controller.) 
Partial answers can be written quickly, using such tools as current dividers or voltage 
dividers, as necessary. The summation of the partial answers yields the state equations 
in their final form. 


19-3 SOLUTION BY THE LAPLACE TRANSFORM: 
THE INFORMAL WAY 


The solution of state equations (Equation 19-1) is a breeze with the Laplace 
transform. All we need is the transform of the first derivative 


g ex = sX(s) — x(0~) (19-7) 


and this, surely, has become second nature to us by now. 
To get a solid feel for it, let us start with a first-order network (n — 1), as in 
Problem 19-1. Its state equation is 


Ls — ax(t) 4- be(t) (19-8) 


a single (scalar) first-order differential equation, of the form of Equation 19-1. Its 
Laplace transform is 


sX(s) — x(0 ) = aX(s) + bE(s) (19-9) 

Collect terms and rearrange | 
(s — a)X(s) = x(0^) + bE(s) (19-10) 

On the left side, we recognize immediately the characteristic equation and value 


s-a=0  .. s,=a (19-11) 


Probs. 19-7, 
19-8, 19-9 
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and on the right side is the initial state x(0 ) which will account for the zero-input 
response, and the input bE(s) which will account for the zero-state response. 
Specifically, we divide Equation 19-10 by the characteristic polynomial to get 


X(s) = 


x(0 ) + om bE(s) (19-12) 
s—a s—a 
Here, the first term on the right is the zero-input solution (more precisely, it is the 
zero-input state response), and the second one is the zero-state solution (the zero-state 
state response, which is a mouthful to say!). 

The inversion of Equation 19-12 is easy 


x(t) = e"x(0 ) + e" » be(t) (19-13) 


In the first term, x(0 ^) is a constant, so we are really dealing with Y~*[K/(s — a)] = 
Ke“. Why do we write it in a “funny” way in Equation 19-13, with the constant x(0 ) 
postmultiplying e“? Just to get used to such a term. When we'll deal with higher-order 
networks (n > 1), matrix manipulation will require us to keep these matrices in a 
certain order, so it's nice to get acquainted with such terms at an early stage. 

In the second term, we have used the convolution theorem and applied it to the 
product of two transformed functions 


Lo (5 one» = e“ x be(t) (19-14) 


as studied in Chapter 16. This result also fits our general conclusion there: The 
zero-state response is the convolution of the impulse response with the input. See 
Equation 16-27. So, we have found, as a nice “by-product,” the state impulse response 
of a first-order network 


Ath) uut (19-15) 
In words: An initially relaxed first-order network is excited by an impulse ó(t). The 
single capacitive voltage or the single inductive current response will be of the form e“. 


As far as the single C or L is concerned, the rest of the network was replaced by a 
Thévenin or a Norton equivalent circuit. 


EXAMPLE 19-9 


Let us consider a second-order network described by the state equation 


dvc(t) 
dt u —1 6 ve(t) 1 ve(07) l 
di(t) ü Li -e] bei r |o po boh BUE 
dt 


Solution. Take the Laplace transform of each equation separately: 
1 
SVs) — «(0 ) = — Vels) + 61) + ~ 


and 


sIj(s) — i (0 ) = — Ve(s) — 61,(s) 


Probs. 19-10, 
19-11 
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From here on, algebra takes over, as expected in the Laplace transform method. This is 
the general rule, and we realize with relief, again, how little (or no) memorization is 
required. 

Collect terms and rearrange for algebraic solution 


(s + DG) — 61,5) = ve(07) + - 
Vs) + (s + 6),(s) = ij (07) 


These are the two simultaneous algebraic equations for the unknown V,(s) and I,(s). Let 
us solve just for V.(s) by determinants, using Cramer’s rule 


1 
v0 a —6 
i(0) s+6 (s + 6)» (0 ) + 6i, (0 ) (1/s)(s + 6) 

Ve(s) = E Du e C. sa 
s+ 1 —6 s? + 7s +12 s? + 7s + 12 
V — / 

l s+ 6 zero-input zero-state 

response response 


Here we recognize the determinant in the denominator as the characteristic polynomial. 
This, again, follows the general rule established earlier: The polynomial that multiplies 
the transform unknown, just prior to solving algebraically for that unknown, is the 
characteristic polynomial. In the first-order case, it is (s — a) in Equation 19-10. In the 
case of n = 2, 3,..., it is the determinant of the coefficients of the n unknowns, when 
arranged in their final form, ready for solution. 
The characteristic equation and the natural frequencies are therefore 
s? 7s 1220 
Sı = —3 S, = —4 
In the solution for V.(s), we arranged the terms in two groups. The first one 
contains only the initial state, (0 ) and i;,(0 ); that is clearly the zero-input part of 
V.(s). The second one contains only 1/s, the input, and is therefore the zero-state part of 
V.(s). From here, the inversion of V.(s) is done by partial fractions, as usual. 
In a typical case, we will have numerical values for v4 (0 ) and i,(0 ), of course. 
Here we used letter notation simply to show how easy and orderly it is to keep track of 
the parts of the solution— another outstanding feature of the Laplace transform and the 
state equations. K 


The previous example shows the general pattern for solving n state equations for 
an nth-order network. The Laplace transform requires only the use of an old friend, 
Equation 19-7; after that, we keep track of each step in the algebraic process. The 
determinant of the coefficients of the unknown transform state variables must yield an 
nth-order characteristic polynomial, as expected. That is good to know in advance. 
(By contrast, you'll recall, the number of loop equations or node equations has no 
relationship to the order of the network.) Finally, the zero-state part and the zero- 
input part are easily tractable in the process of soliition. 

The output equation (Equation 19-4), as noted, requires no solution. Its Laplace 
transform is 

R(s) = CX(s) + DE(s) (19-16) 


Having just found X(s), we merely substitute it into this equation to obtain R(s). 


Probs. 19-12, 
19-13 
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*19-4 FORMAL SOLUTION BY THE LAPLACE TRANSFORM 


Let us extend the formal solution of a first-order circuit (Equations 19-9 through 
19-13), to higher-order circuits. Specifically, let us take n — 2, which is enough to 
obtain the most general results. 

The state equations, in matrix form, are 


ds 
dt 
- pa c || * meo (19-17) 
dx; a21 455 || X2(t) 
dt 


Here we keep on purpose the generic notation for the state variables x,(t) and x,(t). 
These can be capacitive voltages and/or inductive currents. Similarly, letter notation is 
retained for the elements of the matrix A, as well as for the input term Be(t). Take the 
Laplace transform of Equation 19-17 to get 


sX (s) — x4(0 ) 41, 442 || X,(s) 
= BE 19-18 
E = ma la: od Foor to 
Collect terms and rearrange as 
(s — a1) —Gi2 X (s) x,(0 ) 
= BE 19-19 
| -an  (G— | Er prs e in 


The matrix of the coefficients on the left-hand side is recognized as 


1 
aiad se D Ls fll À (19-20) 
0 s Go, ao 0 1 


where U is the unit matrix, a square matrix of order (n x n), with 1’s on the main 
diagonal and zeros elsewhere. Therefore, Equation 19-19 is rewritten as 


(sU — A)X(s) = x(0 ) + BE(s) (19-21) 
This is the set of n simultaneous algebraic equations in the unknowns X(s). The 
characteristic equation is 
det(sU — A) = 0 (19-22) 
where, as usual, “det...” means “the determinant of.” It will be an nth-order algebraic 
equation, as expected, with n roots as the characteristic values. 


The formal solution of Equation 19-21 continues by premultiplying by 
(sU — A)! to get the transform answer 


X(s) = (sU — A)~!x(0~) + (sU — A)! BE(s) (19-23) 


Here you are strongly encouraged to compare this result with the scalar case (n — 1) 
in Equation 19-12, repeated here: 


X(s) = x(07) + — bE(s) (19-12) 


S—a 
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Division by a matrix is not defined: Instead, we use the inverse of that matrix. In the 
scalar case, this is the same 


(s—a) ! = (19-24) 


Also, the order of premultiplication by (sU — A)~' is important in Equation 19-23. 
In the scalar case, such an order is not important; however, in anticipation of 
Equation 19-23 and for comparison purposes, we kept the same order in the scalar 
case also. 

If we are bold, we can take the final step in this formal derivation, writing the 
inverse transform of Equation 19-23 with a sharp eye on the scalar case (Equation 
19-13), also repeated here 


x(t) = e"x(0^) + e" x be(t) (19-13) 
The result is the final solution 
x(t) = e^'x(0 ^) + e^“ « Be(t) (19-25) 


showing clearly the zero-input and the zero-state parts. 
Also, by comparison, we write 


e^! = Ys — A)! (19-26) 


We here have a totally new (gasp!) time function, e^, a matrix exponential function: It 
is e — 2.718... raised to the power of the matrix At. 


EXAMPLE 19-10 
For the matrix A in Example 19-9, 


we have 
s+1 -—6 
iu -a-|*; A 
Nextt 
1 s+6 6 
EU. T MM REN 
Uv —A) eme cd il 
s+6 6 
S +%s+12 s*+%5+ 12 
» = sl 
g 4 Ts-P 12 - g* + 79 4- 12 
s+6 6 
| JG 3X4) (s+ 3G 4) 
i au] sl 


(s-- 3 s--4) (s+3\s+4) 


T See Appendix A. 
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Expansion by partial fractions yields 
3 3 —2 6 " —6 
s+3 s+4 s+3 s+4 
—1 1 
+ es 
s+3 s+4 s+3 s+4 


(sU — A)! = 


and so its inverse Laplace is 


p je" 9* — 2e7 4 6e 3* — 6e *t 
e oe a tig? St 4. qutt 


This e^' is then used in Equation 19-25 to get the answer x(t). Da 


Without going further into details (some things must be left for other courses!), 
let us just enjoy the complete solution and the parallel steps between the scalar case 
and the matrix case. We are reassured in knowing that, for all practical purposes, the 
informal and straightforward method is totally satisfactory; it gives the same final 
results as the formal one. 


*19-5 STATE TRAJECTORY IN THE STATE SPACE 


Let us consider, again, a second-order (n — 2) network and its zero-input response 
only. In other words, the network starts with the initial state 


n S x,(0 ) 
x(0 =| 05 (19-27) 


and no other input. We are interested in the state x(t) at any time t > 0. 

At every instant, say t = t4, t = t5,..., the state of the network will be given 
by x(t,), x(t,),...—a pair of numbers for each instant. Let us show each such pair 
[x,(t,), X2(t,)] as the coordinates of a point in the x,-x, plane. Such a plane is 
called the state space for this network, and, as t varies from t = 0 to t = oo, the points 
[x,(t,), X2(t,)] trace a curve called the state trajectory. 


EXAMPLE 19-11 


For the circuit in Example 19-9, let the initial state be given as 


0 —4 
x(07) = Vel ) _ 
ij(0 ) 2 
The zero-input response is therefore (fill in the details!) 


vw(t)- —4e " t20 
LES 267^ t>0 


Prob. 19-14 
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uc (1) 


(b) 


0 0.5 1.0 1.5 2.0 t 


Figure 19-8 State trajectory. 
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The separate plots of v(t) versus t and of i, (t) versus t are shown in Figure 19-8(a) and (b). This 
is clearly the overdamped case in this RLC circuit. These plots are conveniently prepared by 
using the following calculations: 


t Uc ir 

0 — 4.00 2.00 
0.1 — 2.68 1.34 
0.2 — 1.80 0.90 
0.3 — 1.20 0.60 
0.4 — 0.80 0.40 
0.5 —0.54 0.27 
0.6 — 0.36 0.18 
0.7 — 0.24 0.12 
0.8 —0.16 0.08 
0.9 —0.11 0.05 
1.0 — 0.07 0.04 
2.0 — 0.001 0.0006 


00 0.00 0.00 


The state trajectory is shown in Figure 19-8(c). It just happens to be a straight line here. It 
starts at (—4, 2) for t = 0, and ends at (0, 0) for t = oo. For any t, the corresponding point on 
the trajectory specifies the state (vc, ij) at that time. "i 


An alternate and equivalent interpretation of the state x(t) is the following: The 
two numbers [x,(t), x,(t)] are the coordinates of the tip of a vector whose tail is at the 
origin (0, 0) of the state space. Such a vector is shown in Figure 19-9(a) for t = t,. For 
different times, the tip of this vector traces the state trajectory. For this reason we refer 
to x(t) as the state vector. 

A state vector x(t,) is shown in Figure 19-9(b) for a third-order (n = 3) network. 
The state space here has x,, x5, and x4 as coordinate axes; at t = t,, the components 
of x(t,) are x,(t,), x2(t,), and x3(t,) 


xi(t4) 
x(t,) = | X2(¢,) (19-28) 


~ X3(t,) 


For networks of order n > 4, the concept of the state vector is still valid. It is a vector 
in the n-dimensional state space with coordinate axes x,, x5,..., x,, whose tip has 
the coordinates x,(t), x,(t),...,x,(t) for every t. The actual drawing of such a 
multidimensional vector is another matter, but it certainly does not stop us from using 
the concept. 

To conclude this discussion, let us tie the ideas of the state trajectory to the study 
of stability (Chapter 18). We can define zero-input stability as follows: A network is 
zero-input stable if, for any given initial state x(0 ), the state trajectory remains 
bounded for all 0 — t < oo. In other words, every component of the state vector, x Kt), 
must be bounded 


IxX(D] « K  p=1,2,...,n (19-29) 


Probs. 19-15, 
19-16 
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X 


x(t) 


X2 


X3 n=3 


(a) (b) 
Figure 19-9 State vectors. 


where K is some fixed finite constant. Thus, none of the capacitive voltages and 
inductive currents must grow without bound as t > oo. This, in turn, puts the familiar 
restrictions on the characteristic values of the network: They must be in the left half 
plane (LHP) or, at the most, on the jo axis where they must be simple. 


19-6 STATE VARIABLES AND THE NETWORK FUNCTION 


The network function H(s) relates the zero-state response to the input. How do we do 
it with the state variables? The answer is fairly simple: Eliminate (mathematically) the 
state variables between the state equation and the output equation. Before doing it for 
the general case, let us consider a scalar case, n — 1. 

EXAMPLE 19-12 

In the RL network shown in Figure 19-10, the voltage transfer function H(s) is found 
immediately by the voltage divider 


R 
OLI Val) 


V; R 
ta Vout 


Figure 19-10 Example 19-12. 
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Solution. The state equation in i, (t) is 
di, R. x 1 
— = —— i, +0; 
dt L B" 
and the output equation is 
Vout = Ri; T. Vin 
exhibiting the state matrices (here scalars) 
R 1 
B 
Laplace transform these two equations, with zero initial conditions. [Remember: H(s) is 
calculated for the zero-state response!] We get 


R 1 
sI,(s) = — L I,(s) + L Vis) 


and 
Voa5) = RI,(s) 


Now eliminate /,(s)—the “intermediate” state variable— between these two equations. 
Specifically, from the first one we get 


and substitute this expression into the output equation 


Vou(S) = Vin(S) 


Ls + R 
with the network function clearly identified. No big deal, right? Yet, this process contains 
all the steps that we'll be using for networks of higher order. el 


To review this case and to prepare us for the general derivation, let us rework it 
using the standard generic notation in state variable analysis. The state equation 
(Equation 19-1) is here a scalar equation 


T = ax(t) + be(t) (19-30) 


and the output equation (Equation 19-4), is here 
r(t) = cx(t) + de(t) (19-31) 
Laplace transform both equations, under zero-state conditions: 
sX(s) = aX(s) + bE(s) (19-32) 
and 


R(s) = cX(s) + dE(s) (19-33) 
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The first one (Equation 19-32) is familiar to us from Section 19-3, where the total 
solution of x(t) was obtained. Compare with Equations 19-9 and 19-10 there. 
To eliminate X(s), we solve it from Equation 19-32 as 


(s — a)X(s) — bE(s) (19-34) 
that 1s, 


X= a bE(s) (19-35) 


and substitute into Equation 19-33 to get 


R(s) = c —— bE(s) + dE(s) 
- (e s = -b4 1)ec) (19-36) 
Therefore 
H(s) — c —— b +d (19-37) 


is the desired network function whose pole is the characteristic value s — a. Here, 
again, we use some "funny" algebraic notation, but it is perfectly correct. The reason? 
As earlier, we are preparing to plunge into the general matrix notation. 

The general state equation (Equation 19-1) is repeated here 


-i = Ax(t) + Be(t) (19-1) 
and the general output equation is Equation 19-4: 
r(t) = Cx(t) + De(t) (19-4) 
Laplace transform these two equations with zero initial conditions, to get 
sX(s) = AX(s) + BE(s) (19-38) 
and 
R(s) = CX(s) + DE(s) (19-39) 
Solve Equation 19-39 for X(s), as follows 
(sU — A)X(s) = BE(s) (19-40) 
X(s) = (sU — A) ! BE(s) (19-41) 


where U is the (n x n) unit matrix. Please review here the similar steps, detailed in 
Equations 19-18 through 19-23, but with x(0 ) = 0 here. 
Substitute Equation 19-41 into Equation 19-39 to get 


R(s) = C(sU — A) !BE(s) + DE(s) 
= [C(sU — A) !B + D]E(s) (19-42) 
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E, (s) R; (s) 

E, (s) R, (s) 
E(s) = . —— H(s) — Rs) - 

E,(s) R,(s) 


Figure 19-11 Matrix network function. 


where the order of multiplication of the matrices is carefully preserved; in the last step 
of Equation 19-42, the input matrix E(s) is factored out as a postmultiplier. 
In Equation 19-42, we recognize the desired input-output relationship 


R(s) = H(s)E(s) (19-43) 
with 
H(s) = C(sU — A) B + D (19-44) 


as the matrix network function, relating any number, p, of given inputs to any number, 
q, of specified zero-state outputs. This is illustrated in Figure 19-11. The single-input 
(p = 1) single-output (q = 1) case yields, of course, a scalar network function H(s). In 
our studies of 2-P networks (Chapter 16), we had two inputs, p = 2, and two outputs, 
q = 2. The various network functions, Z Y h, etc, were matrix network 
functions. 


0.C.? S.C.? 


EXAMPLE 19-13 


Consider the second-order (n — 2) network in Figure 19-12. The order n — 2 is big enough to 
illustrate fully all the matrix operations, yet small enough to make them manageable. 


iy (1) 


(Q, H, F) 
Figure 19-12 Example 19-13. 


Solution. The input here is E(s) = I;,(s), a single one (p = 1). The desired outputs are 
I,(s) and V,(s), so q = 2 and 
I,(s) 
R(s) = 
" Bal 


The state equations are (do it in detail!) 


zs = — 10i, (t) + 10i, (1) 


di(t) vct) _ 
dt 4 


zi, (t) 
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d |v] |. 0 —10][vc«(t) 10 ]. 
aol lroj Lo f° 


exhibiting the matrices A and B 


That is, 


The output equations are 


i(t) = i, (t) 
Up(t) = 2ig(t) = 2i,(t) 


i, | [9 1 |[ vc Qi 

"lo idi] nm 

C= oak D 
mfo 2 


With the four matrices fully identified, we use Equation 19-44 to calculate H(s) 
H(s = 0 1 S I0 TTO 
9-7lo2|| =t s4+4] |0 
TO -1 1 S 
| 10 2|s? +4s+2.5 


or 


Therefore 


| 
© 


BP + 
t3l- 
" | 
— 
e 
e. 
mÓ 
> o 
a 


5 
m 1 2S] 2s? +54+5 
s +45425/5 | 10 
2s? +s+5 
Consequently, Equation 19-43 reads 
5 
I,(s) i252 545 FH.) 
= Ij. (s) = H(s)l;.(s) P Is) 
Eel 10 H,(s) 
2$? +54+5 


607 


showing the (2 x 1) matrix network function H(s). Its denominator is the expected 


characteristic polynomial, det (sU — A). 


As a quick independent check, use the current divider equation to calculate I, (s) in 


Figure 19-12. We have there 


S 


608 19/STATE VARIABLE ANALYSIS 


which confirms H, ,(s) in H(s). The second output is 


10 
I. (s) 


Vp(s) = 2I,(s) = 2 ny 9 
RCS) iS) 252 +5 $ 5 in 


AB NOS. 
2554 s 4 5 in) 


confirming H , (s). E 


This concludes our discussion of relating the state variables description 
(A, B, C, D) to the network function H(s). In a sense, we have completed the circle. We 
started with the network function via loop or node analysis. Next, we took a big 
detour to explore the new method of state variable analysis. Finally, we returned to 
the network function via the state variables. 

A fascinating subject is the reverse problem: From a given H(s), find the 
matrices A, B, C, D. This problem of network identification (or synthesis) is 
considerably more difficult and is reserved for advanced courses. 


19-7 NUMERICAL CALCULATIONS 


To get an idea of the numerical methods available in the calculations of state 
variables, let us go back and consider the state trajectory of Section 19-4. What we did 
there was to calculate the zero-input state response from the state equation 


© x(0 = Ax(t) — x(07) given (19-45) 


with e(t) = 0 as required for zero input. The exact analytical solution is given in 
Equation 19-25, namely, 


x(t) = e^'x(0^) (19-46) 


with e^' defined in Equation 19-26. 

To develop an algorithmic step-by-step numerical approximate solution to 
Equation 19-45, we divide the time axis into intervals, t = 0, At, 2 At, 3 At,...,k At,.... 
If At is taken sufficiently small, the derivative in Equation 19-45 can be approximated 
as follows, for t = 0: 


= Ax(0) (19-47) 


dx(t) " x(At) — x(0) 
dt | ~ At 


that is, the derivative of x(t) at t = 0 is approximately the difference between x(At) and 
x(0) divided by At. If you recall your calculus, this is the basic idea in defining the first 
derivative of a function. From Equation 19-47 we get x(At) as 


x(At) z x(0) + Ax(0)At (19-48) 


Probs. 19-17, 
19-18, 19-19 
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or 


We repeat this step, to calculate x(2 At) from x(At): 


dx(t)] | x2At) — x(At) _ 
dt T A "s Ai = Ax(At) (19-49) 
x(2 At) = x(At) + Ax(At)At (19-50) 
In general, we obtain 
X(kAt) x x[(k — 1)At] + Ax[(k — 1)At]At (19-51) 


This expression gives the state x(t) at any time k At as the sum of the previous state 
plus a *correction term." Equation 19-51 is easy to implement on a digital computer, 
and, the smaller At, the closer will the numerical solution be to the exact one. 


Let us illustrate with the same equation as in Examples 19-9 and 19-11. 


EXAMPLE 19-14 
We have 


d [x(t] [-1 6 |[ x4(t) —— —4 

alawol t-a -élx5| "| 2 
Solution. For comparison purposes, take At = 0.1 s, as in the exact calculations of 
Example 19-11. Here we get from Equation 19-48 


off po 3 


Compare it with the exact (two decimal) result there 


— 2.68 
xu rs | 134 | 


We continue the numerical calculations and comparison 
—2.4 —1 6][ —2.4 T — 1.44 
daman Goh esl Ea ls om 
and the exact one is 
poe —1.8 
x(02) -* 99g 


The approximation is not very good. It can be improved by taking a smaller At, say, 
At — 0.01; at the same time, the exact (analytical) values should be calculated to 3 or 4 
decimal places. More sophisticated numerical methods may be used. E 


Prob. 19-20 
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PROBLEMS 
19-1 Obtain the state equation for each network shown. Assume initial conditions in letter 
notation, i, (0 ) and v«(0 ). 
iy) áy C R 
(a) (b) 
Problem 19-1 
19-2 Obtain the standard matrix state equation for the network shown. The initial state is 
Zero. 
v(t) = 10e* 
(Q,H, F) 
Problem 19-2 
19-3 Obtain the state and the output equations for the network shown. 
v(0-)=6 V 
l 
Problem 19-3 
*19-4 In Example 19-2, let all the elements be linear, time-varying. That is, the two resistors 


are defined by 


v4(t) = R4(t)i4(t) 
Vi ot) = Ry o(t)iso(t) 
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The inductor is defined by 
h(t) = L3(t)i3(t) 


and the two capacitors by 


q(t) = C,(t)v,(t) 
q(t) = C,(t)v,(t) 


Choose q,(t), q2(t), and $,(t) as the state variables, and formulate the state equations. 
Compare with Equation 19-1 for a linear constant network. 


19-5 For each network shown, determine its order n, draw its proper tree, and list its state 
variables. 


(a) 
(b) 


(c) (d) 


(f) 
(e) 


Problem 19-5 


612 
19-6 


19-7 

19-8 
*19-9 

19-10 


19-11 


19-12 


19-13 


19-14 


19-15 


19-16 


19-17 
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Formulate the state equations for the network shown. Do you need the initial state 
x(0 ) for the formulation? Explain. 


Problem 19-6 


Use the method of superposition for Problem 19-1. 

Use the method of superposition for Problem 19-3. 

Use the method of superposition for Example 19-7. 

In the characteristic equation of the first-order network (Equation 19-11), what is the 
obvious stability requirement on a? 


For old times' sake, solve Equation 19-8 by the classical time-domain method 
(homogeneous, particular, etc.). Start with its form 


dx(t) 
"A = ax(t) = be(t) 


and go as far as you can. Where must you stop? Next, as an alternate route, try the 
method of the integrating factor: Multiply the entire equation by e ^: then recognize 
the left-hand side as a total differential, 


d = 5 
di [x(t)e “] 


Now you can integrate both sides and continue. 

Calculate the zero-state solution for v4(t) in Example 19-5, Figure 19-2, with the 
following values: R; = 1 Q, r = 050, L, = 4H, C, = 0.1 F. 

In Problem 19-12, let the response (output) be r(t) = i,(t). With X(s) as obtained in 
Problem 19-12, calculate R(s) — I,(s). Confirm this answer by either loop analysis or 
node analysis. 

Rework Problem 19-12 by the formal approach of matrix manipulation (Equations 
19-18 through 19-23). Calculate e^' for this circuit, as in Equation 19-26. 

In a parallel RLC circuit we are given R=1Q, L=1H, C=1F, i,(0°)=14A, 
vc(0 ) = 1 V. Calculate the zero-input state response for this network and plot its state 
trajectory. Classify this circuit as overdamped, underdamped, or critically damped. 

In a lossless parallel circuit, L = 1 H, C = $F, ij (0 ) = 1 A, v(07) = 1 V. Calculate 
the zero-input state response and plot the state trajectory. 

Calculate H(s), the matrix network function, in Problem 19-6, with the given inputs. 
The desired output is the current through the top inductor, referenced positive from left 
to right. 
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19-18 Calculate H(s) for Example 19-5, Figure 19-2, with 
i,(t) 
r(t) = | v(t) 
ix(t) 
as the desired outputs. Element values are: R, = 1 Q, L, = 2H, C, = 0.1 F, r = 10. 


19-19 If the input vector E(s) is (p x 1), the output vector R(s) is (q x 1), and the order of the 
network is n, what are the dimensions of A, B, C, D, and H in Equation 19-44? 


19-20 Rework Example 19-14 by using At = 0.01 for 0 < t < 1. Write a short program to help 
you here. Plot and compare with Figure 19-8. 


Chapter 20 


The Fourier Series 


Periodic waveforms are very common in electronic circuits, communication networks, 
computer circuits, and power generation and distribution. In Chapters 9 to 13, we 
studied in detail the steady-state response due to one special kind of a periodic input, a 
pure sinusoid. In this chapter, we extend this study to other periodic waveforms. A few 
such waveforms are shown in Figure 20-1, with their common names. We will be 
interested in finding the zero-state periodic response of a linear constant circuit 
excited by such a periodic input, the related power calculations, etc. 

Why not use the Laplace transform? There are several reasons: First, these 
periodic functions are defined for all t, —oo « t « oo, but our Laplace transform is 
defined for functions that are zero for t « 0. This difficulty may be overcome, but even 
then the Laplace transform approach is very complicated; in addition, it masks the 
frequency response aspects of the circuit, and, as we saw in previous chapters, such 
aspects are basic to understanding the behavior of the circuit. With phasors, we were 
never too far from the physical aspects of the waveform —magnitude and phase. 

For these reasons, we will study and apply the ideas of the Fourier series. 


20-1 THE FOURIER SERIES 
A periodic function f(t) is one that repeats itself every T seconds. More precisely 
ft + nT) JO Hem. (20-1) 


for —oo « t « oo. The period of f(t) is T, and one cycle of f(t) is the portion of f(t) 
over one period. In Figure 20-1 we show a cycle of f(t) as f,(t) in color. The frequency 


614 
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(c) (d) 


Figure 20-1 Various periodic waveforms. (a) The square waveform. (b) The “saw- 
tooth" waveform. (c) The half-wave rectified waveform. (d) The full-wave rectified 
waveform. 


f of f (t) is the number of cycles per second (cps) and is measured in hertz (Hz) 
1 
= — 20-2 
faz (20-2) 


Given, then, one cycle f,(t) and the frequency (or the period), we know the periodic 
function f(t). These notions are familar to us from pure sinusoidal waveforms; here, 
we review them in preparation for extending them to other periodic functions. 

The French mathematician Jean B. J. Fourier (1768-1830), while studying 
problems of heat flow, discovered that a periodic function can be written as a sum of 
pure sine and cosine functions of different frequencies. More specifically, if we define 
the fundamental radian frequency o as 

2n 
ms caf = T rad/s (20-3) 
then we can write the Fourier series for f(t) as 
a 
f(t) — * + a, COS Wot + Az COS 2Mpt +++: + a, cos NWot t --- 


+ b, sin wot + b, sin 209t +--+ b, sin nogt +- — (20-4) 
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Here, the first term a,/2 is a constant. The sine and cosine terms are of integer 
multiples of @,), and they are called the harmonics. For example, the terms 
a, COS 4M 9t + b, sin 40st are the fourth harmonic. In general, the series is infinite, 
and a common practice in engineering is to truncate it after a certain finite number of 
terms with an acceptable error of approximation. 


EXAMPLE 20-1 


The Fourier series for the “sawtooth” waveform in Figure 20-2(a) is given by 
f(t) = 2 sin t — sin 2t + $ sin 3t+--- 


So here a,/2 = 0, a, = a; = = = 4, = 0, b, = 2, b, = —1, b4 = 4,.... In Figure 20-2(b) we 
plotted the three functions 

f(t) = 2 sint 

f,(t) = 2 sin t — sin 2t 


f(t) = 2 sin t — sin 2t + 2 sin 3t 


showing how the approximation improves with more and more terms. Prob. 20-1 


f) 


(a) (b) 
Figure 20-2 Example 20-1. ix 


Our main problem is: For a given f(t), such as in Figure 20-1, calculate its Fourier 
series, that is, the a's and the b's in Equation 20-4. As an interesting sidelight we 
mention the known sufficient conditions for f(t) to have a converging Fourier series: 


1. f(t) is single-valued. 

2. f(t) has, at most, a finite number of maxima and minima over the period T. 

3. f(t) has, at most, a finite number of discontinuities (“jumps”) over the 
period T. 

4. The integral 


tot T 
| |. f (t) dt 


o 


is finite. 
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These conditions (known as Dirichlet's conditions) are only sufficient; in other words, 
if f (t) satisifies them, then it has a Fourier series. However, they are not necessary: If 
f (t) does not satisfy them, it may still have a Fourier series. To this day, the necessary 
and sufficient conditions are not known. Of more interest to us is the comforting fact 
that most of the common periodic waveforms in engineering have a Fourier series. 


20-2 CALCULATION OF THE FOURIER COEFFICIENTS 


In order to calculate the a’s and b’s in Equation 20-4, we'll need the following results: 


T 
| sin kogt dt = 0 k integer (20-5) 
T 
| cos kwot dt = 0 k integer (20-6) 
T 
| (sin kw t)(cos post) dt = 0 k and p integers (20-7) 
" 0 kp 
| (sin km t)(sin post) dt = 4 T (20-8) 
a k=p 
2 
" | 0 k#p 
| (cos kogt)(cos poot) dt = + T (20-9) 
go Nep 


Here we use the convenient shorthand notation f7 to indicate the integral over one 
period, from some t, to tọ + T. The choice of t; is ours to make, and we'll do so often. 
Equations 20-5 and 20-6 are quickly established (think geometrically: What is the net 
area, over one period, under a pure cosine or sine?). To prove Equations 20-7 to 20-9, 
we use such trigonometric identities as 


TE 1 2 

sin x : sin y _ co x - y on x ; y (20-10) 

DL -sin = sin (20-11) 

COS X + COS y Xe Yy X= y 

ith T seats dit 20-12 
5 cos 2 cos 5 ( ) 


to express the integrands as sums or differences of sines and cosines. 

Functions that obey relations like Equations 20-7, 20-8, and 20-9 are named 
orthogonal; the sinusoidal functions are orthogonal over the period T, and it is 
precisely this orthogonality that allows us to calculate the Fourier coefficients. 
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Ready? Let's start with a,/2, the constant term in the Fourier series. To calculate 
it, we integrate both sides of Equation 20-4 over one period: 


T Ta T T 
| soa=| a | a, cos ot dt «| à, COS nogt dt + --- 


T 


T 
+f b, sin oot dt ++ | b, sin not dt + --- (20-13) 
which reduces to 
T a 
| f(t) dt -— T (20-14) 


since all the other integrals on the right-hand side vanish because of Equations 20-5 
and 20-6. From Equation 20-14 we get 


do! | ft) dt (20-15) 
2 T 
This is the average value of f (t), sometimes called the dc term. In many cases, it can be 
determined by inspection. 


To calculate a,, multiply both sides of Equation 20-4 by cos wot (certainly a 
valid operation!), then integrate over one period. We get 


r T d T 
| f (t) cos ost dt = | a COS Wot dt + | a,(COS Wot)? dt 
T 
T | a (cos 209t)(cos Wot) dt + --- 


T 
t | b,(sin ogt)(cos wot) dt 4 --- (20-16) 


On the right-hand side, every integral, except the second one, vanishes because of the 
orthogonality property. Therefore 


e I 
| f(t) cos ost dt =a, 3 (20-17) 
that 1s, 
2 T 
a, =; | f(t) cos Wot dt (20-18) 
Now we know why we multiplied Equation 20-4 by cos ct before integrating. It was 
precisely to save only a, on the right-hand side. 


The other a's are calculated in the same way. In general, to find a,, we multiply 
Equation 20-4 by cos nw ot, then integrate over a period. The result is 


2 T 
a, = | f(t) cos n@ot dt n= 0, 1,2... (20-19) 
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This equation is also good for n = 0, if we call the first (dc) term a,/2. Compare it with 
Equation 20-15. 
In a similar way, we get the general expression for the b's 


2 E 
b, = z| f(t) sin not dt n= 1,2,.-. (20-20) 


In Equations 20-19 and 20-20 we have the required Fourier coefficients for 
Equation 20-4. For emphasis and review, we repeat them: The periodic function f (t) is 
expressed in its Fourier series 


f(t) = a + Y a, cos nost + Y b, sin noot (20-4) 
where 
2 T 
a, = T | f (t) cos not dt (20-19) 
2 d 
b, = T | f (t) sin nogt dt (20-20) 


EXAMPLE 20-2 
Let us confirm the Fourier series for Figure 20-2(a), as given in Example 20-1. 
Solution. Here T= 2z and o, = 22/T = 1. Also, over a period 
RA zt —n-ct«m 
where our choice t; = — and tọ + T= z is rather obvious. Any other choice, though 
valid, would require different expressions for f (t) over the various ranges of T. 


Now calculate the coefficients. The dc (average) value of f(t) is zero by inspection: 
The net area under f (t) over —z < t < n is zero. Therefore 


do 

— m 

2 
Next, use Equation 20-19 


Zz {* 1[cosnt tsinnt |" 
a, == t cos nt dt = — r4 
eJ x n| n n do 


The integration can be done by parts or by looking it up in integral tables. The result is 


n n? n n? n 


1 k nz msinnt cos(—nz) nsin d ee 
T 


Now calculate b, from Equation 20-20 


b p i 1[sinnt tcosnt |" 
= — t sin nt dt = — — 
* al r| m 


n —Tn 
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For n — 1 we get 


For n 22 
Te: ea eee 
ae] 2 .2 
For n = 3 
is ifr " m| 2 
)x|3*3|"3 
etc., which agrees with the given series in Example 20-1. is 


As mentioned, f(t) may have different expressions over one period. Then we 
must write the integral in Equations 20-19 and 20-20 as a sum of integrals, each one 
with the appropriate expression over its range. 


EXAMPLE 20-3 


For the square waveform of Figure 20-1(a), we calculate a, as follows: 


2 —a[2 a/2 T/2 
a, = = | 0-cos not dt + | A-cos nost di + | Q-cos mgr dt | = -+ 
T —T/2 —a/2 a/2 
and similarly for b,,. di 


EXAMPLE 20-4 


A “staircase” periodic v(t) is shown in Figure 20-3(a), and its first cycle is given by 


1 0<t<0.25 
vw(t)-212 025<t<05 
0 GS <i<l 
with T = 1. Therefore, o4 = 2n/T = 2n. 


Solution. The Fourier coefficients are calculated as 


0.25 0.5 3 
| l1 dt + | 2 a =— 
0 0.25 4 


0.25 0.5 1 
| 1 cos 2nt dt + | 2 cos ina | = icti 
TU 


0 0.25 


0.25 0.5 3 
| 1 sin 2zt dt + | 2 sin 2zt ir =— 
7T 


0 0.25 


2 
"tta 
b es 

i 1 


Probs. 20-2, 
20-3, 20-4 


0.25 . 0.50 0.75 l 


(a) 
(b) (c) 
(d) (e) 
(f) (g) 


Figure 20-3 Example 20-3. (a) “Staircase” v(t). (b) v,(t) = $ — (1/z)cos 2zt. (c) 
v(t) = v,(t) — (1/n)sin 4nt. (d) v(t) = v(t) + (1/3z)cos 6nt + (1/n)sin 6nt. (e) 
v(t) = v(t) — (1/5z)cos 10at + (3/5n)sin 10zt. (f) vg(t) = v5(t) — (1/3z)sin 12nt. 
(g) v;(t) = v(t) + (1/7x)cos 14rt + (3/7z)sin 14nt. 


621 
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etc. The first seven harmonics are 


3. '1 3 1 1 
mL 2 2 dnd LA 
v(t) p cos 2nt + 4 sin 2zt - sin 4zt + E cos 6zt 
i. 1 3 E: 
+ —sin 6zt — — cos 1Ozt + — sin 10xt — — sin 12zt 
T Sr Sr 3n 


1 3 
+ — cos 14nt + — sin 14zt + --- 
7n Tr 


Plots of partial sums are shown in Figure 20-3(b), (c), (d), (e), (f), and (g). The 
improvement with additional harmonics is very clear. a 


20-3 SYMMETRY OF f(t) 


When the periodic function f(t) exhibits certain symmetry, there are simplifications 
for its Fourier series. Let us discuss two cases: 
1. When f(t) is an even function defined by 


f(-t) = f) (20-21) 


that is, f(t) is reflected, as in a mirror, about the vertical axis. In other words, if you go 
to the right t, units, the value of f is the same as if you go to the left t, units. See Figure 
20-4(a), where, for the fun of it, we show an even function shaped like the letter M, the 
letter M being “even.” 

It is fairly easy to show that for an even function 


A ned5 (20-22) 


Therefore, the Fourier series contains only cosine terms and possibly the dc term. The 
proof of Equation 20-22 follows from the general expression for b, (Equation 20-20), 
in which we invoke the symmetry condition (Equation 20-21). 

2. When f(t) is an odd function satisfying 


JC um e FA (20-23) 


This is a function that is reflected about the vertical axis, then about the horizontal 
axis. Go t, units to the right and find the value of f. If you go t, units to the left, you'll 


II) 


(a) (b) 


Figure 20-4 Even and odd functions. 
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find the negative of that value. See, for example, Figure 20-4(b), where an N-shaped 
function is odd. 
For an odd function 


a, —0 nee, 1,2, 3,... (20-24) 


and its Fourier series consists only of sine terms. 

These results are also acceptable intuitively: A pure cosine waveform is even, so 
the sum of only cosines yields an even f(t). A pure sine is odd, so the sum of only sines 
yields an odd f(t). This, however, is not a proof, just an easy mnemonic. 


EXAMPLE 20-5 


The square waveform in Figure 20-1(a) is even, so it contains only cosine terms, and a dc term 
(=aA/T by inspection). Check your answer to Problem 20-2. 
The sawtooth waveform in Figure 20-1(b) is odd, and its Fourier series consists of sine 


terms only. 
The full-wave rectified waveform of Figure 20-1(d) is even and contains cosine terms and 
a de term. i 


There are other symmetry conditions (such as half-wave and quarter-wave 
symmetries), but their *simplifications" in deriving the Fourier coefficients are not 
worth the trouble (and the memorization!) It is better to work with the general 
expressions, Equations 20-19 and 20-20. 
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In many cases, it is more convenient to combine the two terms of the nth harmonic 
(a, cos Wot + b, sin not) into a single equivalent cosine term. We did it in Chapter 9, 
but let us repeat it here. Divide and multiply by (a? + b2)!? to get 


a b 
a, COS nOgt + b, sin nogt = ./a? + b? I COS "gt + ————— sin moot | 
Ja2 + b? Ja +b 
(20-25) 
and with the help of the triangle in Figure 20-5, we recognize that 
a, cos nogt + b, sin not = A, cos (nost — 0,) (20-26) 


with 


A, = t/a +b? (20-27) 


Figure 20-5 Amplitude and phase of the nth harmonic. 


Prob. 20-5 
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the amplitude of the nth harmonic, and 


5, (20-28) 


6. tan 


the phase of the nth harmonic. Thus, the cosine Fourier series of a periodic function is 
f (t) = Ag + A, cos (Mot — 0,) + A, cos (209t — 05) + --- (20-29) 


where A, = a9/2, the dc term. 


EXAMPLE 20-6 
A periodic voltage, with cy = 2, is given by its Fourier series 


v(t) = 4.2 — 3.1 cos 2t + 1.3 cos 4t + 0.4 cos 6t + --- 
+ 2.8 sin 2t + 1.1 sin 4t — 0.3 sin 6t + --- 


Solution. The dc term is 
Ay = 4.2 
For the first harmonic we have 
A, = ./(—3.1)? + (2.8)? = 4.18 


and 
2.8 
0, = tan~ t —— = 137.9? 
pe 
For the second harmonic 


A, = J/ 0.3? + (1.1)? = 1.7 


Li 


6, = tan~ 1 — = 40.2° 
170 713 


For the third harmonic 
Á4, = (0.4)? + (—0.3)? = 0.5 
—0.3 
() mt c o = —36.9° 
3 an 04 


Be sure to get the correct quadrant for 0,, as given by the signs of b, and a,. The cosine 
Fourier series for v(t) is therefore 
v(t) = 4.2 + 4.18 cos (2t — 137.9°) + 1.7 cos (4t — 40.2°) 


+ 0.5 cos (6t + 36.9°) + --- Œ 


20-5 FOURIER SERIES, SUPERPOSITION, AND PHASORS 


By now you must have seen the reason for the cosine form of the Fourier series: If an 
input to a linear network is periodic, as in Equation 20-29, we can use superposition 


Prob. 20-6 
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and phasors to calculate the steady-state response. This is a major highlight of the 
Fourier series, as mentioned in the introduction to this chapter. 


EXAMPLE 20-7 


Let a periodic voltage source, given by v(t) in the previous example, be applied to a series RL 
circuit, as shown in Figure 20-6(a). Calculate the steady-state current i(t). 


(82, H) 


Sinusoidal 
(c) impedances 


(Q, H) 


(b) 
Figure 20-6 Example 20-7. 


Solution. Since 
v(t) = 4.2 + 4.18 cos (2t — 137.9°) + 1.7 cos (4t — 40.2°) + 0.5 cos (6t + 36.9°) 
it can be considered as a series connection of four sources 
v(t) = vo(t) + v(t) + v(t) + v3(t) 


as in Figure 20-6(b). Using superposition, let us take one source at a time. Since each 
source is purely sinusoidal, we can use phasors. In particular here 


I = YV 


is the appropriate input-output phasor relationship, with Y being the driving-point 
admittance. See Figure 20-6(c), where, for any c, 


1 
civi 7n (o2) 
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The dc source (œ = 0) vo(t) = 4.2 yields the phasor response 


1 
lo = 7499 42 = 42 


iy(t) = 42 


which could be written by inspection, since the inductor acts as a short circuit for dc. 
The first harmonic (co = co, = 2) yields 


1 
I, = 1+j 4.18/ — 137.9? = 2.96/—182.9° 


i (t) = 2.96 cos (2t — 182.9") 


The contribution of the second harmonic (c = 4) is 


1 
I, = tsp — 40.2? = 0.76/ — 103.6* 


i,(t) = 0.76 cos (4t — 103.6°) 


The third harmonic (c = 6) response is 


I, = qy 051369" = 0.16/—34.7° 


i,(t) = 0.16 cos (6t — 34.7°) 
Therefore, the total steady-state reponse is 
i(t) = 4.2 + 2.96 cos (2t — 182.9°) + 0.76 cos (4t — 103.6°) + 0.16 cos (6t — 34.7°) + --- 


and it is periodic, with the same c and T as the input, and given by its Fourier cosine 
series. E 


20-6 THE EXPONENTIAL FORM OF THE FOURIER SERIES 


Another useful form of the Fourier series can be obtained by using Euler’s identities 


jx = jx 
cos x = Ee. (20-30) 
and 
JX _ p= JX 
sin x = —— 5 — (20-31) 
2j 
in Equation 20-4. We get 
do | ein@ot Her jnoot re ein@ot _ — jnoot 
ft) 2— MEG aad — 20-32 
J0) = Pc 2 + hb ^: ( ) 


Collect together the positive exponentials and the negative ones: 


f(t) - = + y (* re + 5 S gere (20-33) 


n=1 n=1 


Probs. 20-7, 
20-8, 20-9 
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Now let us define a new coefficient, complex in general 
ay — jb, do 
C, = Ic xS Co = > (20-34) 


Then Equation 20-33 is written as 


f( =cot Y, ce"? + Y ce innt (20-35) 


n=1 n=1 


where, as usual 
a, —jb,\* a, + jb, f 
c= a = —— (20-36) 


is the complex conjugate of c,. One final simplification in notation will be introduced; 
let 


CE = Cn (20-37) 
Then Equation 20-35 has the compact form 
f= Y gg (20-38) 
Be sure to recognize that here the summation index n goes from — oo to + oo through 
all the integers. For negative integers, say, n — — 6, we get the term 
Qu FOO es plo Toner (20-39) 


because of Equation 20-37. Thus, for negative integers, we get the second summation 
in Equation 20-35. Next, for n = 0, we get cs, the dc term. Finally, for positive integers, 
we get the first summation in Equation 20-35. The exponential form of the Fourier 
series, Equation 20-38, is very compact and pleasing to the eye. Moreover, it has 
certain advantages that we'll explore. 

First, let us obtain the explicit form for c,, the complex coefficients. From 
Equations 20-34, 20-19, and 20-20, we write 


E b: ; | fes tdi - js. [ fO sin nost d 
Cn = 5 Mn Jm —7 5 T no JT 0 
1 T 
m. | f(t)(cos nost — j sin nost) dt 
LT à; 
4 :| fee dt (20-40) 


where Euler’s identity, e^ /* = cos x — j sin x, was used in the last step. Equation 20-40 
is valid for all integers n, negative, zero, and positive, due to Equation 20-37. 

To summarize and bring them together, we repeat our results: A periodic f(t) is 
written as 


f(t) = s LN iba (20-38) 


R= =m 60 


628 20/THE FOURIER SERIES 


where the coefficients c, are given by 
| T^ 
os | fü)je "9 dt (20-40) 


Note the symmetry between these equations: f(t) in one is replaced by c, in the other, 
the summation and the integral, the exponent in one and its negative in the other. 
These observations are not just skin deep. Their full significance and extensions are 
the subject of the following discussions. However, an example is in order now. 


EXAMPLE 20-8 
For the square waveform of Figure 20-1(a), let a — T/2. 


Solution. We evaluate c, according to Equation 20-40 
1 T/4 
C, == | Ae" Iot dt 
- TJ4 
since over the remaining range of T the integrand is zero. Carry out the integration 
A eg iroot T/4 A einwoT/4 = eg snwoT/4 
| T/4 T 


JN@ 


n 


T —jnog 
and since c, T = 27 we get 


A einni2 _ o-inml2 Ą 1 — gm2..g-jnu2 _ Asin (nz/2) 


"3 jnoo "a no T/A 2j 2 nn/2 
So here c, is real, not complex. But this could have been predicted from the beginning: 
f (t) is an even function, with b, = 0, and so c, = (a, — jb,)/2 = a,/2 here. 
Let us calculate the first few coefficients. For n = 0 we have 


Asin (nz/2) _ A (1/2) cos (nn/2) _A 
BEN nn/2 [73 1/2. NE 


where we had to use l'Hópital's rule on the indeterminate form 0/0. Next, for n = 1 


Asinz/2 A 
C, = — = — 
! 2 m2 T 
and immediately for n = — 1 
A 
xx BT 
For n = 2, 
A sin x 
LU oe 


and therefore 


For n = 3, 
A sin (32/2) A 
€4 ———————— 
"^2 ix 3n 
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and 


The Fourier series is then, according to Equation 20-38, 

f(t) 2 -- LÀ gritos 4 gg- Pon 4 A Ts =n e "Lacs eee TA nen 4 
3n 2 3x 

To bring it into a trigonometric form, combine exponentials 


A 
f(t) = 3 + — 2 (em + e Tin. 6 ken 4. (ees 4e e Jot) di e 


A 2A 2A 
mg tu 005—-. .O Say En 


where, again, Euler comes to the rescue in the last step. "a 
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Consider a one-port linear network, where the voltage and current at the port are 
periodic, expressed in their cosine Fourier series 


v(t) = Vo + Ja Viete COS (Wot + 04) + Ja Voce COS (20t + 45) + --- (20-41) 


and 


i(t) = Ig + JJ Liete COS (Wot + By) + Ja I5, COS (20t + P2) +-+- (20-42) 
Here we remember that both functions have the same wọ. Also, we expressed the 


amplitude of each individual harmonic (a pure sinusoid) as ja times its effective 
value, as studied in Chapter 11. 

With the usual associated references for v(t) and i(t), as in Figure 20-7, the 
instantaneous power in the one-port is p(t) = v(t)i(t). Of practical interest is the 
average power, given as always by 


ae iid Lt 
=F | p(t) dt — T | v(t)i(t) dt (20-43) 
If we substitute the expressions for v(t) and i(t), and recall the orthogonality equations 
of the cosine function (Equation 20-9), we get 
Pay = Volo + Vi arl; ete COS (x4 — By) + Vo eee zere cos (x5 — B5) +--+ (20-44) 


i(t) 


——— 


Figure 20-7 Power calculations with periodic waveforms. 


Probs. 20-10, 
20-11 
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that is, 


Py = Volo + * V, ert! n ecc COS 0, — Pg tPF; +P, + P, Te (20-45) 
1 


n= 


In words, the average power is the sum of the average powers of all the harmonics, 
including dc. The average power of the kth harmonic is, as in Chapter 11, 


P, = V, rl ,er COS 0, (20-46) 
with cos 0, = cos (a, — f), the power factor of that harmonic. 

Different harmonics of voltage and current, such as the third harmonic of v(t) 
and the second harmonic of i(t), do not contribute to the average power. 
EXAMPLE 20-9 
In Example 20-7, we had for the RL circuit 

v(t) = 4.2 + 4.18 cos (2t — 137.9?) + 1.7 cos (4t — 40.2°) + 0.5 cos (6t + 36.9?) + --- 
i(t) = 4.2 + 2.96 cos (2t — 182.9?) + 0.76 cos (4t — 103.6?) + 0.16 cos (6t — 34.7?) + --- 


Solution. The average power dissipated is 


P, = (4.2)(4.2) + wat F cos 45° + Ld LL 
eme (E eer CE) 


0.54 /0.16 
+ | —= || —— | cos 71.6? = 17.64 + 4.374 + 0.289 + 0.013 
ANJA 
= 22.3 W 
where we’ve used terms through the third harmonic. a 


While we are at it, let us calculate the effective (RMS) value of a periodic 
waveform in terms of its Fourier coefficients. To be specific, let us look at i(t), as given 
in Equation 20-42. By definition, 


ln = J = | OP dt (20-47) 


the effective (RMS) value being the square root of the (average) mean of the square of 
i(t), as obtained in Section 11-2. With Equation 20-42 we write 


1 T 
Pa= = | [Io + 2 I, COS (Wot + By) + /2 IL, cos (2Wot + 5) + ---]? dt 
(20-48) 


Here, again, because of the orthogonality of the cosine functions, all the “cross- 
product” terms involving different harmonics will integrate to zero. The only 
surviving terms will be products of the same frequency. Therefore (fill in the details!) 


[eee = 16 + Ieee + Ud ete + °° (20-49) 


the sum of the squares of the effective values of all the harmonics, including the dc 
term. 


Probs. 20-12, 
20-13 
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EXAMPLE 20-10 
For v(t) and i(t) of Example 20-7, we have 


Var = | «oy + (52) 4 (=) + C] = 529 V 


t= [ay + (258) + OMY PSY" Lana 
PEE he J/2 J/2 /2 | 


As a quick check, the average power in the resistor there is 


and 


P,, = IR = (47312 22.3 W 


as before. A quickie: Why can’t we calculate here P,, as V2,,/R? E 


As a concluding note, we give a geometrical interpretation to Equation 20-49. 
With only the dc term and the first harmonic present, the effective value is given by 


I2, = I$ + ler (20-50) 


This relation is shown in Figure 20-8(a), where the two sides of the right-angle triangle 
are I, and Iepe, and J,,, is the hypotenuse. With the second harmonic also present, we 
have 


I2 = I6 + Har + Lett (20-51) 


li eff 


I4 eff 


I5 eff 


h eff 


I eff 
Ip 


(c) 
Figure 20-8 Geometry of effective values. 


Probs. 20-14, 
20-15 
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and I.,, is the hypotenuse of a three-dimensional right-angle triangle. See Figure 
20-8(b). Continuing in this manner, we can interpret J,,, in Equation 20-49 as the 
hypotenuse of a multidimensional right-angle triangle, each side of which is the 
effective value of each harmonic. See Figure 20-8(c). When drawn to scale, such a 
sketch provides a handy way for finding the effective value. 

Or, you can think of I,4, as the length (norm) of a vector whose components 
along each axis are the effective values of each harmonic, and the axes are orthogonal. 
In this sense, it is quite similar to the length of the state vector discussed in the 
previous chapter. 


EXAMPLE 20-11 


Let us consider the sawtooth waveform shown in Figure 20-9. It is the same as in Example 11-6, 
where we found directly and exactly 


Voce = =| (Ft) 4-7 0.5773A 
ft IT | AT = B R V. 
Let us do the same, using harmonic analysis. The complex Fourier coefficients are given by 


l [ A te ieot dt Ag t . A z0 
= — te o = ———— = ] — 
kd —jnog T ! nn " 


yj A ejoo 4 j eoo 4 j A esos haas 
2n 4n 67 
Collect exponentials and use Euler’s identity to get 


A A. A. A. 
v(t) = > — — sin Mot — > sin 2wot — 3 sin 3wot + --- 


Therefore 


«- MG] C G5) - Go 


where we included terms through the tenth harmonic. Compared with the exact value AJ /3, 
the error is 0.83 percent. 


Figure 20-9 Example 20-11. red 
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*20-8 CONVERGENCE AND ERROR 


We cited earlier the sufficient Dirichlet conditions for the convergence of the Fourier 
series. In the previous example, we saw the error introduced when the Fourier series is 
truncated after a finite number of terms—a step that is inevitable in all practical 
applications. 

Consider, then, a finite Fourier series 


S,(t) = 7+ x (a, cos kot + b, sin kot) (20-52) 


with (2n + 1) terms, which approximates f(t). The error in this approximation is 


e(t) = f(t) — S,(t) (20-53) 


where the subscript n reminds us that the error is dependent on the number of terms 
taken in S,. In many theoretical and applied cases, we do not deal with e,(t), but with 
the mean square error, given by 


1 a 
=a | [e,(t)]? dt (20-54) 


The usefulness of E,, rather than ¢,(t), is twofold: (1) we are not interested in 
instantaneous positive or negative errors, so we square ¢,(t) and get a positive 
quantity [e,(t)]*; (2) we average [¢,(t)]” to get E,, a constant that depends only on the 
number of terms taken in S,,. 

Specifically here we have 


- : | ‘TO — SOY di (20-55) 


If we minimize E,, the following conclusion is reached: Of all possible finite 
trigonometric series that approximate f(t) 


k=1 


the minimum E,, will be obtained if the series is a Fourier series, that is, if 


a Gg 
duit: 
Q1 — ay pi =b; (20-57) 


a, = d, p, = b, 


Stated in other words, the finite Fourier series is the best trigonometric series 
approximation with the least mean square error. 


t There are, of course, other error criteria. For example, the minimization of the maximum possible 
value of |e,(t)| is one such criterion. It does not lead to Equation 20-57. 
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f(t) 


3 [f(to-) + F(to+)] 


f(to+) 
Figure 20-10 A point of discontinuity. 


At a point of discontinuity (allowed by Dirichlet’s condition), the Fourier series 
converges to the average value 


Ff (to) = 3Lf(to-) + f(to+)I (20-58) 


as shown in Figure 20-10. Also, the following properties of the Fourier coefficients are 
useful: 


1. When f(t) has discontinuities, the coefficients a, and b, decrease in 
magnitude as 1/n. For example, the coefficients b, in the sawtooth wave 
(Example 20-11) are proportional to 1/n. There are no a,’s there. Another 
example is the square waveform of Figure 20-1(a). 


ft) 
i 
t t (a) 
| 
| 
| | 
| ' | 
| | | 
| | | 
t (b) 
l | 
AE | 
g(t) | 
| | 
| | ! 
| a 
| (c) 
| 
| 


Figure 20-11 Continuous and discontinuous waveforms. 
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2. When f(t) is continuous but df/dt = f'(t) has discontinuities, a, and b, 
decrease in magnitude as 1/n?. An example is shown in Figure 20-11(a) and 
(b). The waveform f,(t) is continuous, but f/(t) has discontinuities. 

3. When f(t) and f'(t) are continuous, but f"(t) = d*f/dt? is discontinuous, a, 
and b, decrease in magnitude as 1/r?. In Figure 20-11(c), the function g(t) is 
made up of parabolic sections (t°). It is continuous, as is its first derivative 
given by f(t). Its second derivative g"(t) = f/(t) is discontinuous. 

4. In general, when f(t), f'(t), f"(t),..., f?~ (t) are continuous, but f(t) = 
d"f (t)/dt? is discontinuous, a, and b, will decrease in magnitude as 1/n" * !. 
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We have developed so far several equivalent ways of representing a periodic f (t) by its 
Fourier series. From a given f (t), we can obtain its wo, a,, and b, (Equations 20-4, 
20-19, and 20-20); or else its A, and 0, (Equations 20-27 and 20-28); or its c, 
(Equations 20-38 and 20-40). Conversely, from a, and b,, or from A, and 0,, or from 
c,, We can obtain f(t). What have we got here? Why, a transform! A function f(t) in 
the time domain is transformed into the frequency (w) domain. From the frequency 
domain, the inverse transform (here: the explicit writing of the series) yields back f(t). 
This idea is illustrated in Table 20-1. 

The major advantage of any transform is also clear here, namely, the ease of 
calculations in the transform (frequency) domain. The amplitudes and the phase 
angles of the various harmonics are handled easily, for example, by superposition. The 
effects of higher-order harmonics can be easily calculated or estimated, as was done in 
the previous section. Such insight into the frequency domain is the main reason for the 
use of the Fourier series. 

To illustrate these advantages further, electrical engineers resort to graphical 
displays. Consider again the Fourier cosine series (Equation 20-29), repeated for 
convenience 


f(t) 2 Ay + y A, cos (nost — 0,) (20-59) 


The amplitudes Ao, A,,..., and the phase angles 05, 0,,... of the harmonics can be 
plotted versus the harmonics nc. These plots are called, respectively, the discrete 
amplitude spectrum and the discrete phase spectrum of f (t). They provide graphically 
all the information on the frequency contents of f(t) in Equation 20-59. 


TABLE 20-1 FOURIER SERIES TRANSFORM 


Time domain Frequency domain (og, 209, 309, . . -) 
f(t) Mo; Ans b, 
Period = T Or: Wo, Ans O, 


Of: Wo; C, 


Probs. 20-16, 
20-17 
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EXAMPLE 20-12 
In Example 20-7, we had a (hypothetical) periodic voltage 
v(t) = 4.2 + 4.18 cos (2t — 137.9?) + 1.7 cos (4t — 40.2?) + 0.5 cos (6t + 36.9?) + --- 


Solution. Its two discrete spectra are plotted in Figure 20-12(a) and (b). These plots are 
discrete because A, and 0, exist only for integer values of œ = 0, Wo, 209, .... There is 
nothing, for instance, at œw = 1.309 or at œ = 2.010. Only integer harmonics, by 
definition and by derivation, enter into the Fourier series. 

Note: In the amplitude spectrum, we always plot positive amplitudes. If a 
harmonic has a negative sign in front of it, we add 180° to the angle, 


180? 
90? 
neg 
—90? 
(b) 
Figure 20-12 Example 20-12. i 
In a related way, we treat the exponential form of the Fourier series. Here 
a, — jb, à; 
ga Ip [gifs (20-60) 


r 2 
and therefore the amplitude spectrum is 


[Cal = 34/4 + ba = $A, (20-61) 


a scaled (halved) version of A,. Furthermore, since 
[e-a] = lez] = Ic, | (20-62) 


the discrete plot versus +na, extends from — oo to + and is even. 
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EXAMPLE 20-13 


The square waveform of Figure 20-1(a) has the complex Fourier coefficients 


irt Af” a Aa sin (nza/T) 
Cr = pe; nod dt a rud. e n e 
zÍ ®© F im T  nza/T 


which is derived in the same way as in Example 20-8. There we chose a — T/2, but here we left it 
arbitrary, a « T. Since f(t) is an even function, b, = 0 and c, is real, positive or negative. If 
C > 0, then 0, = 0°, and if c, < 0 then 0, = 180°, as agreed earlier. 


Isl 


—40T —207 0 207 407 nog 


—407T —20T 0 207 407 NW, 
—20w, —10w5 10w, 20c 


Figure 20-13 Example 20-13. 


Solution. In Figure 20-13, we show two plots of discrete spectra |c,| versus noy. In (a), 
we chose T= 4, a= 0.1, so that o = 4x and a/T = 1. In (b) we took T= 1, a = 0.1, 
Oo = 2n, a/T = 15. 

We make the following observations. As the period T increases, the fundamental 
frequency o, decreases, since oy = 2z/T. Consequently, with a larger T, there are more 
harmonics in the Fourier series. This is also reasonable: To approximate f(t) = 0 from 
— T/2 to —a/2 and a/2 to T/2, for a large T, more sines and cosines of many harmonics 
are needed so that their oscillations (-- and — values) can cancel to give the required 
zero value. 

Finally, the dashed line joining the tips of the amplitude spectra is shown only 
because it is the plot of the function |sin x/x|, a very common curve which we'll study 
later. i 


Probs. 20-18, 
20-19, 20-20 
20-21 
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The attenuation and the phase response plots of a certain network are shown in Figure 20-14(a) 
and (b). Calculate the first three terms of its voltage output if the input v,,(t) is given as 


v, (f) = 10 + 4.6 cos (t — 15°) — 2.1 cos (2t + 40°) + --- 


(a) 


-2710° 


Figure 20-14 Example 20-14. 


The attenuation is the negative logarithmic gain (Chapter 17) 
—ag(o) = —20 log | H(jo)| 


From the given continuous frequency response plots, we read the required discrete points and 
calculate, in a similar way to Example 20-7, 


1. At dc (œ = 0): 
|H(j0)| = 10929 = 1 


| Vou(J0)| = (1)(10) = 10 
On = 0° * - - 0? j: 0,. - 0° 
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A Atos]: 
|H(j1)| = 10~7/2° = 0.707 
| Vour(J1)| = (0.707)(4.6) = 3.25 
05 = —135° S0 Oout = — 135° — 15° = —150° 
3. Ato =2: 
|H(j2)| = 10^ 18/29 = 0,126 
[V,42)| = (0.126)(2.1) = 0.26 
0, = —210° S0 0,47 — 210° + 40° = —170° 
Therefore 


v, (D = 10 + 3.25 cos (t — 150°) — 0.26 cos (2t — 170°) + --- 


This example illustrates the use of frequency response plots together with discrete spectra 
for calculating a periodic output. This is one instance where the Laplace transform enters the 
picture, since H( jo) = H(s) for s = jo. E 


The discrete power spectrum in Equation 20-45 can also be plotted versus no. 
See Figure 20-15. We may do it in either of two ways: A single-sided plot of Po, P4, 
P,,... versus w = 0, Wo, 20$, ..., similar to the amplitude plot of A, in Figure 20-11, 
or a double-sided even plot versus œ = 0, +@ 9, +29, ..., similar to the plot of |c,| in 
Figure 20-12. In the double-sided plot, it is customary to assign one half of P, to 
@ = ko, and the other half to o = —ka@,. The same happened in the plot of |c,,| in 
Equation 20-61. Remember: Physically, there are only positive frequencies, + ko. 
The negative frequencies are a mathematical convenience related to the exponential 
form of the Fourier series and Euler's identity for cosines and exponentials. 

The idea of larger and larger T, briefly mentioned earlier, is the subject of the 
next chapter. We'll let the period T — oc, thereby obtaining a nonperiodic waveform 
in the time domain. The corresponding Fourier series, a sum, becomes then a Fourier 
integral. 


(a) (b) 


Figure 20-15 Power spectra. 
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PROBLEMS 


20-1 


20-2 


20-3 


20-4 
20-5 


20-6 
20-7 


20-8 


v(t)= 
V2 120 sin 377t 


(a) Plot cos? t versus t and determine its period T. 
(b) Use Euler’s identity 


e* 4 e & 


cos x = 
2 


to find the finite (and exact) Fourier series of cos? t. 


Calculate the Fourier series for the square waveform in Example 20-3 with T = 8,a = 2, 
A — 10. Write the series through the fifth harmonic. 


Repeat Problem 20-2 for the half-wave rectified waveform in Figure 20-1(c), with 
T — 2n, A — 1. Plot successively the partial sum of: (1) the dc term and the first 
harmonic; (2) add the next harmonic; (3) add the next harmonic. 

Repeat Problem 20-3 for the full-wave rectified waveform of Figure 20-1(d). 

The half-wave rectified waveform in Figure 20-1(c) is neither even nor odd, so it 
contains sines and cosines in its Fourier series. See Problem 20-3. Nevertheless, we can 
make it even by shifting the origin to the right by T/4. That is, with t as the new (shifted) 
time variable 


T 
T=t-— 4 
the function f(t) is even. Use this property to expand f(t) in its Fourier series 
containing only cos noo: terms. Then substitute for t to get the original Fourier series 
in t. Use the same numerical values as in Problem 20-3, and compare results (they must 
be the same, of course!). 


Write the cosine Fourier series for the half-wave rectified waveform of Problem 20-3. 


A square-wave current source, of Example 20-3 and Problem 20-2, is applied to a 
parallel RC circuit, R = 0.25 Q, C = 3 F. Calculate the steady-state voltage response up 
to and including the third harmonic. Plot it together with i(t). 


A half-wave rectifier circuit is connected to the common household outlet, as shown. Its 
output is v,(t) and is given by (compare your answer with Problem 20-3) 


120,/2 4 120,/2 sin 377t — - 120/2 - Y 


T 2 n=2,4,6,... 


1 
1 cos 377nt 


v(t) = 2 
where «c = 2z(60) = 377 rad/s. This waveform must be smoothed out before it is 
applied to a resistive load, for example, a car battery that needs to be charged. For this 
purpose, an LC filter is inserted as shown. 


Half-wave 
rectifier 


+ | + 
vu, (t) “T 1000 2 vp (t) 


Filter Load 
(Q, H, F) 
Problem 20-8 
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*20-9 


20-10 


20-11 


20-12 


20-13 


20-14 


Calculate the first three terms (dc, the first, and the second harmonic) of the 
output voltage v,(t). 

Notice the reduced amplitudes of the harmonics in v,(t), causing a smoother 
waveform. Plot it together with the half-wave rectified voltage v,(t). 


As we saw in Chapter 9 and in Example 20-5 here, a constant linear network does not 
change the frequency of the periodic input, and the output is of the same frequency. This 
is not true, in general, in a nonlinear network. Consider a nonlinear resistor, defined by 


v=ij 
over a certain range of currents and voltages. Let the input current be 
i(t) =2+ 1.1 cost 


Calculate the output v(t). What is its period? What harmonics are present in v(t) that 
are not in i(t)? Plot i(t) and v(t). 

Calculate the exponential Fourier series for the sawtooth waveform of Figure 20-1(b), 
with A = 10 and T = 4. Get the first five coefficients c,, n = 0, +1, +2, +3, +4, write 
the series as in Equation 20-38, then reduce it to its trigonometric form. Hint: In your 
calculations you'll need the following integral 


ax 


xe e 
| xe dx = mb. 1 
a a 
(you're welcome). 
A periodic voltage is given by its first cycle 
v,(t) = 20e" 0f Tal 


Calculate, through n = +4, its exponential Fourier series and reduce it to its 
trigonometric form. 


Let the exponential Fourier series for v(t) and i(t) be 


v(t) = Y, c, ein» 


— o0 


Wa deg" 
Prove that the average power is given by 


um = x. Cae 
For the 1-P network in Figure 20-6, we are given 
v(t) = 2.4 + 1.6 cos 2t — 0.9 cos 4t 
and 
i(t) = 1.3 sin 2t + 0.8 sin 4t 


Without any calculations, determine what type of passive elements (R, L, M, C) are 
inside the 1-P. 


Express the effective value of f(t), Equation 20-4, in terms of the a’s and the b’s of its 
Fourier series. In this form, it is known as Parseval’s theorem. 
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20-15 


20-16 


20-17 


20-18 


20-19 


*20-20 


20-21 


20-22 
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Express the effective value of f (t), Equation 20-38, in terms of the c's in its exponential 
Fourier series. 


Use the properties of a, and b,, as related to 1/n, 1/n?, etc., to check your results in 
Problems 20-2, 20-3, and 20-10. 


Plot the periodic function 
f (5 = |t] —n«t«m 


with T = 2r. Expand it into its sine and cosine Fourier series, making full use of such 
considerations as evenness or oddness, the discontinuity of its derivative, etc. Write out 
fully its series up to and including the fourth harmonic. 


In Example 20-13, calculate for both cases (a) and (b) the values of |c,| up to and 
including n = 10. Prove that, in (a), c, = 0 for n = +5, +10, +15,... and that, in (b), 
c, = 0 for n = +10, +20, +30,... 


Plot the discrete spectra for Problem 20-3. 


How do the discrete spectra of f(t) change if f(t) is shifted by t, units to the right? Hint: 
Write f(t) in its exponential Fourier series, then replace t by (t — tọ). 


A periodic f(t) is given by its first cycle 
i= Oeil Ti 
Calculate and plot |c,| and 0, for n = 0, +1, +2, +3, +4. 


In the circuit shown, the current source is periodic and given by 


i(t) = 10 + 15 cos (100t — 30°) + 8 cos (200t + 45°) 


(a) Calculate the cosine Fourier series of v(t). 

(b) Plot the discrete magnitude and phase spectra of i(t) and of wt). 
(c) Calculate and plot the power spectra for the circuit. 

Hint: Think basics! 


Problem 20-22 


Chapter 21 


The Fourier Transform 


21-1 THE SQUARE PULSE REVISITED 


Consider again the periodic square waveform, as discussed in Chapter 20. It is 
repeated here in Figure 21-1(a). Its exponential Fourier coefficients are 

Aa sin(nna/T) Aa sin (n@,a/2) 

C, = — —_— = = MMM (21-1) 

T  nna/T T | noga/2 
as derived previously. They are all real (positive or negative), because f(t) is even. 
Two discrete amplitude spectra are shown in Figure 21-1(b) and (c), for a/T = § and 
for a/T = i5. We repeat several important observations: 


1. If we keep a fixed and increase T (here, from T — 5a to T — 10a), the 
fundamental frequency decreases, since o = 2z/T. 

2. The discrete frequencies kw, become closer to each other with an increase in 
T; that is, more and more harmonics are present, and their separation 


(n + 1)0g — nog = Wo (21-2) 
gets smaller and smaller. 
3. The envelope of the plot is a continuous function given by 


_ Aa sin (wa/2) 


(=a ane (21-3) 


where (c,) means the continuous envelope plot. The plot of Equation 21-3 is 
the standard mathematical curve of sin x/x, with x = wa/2, shown in Figure 
21-2. Because we plot |c,|, there are only positive lobes in Figure 21-1. 
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f(t) 


—407 —20mT 0 207 407 NW, 


—40T —20T 0 207 407 NW 


(c) 
Figure 21-1 The square pulse. 


sin x 
x 


Figure 21-2 Plot of sin x/x. 
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f(t) 


PEE 


T =%— 


Figure 21-3 A nonperiodic function. 


4. The amplitude c, is zero when 


. nna 
sin —— = 0 
T 
that is, when 
na 
— = +1, +2, +3, 
Poth tes 


For a/T = 4, these zeros occur when 
n= +5, £10, 415... 

that is, at 

gr ES + 10m,, 1125320,,... 
For a/T = 5, they occur at 

@ = +10); £20@5, t3005,,... 

In general, for a/T = 1/N, they occur at 
wo = +Na@o, +2Na@o, -3No,,... 


(21-4) 


(21-5) 


(21-6) 


(21-7) 


(21-8) 


(21-9) 


and, as T increases (N increases), there are more and more harmonics 


between these points. 


5. As T > œ, the function becomes nonperiodic, as shown in Figure 21-3. 
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The exponential Fourier series is 


with 


= 2 
f(0- Y «e — a =F 


n 


[mm | 
C, == | fie" gr 


—T/2 


(21-10) 


(21-11) 
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From Equation 21-11 we have 


T/2 . 
Te, = f(e e dt (21-12) 


—T/2 


Let us see what happens when T — oo. First, the separation between successive 
harmonics (Equation 21-2) becomes infinitesimally small 


Wy > Aw (21-13) 
and the discrete frequency variable nc becomes a continuous variable 
no > o (21-14) 


Thus, the integral in Equation 21-12 becomes 


| f (De ?*' dt = F(o) (21-15) 
and Equation 21-10 is rewritten as 
b 4 
T0 em = >, ore” Ag (21-16) 
T. n=- 


using Equation 21-13. In the limit, the summation becomes an integral, and we get 


f= x | ' F(@)e do (21-17) 


due to Equation 21-15. 

Equations 21-15 and 21-17 are the Fourier transform for f (t). More specifically, 
the direct Fourier transform of f(t) is given by Equation 21-15, transforming a time- 
domain function into the frequency domain. Symbolically we write it as 


F f(t) = F(o) (21-18) 


where ¥ is the symbol of the Fourier transform. The inverse Fourier transform of 
F(q@) is given by Equation 21-17, retrieving the time function from its frequency 
transform. Symbolically, 


£ -iF(o)- f(t) (21-19) 


EXAMPLE 21-1 


Let us calculate the Fourier transform of the nonperiodic square pulse of Figure 21-3. 


Solution. From the defining equation, (Equation 21-15) we have 


«n e Jot]? A wa 
FIO = | Ae 7)" dt =A = — 2 sin — 
—a/2 —JO |-g2 ©® 2 

sin (wa/2 

a da 2 0909/2) 


wa/2 
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Compare it with Equation 21-1 for the discrete spectrum of a periodic square pulse, and 
to the envelope of this spectrum, Equation 21-3. We recognize the transition as T > oo: 
The periodic f(t) becomes nonperiodic; its discrete frequency spectrum becomes a 
continuous spectrum containing all the frequencies, F(a). & 


Our derivation, while not totally rigorous, is more than adequate for our 
engineering applications. Just as in the Fourier series, there are sufficient Dirichlet 
conditions for the Fourier integral to exist. They are similar to those for the Fourier 
series: (1) over a finite interval, f(t) may have, at most, a finite number of finite 
discontinuities; (2) f(t) may have, at most, a finite number of maxima and minima; (3) 
f(t) is absolutely integrable, that is, (^ | f(t)|dt = M, a finite number. However, 
several important functions that do not satisfy these conditions still have Fourier 
transforms, because those conditions are only sufficient, not necessary. 

The function F(o), as an extension of c,, can be complex, in general. (Why is it 
real in Example 21-1?) We write it either in its rectangular form 


F(@) = R(o) + jX(o) (21-20) 
showing the real and imaginary parts of F(q); or else in its polar (exponential) form 
F(o) = |F(o)|e/*«» (21-21) 


showing its magnitude and angle. We call | F(@)| the continuous amplitude (magnitude) 
spectrum and $(co) the continuous phase spectrum of f(t). Quite obviously, these are 
the extensions of the discrete spectra of a periodic function. 


EXAMPLE 21-2 
In Example 21-1, the continuous amplitude spectrum is 


sin (wa/2) - 


|F(o)| = Aa ^ oa] 


sin o 
wo 


for A = 0.5 and a = 2. 


Solution. Its plot will be the same as in Figure 21-2, but with the negative lobes made 
positive. The continuous phase spectrum $(o) will be 


0° —N<w<7n, 2n«o-«3m,... 
$(0) = 180° —an«o-c-—m, m«o «2m... 


The earlier plot of 0(c) is not continuous; the adjective “continuous” in “continuous 
phase spectrum" reminds us that it is computed and plotted for the continuous frequency 
variable c. Ex] 


EXAMPLE 21-3 
Let us calculate the Fourier transform of 
f(t) 2 e “u(t) a0 


as shown in Figure 21-4(a). 
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| F(a) | 
l/a 


fG) 


(a) 


Figure 21-4 Example 21-3. 


Solution. We write 


oo 


oo 


1 
e *y(t)he )" dt = | eT IO gi us — = F(a) 
ó a 4 jo 


Fe "ywt)- | 


— oo 


which we recognize as F(s) = 1/(s + a) with s = jw. We'll return to this topic later in this 
chapter. The magnitude spectrum is 


1 
| F(@)| = | = 
a t Jo a? + œ? 
and the phase spectrum is 
(o 
(w) = — tan! : 
: nme Probs. 21-1, 
Their plots are shown in Figure 21-4(b) and (c). B 21-2 


EXAMPLE 21-4 


To illustrate the use of the impulse function in the Fourier transform, let us consider, first, the 
direct evaluation of 


Fi=? 


Solution. Clearly, the function f(t) = 1 does not satisfy one of the Dirichlet conditions, 


since 
oo 
| 1 dt — oo 


= o0 
and is not a finite number M. If we attempt to evaluate the direct transform 
m : 
Fi= | le? dt 
— o0 


we run into a similar trouble: The integral does not converge. 
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Nevertheless, we can find this Fourier transform with the help of the impulse 
function, coming in through the back door, so to speak. Suppose we calculate the inverse 
Fourier transform of 


F(o) = 2nó(o) 
According to Equation 21-17, it is 


E ope . ; 
f(t) = F-ra) = 3 | 2nó(o)e/^' dw = e| =] 
=< w=0 
where we've used the sampling property of ô(œw) to evaluate the integral. Consequently, 
J1-2nó(o) 
as shown in Figure 21-5. 


f(t) | F(w) | = F(w) 


(a) (b) 
Figure 21-5 Example 21-4. 


What does it mean? If you stretch your imagination somewhat, you might think of 
a Fourier series of the “periodic” constant 1 as having only one coefficient at œ = 0, a 
dc term— which makes a lot of sense, because, after all, the constant 1 is a dc function. It is 
quite a strain, though, to visualize this Fourier coefficient as an impulse, of strength 27 
yet! It is better to treat the Fourier transform on its own merits, as representing the 
frequency contents (magnitude and phase) of a time function. om 


EXAMPLE 21-5 


Find the Fourier transform of the unit impulse function ó(t), Figure 21-6(a). 


Solution. We write 


d(t)e 3 dt = "| =1 


t=0 


F(o) = Fôlt) = | 


— o0 


with the help of the sampling property. This is a most interesting result. The magnitude 
spectrum of ó(t) is a constant, meaning that all frequencies are present, and all have unity 
amplitude and zero phase. 

A little thought will confirm this startling discovery: The unit impulse ó(t) can be 
considered the limiting case of the square pulse in Example 21-1, Figure 21-3, with a > 0, 
A > oo, and Aa = 1. Then its Fourier transform may be obtained from Example 21-1 as 


sin (wa/2) A (0/2) cos (wa/2) L 


LR 1 
oa/2 2-50 0/2 


a>0 


by l'Hópital's rule. See Figure 21-6. 
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"| | F(w) | = F(o) olw) 


| 


(a) (b) (c) 
Figure 21-6 Example 21-5. u 


21-3 PROPERTIES OF THE FOURIER TRANSFORM 


The Fourier transform has several properties similar to those of the Laplace 
transform. Let us derive them and list them for future use: 


Linearity For two (or more) functions, and with a, and a, constants, we have 


F (a; filt) + a; f;(t)] = a,F,(0) + a; F5(0) (21-22) 
The proof is direct, relying on Equation 21-15 and on the linear property of integrals. 
Time Differentiation Let us differentiate Equation 21-17 with respect to t. Since the 


integral on the right is with respect to c, a variable independent of t, we can do the 
differentiation under the integral sign. Then 


df 1 jot jot 
4^ -x|. Fo)“ e deo = = | joF(a)e! do 
= ¥ “'[joF(o)] (21-23) 
Consequently, 
eS ) jarla (21-24) 


a result very similar to the Laplace S where multiplication by s corresponds 
to differentiation in the time domain. A quickie: Why is there no initial condition, 
f(0 ), in Equation 21-24? 


Time Shifting The time-shifted function f(t — a) has a Fourier transform 

Jf(t—a)-e J""F(o) (21-25) 
where F(o) = F f(t), the Fourier transform of the original, unshifted function. The 
proof of Equation 21-25 is direct, using Equation 21-15 and a change of variables, 
t — a — y, say. Again, the similarity to the Laplace transform, with s = ja, is evident. 
EXAMPLE 21-6 
The magnitude spectrum of the time-shifted function in Equation 21-25 is 

le 7" F(o)| = |e """||F(o)| = |F(o)| 


because |e /°*| = 1. Therefore, the amplitude spectrum is identical to the one of the nonshifted 
function; the phase spectrum, on the other hand, is affected by the time shift 


(w) an n AR. S olo) 
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where $,(o) is the phase spectrum of the time-shifted function and ¢(q@) is that of the original, 
nonshifted function. e 


Frequency Shifting 
Ffei] = F(o — o) (21-26) 
where F(o) = F f (t). Here, again, the proof is direct, from either Equation 21-15 or 


21-17, with a change of variables, x = œ — o. 
These and other useful properties are listed in Table 21-1. 


TABLE 21-1 THE FOURIER TRANSFORM 


Properties and operations 


f (t) F(o) 
Linearity à, filt) + a5 fX(t) a, F,(@) + a, F,(@) 
d" f (t 
Time differentiation a (jo)"F(@) 
t 1 
Time integration | f(x) dx fs F(o) + xF(0)ó(o) 
Time shifting f(t — a) F(w)e 3°" 
Modulation fei?" F(@ — og) 
(frequency shifting) 
1 /o 
Time scaling f (at) z m) a0 
Time convolution | h(A)x(t — 4) dA H(o)- X(o) 
1 oo 

Frequency convolution h(t)x(t) en | H(o — 4)X(A) dA 
Symmetry F(t) 2nf(—0o) 

d'F(o) 
Frequency differentiation ( —jt)"f(t) E 


Some elementary functions 


ó(t) 1 
1 2nó(o) 
1 
—at 
e “u(t) a0 I 
di 2a 
E a? + w? 
el@ot 2nó(o — Wo) 
COS Wot n[ó(o + Wo) + lw — wo)] 
sin Wot jn[d(@ + wo) — ôl — wo)] 
1 
u(t) xó(o) + jn 
2 


sgn (t) p. 


Probs. 21-3 
through 21-7 
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Time Integration The Fourier transform of the integral of f(t) has the expected 
division by jo in the frequency domain, plus an additional impulse term. Unlike in the 
Laplace transform, where the integral goes from 0° to t, here the time integration 
includes the entire negative axis, from — oo to t. The additional term zF(0)ó(o) 
accounts for this. 


EXAMPLE 21-7 
Let us find Fu(t), the Fourier transform of the unit step function. 


Solution. Since 


du(t) 


E ™ 
we have 
t 
u(t) — | ó(x) dx 
Therefore 
1 
Fult) = — + nó(o) 
jo 
because F(o) = 1, and F(0) = 1 also. M 


EXAMPLE 21-8 


Let us derive the same result through a limiting process. 


Solution. Consider first the function 
e “u(t) t>0 a0 
f=)" auo t«0 a0 
as shown in Figure 21-7(a). Its Fourier transform is 


9 —j20 
F(o) = | — g?tg^ Jot dt + | e %e Jot dt = A j 
" w a 


Now let a — 0. The function f(t) becomes 


1 t>0 


sgn (t) = «c0 =f Bane 


called *signum t" or “sign t," as shown in Figure 21-7(b). Its Fourier transform is the 
limit of F(c) as a > 0, that is 


2 
F sgn (t) = — 
jo 


Now, the unit step function u(t) can be written as 


_ 1+sgn (t) 


u(t) 2 


Prob. 21-8 
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and consequently 
1 2 1 
Fult) = =| 2nó(o) + — | = nó(o) + — 
2 jæ jæ 


as obtained before. 
f(t) 


l 


—e^! u(-t) 


(b) Figure 21-7 Example 21-8. 5 


Of the other entries in the table, let us comment on the following ones: 


Time Scaling A similar result holds in the Laplace transform, but there we had no 
physical feel for expanding time and compressing frequency. In view of the entire 
process of reaching the Fourier integral, and since t and œ are inversely related, it is 
not surprising that when we multiply t by a, the frequency o gets divided by a. Of 
course, a may be less than or greater than unity. The factor 1/a in front of F(@/a) has 
only a mathematical justification—it pops up in the derivation. 


Frequency Shifting and Modulation The property 
4 [f(t)e^"] = F(o — wo) (21-26) 


is symmetric to the shifting property in Equation 21-25. There is, however, more to it. 
From Equation 21-26 we get 


£ [f (De + f(e] = F(w — ax) + Flo + 09) (21-27) 
that is, 
4 Lf(t) cos wt] = 4F(@ — c) + 4F(@ + wo) (21-28) 
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f(t) F(c) 


(a) (b) 


f(t) cos ct 


(c) (d) 
Figure 21-8 AM signal and spectra. 


In Equation 21-28, the waveform f(t) cos ost is an amplitude-modulated (AM) signal, 
with the pure cosine being the carrier and f(t) the envelope of the signal. Such 
modulation is common in commercial broadcasting (540 to 1600 kHz on your radio 
dial). A typical AM signal with the corresponding magnitude spectra are shown in 
Figure 21-8. 


Time Convolution As in the case of the Laplace transform, time convolution is 
transformed into multiplication in the frequency domain. Here, however, the limits on 
the time waveforms and on the convolution integral extend over the entire time axis, 
— oo < t < oo. The product of two transform functions will be discussed in the next 
section. 


21-4 APPLICATIONS TO CIRCUITS 


Let us consider several examples of the application of the Fourier transform in circuit 
analysis. 
EXAMPLE 21-9 


In the RL network shown in Figure 21-9(a), the input is v(t) = 10e 'u(t). The state equation, or 
KVL, reads 


AO ait) = 1067 
f a i(t) = 10e 'u(t) 


Solution. The Fourier transform of this differential equation is 


jol(o) + 21(@) = Dr 
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that is, 


10 


Ko) — e Taxi 3 jo) 


Expanding in partial fractions yields 


—10 10 


I = 
tad Tde 1-4 


and inversion (easy with Table 21-1, very difficult with Equation 21-17!) gives us 


i —10e7” + 10e" t>0 
O 715 t<0 


as shown in Figure 21-9(b). 


(a) (b) 


| Y(jw) | | V( jo) | | /( jo) | 


10 


(d) 
Figure 21-9 Example 21-9. ii 
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True, we could have solved this problem by the Laplace transform. Why do we 
bother with the Fourier transform? Because it provides a direct insight into the 
frequency response of the circuit. Specifically, we recognize in the expression of I(@) 


1 10 


I(@) = = Y(jo)V(j 21-29 
©) = 5375 Tajo TONo) (21-29) 

the familiar input-output relation 
R(jo) = H(jo)E(jo) (21-30) 


with E(jo) the Fourier transform of the excitation (input), H(jo) the appropriate 
network function, and R( jo) the Fourier transform of the response (output). 

Note: Throughout the study of Fourier transforms, the notation J(@), Y (o), etc., 
is simpler than I(jo), Y(j@), etc. The latter notation serves as a reminder of its 
connection to network functions studied earlier. 

From Equation 21-29 we get, as usual, the magnitude spectrum 


|I(0)]| = | Y()||V@)| (21-31) 
and the phase spectrum 
0,(0) = Oy(@) + O(a) (21-32) 


as shown in Figure 21-9(c) and (d). We see here that magnitude spectra are multiplied 
to produce the resulting magnitude spectrum, and phase spectra are added to get the 
resulting phase spectrum. This is a complementary point of view to the frequency 
response results that we got in Chapters 15 and 16. Here we see them through the eyes 
of the Fourier transform and as an extension of the discrete spectra of periodic 
functions. 

Another attractive feature of the Fourier transform is that, for sinusoidal 
sources, it provides the steady-state response, as illustrated in the next example. 


EXAMPLE 21-10 
In the previous example, let 
v(t) = 10 cos 2t —0o<t<o 
and we wish to calculate i(t). 
Solution. Because v(t) is applied very early (t > — oo), all transients have died, and we 
are dealing with the steady-state response. Here, 
V(o) = F wt) = lOn[ó(o + 2) + ôw — 2)] 


from Table 21-1. The network function is, as before, 


dimi T 


Consequently, 


I(@) = 


1 
TH jo" Ao + 2) + ôo — 2)] 
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is the Fourier transform of the response. We invert it using Equation 21-17 


. ECL LA Mu 


e ?* ei2t 
a E t =] 


where the evaluation of the integrals 


[ó(c + 2) + ôo — DJe do 


jcot jot 


oo el oo 
| aed wi n | 1-45 


= 00 


is done by inspection (no small feat!) with the help of the sampling property of the impulse 
function, bless its heart. It is in such formidable integrals that this property comes 
through, shining brightly! 

A final rearrangement of i(t) yields 


. e i2t g IN 5 . 
i(t) = zs) xs ES | = Ja cos (2t — 45?) 


where we've used the fact that the sum of a complex number and its conjugate equals 
twice its real part (see Appendix B). 
The same result may be obtained by using phasors, 


V=100° (022  Z-224p 


10/0° 5 
= EE mit. — 45° (0 = 2) 


While there is no doubt that phasors are faster here, the main idea is to illustrate 
the applications of the Fourier transform and its relationship to phasors. As with 
all our tools, we must learn their broad use, their most efficient applications, and their 
interrelationships. The last examples put in such a perspective the Fourier transform, 
the frequency response, and the phasor transform. 


I 


21-5 FILTERS—AGAIN! 


We have studied filters in Chapters 10 and 17. Let us tie those studies with our present 
discussion of the Fourier transform. In this context, we can define a filter as a linear 
network with certain specific amplitude spectrum characteristics. In most filters, we 
are interested in amplitude, not in phase. In others, a phase-correcting filter may be 
required, without regard to amplitude. 

Consider, for instance, a distortionless filter. Such a filter has an output that is 
identical in shape to the input, but may be delayed 


r(t) = Ke(t — a) a0 (21-33) 


as shown in Figure 21-10(a). The constant K is a real number, a scale factor. The 
frequency spectra are therefore (compare with Problem 20-20) 


R(o) = Ke /"*E(o) (21-34) 


Probs. 21-10, 
21-11 
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e(t) r(t) 


Distortionless 
filter 
t f 


(a) 


Figure 21-10  Distortionless filter. 


From this result, the network function of this filter is 
H(o) = Ke )" (21-35) 
with a constant amplitude (magnitude) and with a linear phase 
IH(o)| = K 04(0) = —oa (21-36) 


as shown in Figure 21-10(b). 

The ideal characteristics of amplitude and phase are only approximated by real 
filters, as shown in dotted lines. As a result, some distortion is introduced, and 
Equation 21-33 is correct only approximately. 

The ideal lowpass filter, as studied in Chapter 17, has a magnitude spectrum 


[ø| < o 


K 
|H(@)| = P (21-37) 


|o| > w, 
where œ, is the cutoff frequency (often scaled to c, = 1). The bandwidth of this filter is 
0 < o < o,. With a linear phase, the network function of this filter is 


Ke)?"  |o|«o, 


21-38 
0 lo| > o, ( ) 


H(o) = | 
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ô(t) 


| H(o) | 


h(t) 


- Q2 
-=w We 


Stopband —»|<«—_—— Passband — —»H—- Stopband 


(a) (b) 
Figure 21-11 Ideal lowpass filter. 


as shown in Figure 21-11(a). It would be instructive to find the impulse response of 
this filter. The inversion integral (Equation 21-17) is applied to Equation 21-38 to 
yield 


LQ [^ PA 
hb) = =| Ke "eM dw 
2 J ie 


Oc 
= = el?t 79 dw 
2E dues 
_ Ka, sin w(t — a) 


= o-a) m 


and the plot of h(t) is shown in Figure 21-11(b). This response shows another reason 
why this filter is ideal: There is an output at t < 0, before the application of the 
input—clearly a physical impossibility. 

Let us review (again!) the sinusoidal steady-state response. Since 


R(o) = H(o)E(o) (21-40) 


let us use an input e(t) = e/?"", thus allowing for cos ct, its real part, or sin cft, its 
imaginary part. From Table 21-1 and Equation 21-40 we have 


R(o) = H(o)2xó(o — wo) (21-41) 


and inversion of this result gives us 


r(t) = x | . R(o)e/^' do = H(p) (21-42) 


— o0 


Prob. 21-12 
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This result is familiar, but worth repeating: In a constant, linear network, the 
steady-state response to a sinusoidal input e/^" is another sinusoid at the same 
frequency, e/?*', scaled by the multiplier H(@ ). We've used this idea in the study of 
phasors and in the techniques of frequency response. 


*21-6 ENERGY SPECTRUM 


Let us prove Parseval's theorem for the Fourier transform, as we did in the previous 
chapter for the Fourier series. Parseval's theorem here is 


p [f(0]? dt = x r |F(o)|? do (21-43) 


Its proof is based on the frequency convolution in Table 21-1, with h(t) = x(t) = f(t). 
Thus 
FESAT = F(o)* F(a) (21-44) 


that 1s, 


| [f (Oe? dt = x | - FüF(o — a) dà (21-45) 


Since this is true for all c, set œw = 0, to get 


| ' [fF at = | li F(A)F( — 4) da (21-46) 


Also, for f(t) real we have 
F(—2) = F*(A) (21-47) 


and Equation 21-43 follows. 

What does it mean? Assume that f(t) is a current source driving a 1-Q resistor. 
Then the left-hand side of Equation 21-43 is the total energy supplied by the signal 
f (t), being the sum (integral) over all time of the power, or of the energy per unit time, 
[ /(t)]?. According to Parseval's theorem (Equation 21-43) the same total energy can 
be obtained by integrating (summing) the energy per unit frequency, |F(o)|?/2n, in 
joules per hertz, over all frequencies. Thus, |F(c)|? can be considered the frequency 
contents of energy, and it is called the energy density spectrum of the signal f(t). 

Parseval's theorem thus provides a close tie between time-domain and 
frequency-domain calculations. It is a very interesting basic property that we can 
calculate power and energy directly in the frequency domain. 


EXAMPLE 21-11 
Calculate the energy spectral density of 
f(t) = 10e 'u(t) 


and confirm it by Parseval's theorem. 
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Solution. In the time domain, we have 


r [AOF dt = | 10977 dt = 50 J 
— " 


In the frequency domain, we have F(o) = 10/(jo + 1), and 


2 D [100 100 =A 00 
do = -— ——4 do--—tan ^o| =50J 
zJo 0^-F1 T 5 


1 oo 


2n J 


10 
jo 4 1 


Here, we have used the fact that | F(c)|? is an even function; therefore, its integral over 
— oo < æ < oo is twice its integral over 0 < o < oo. A 
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Similarities between the Laplace transform and the Fourier transform are apparent by 
now. In order to review and summarize them, we write again the direct transforms 


F,(s) = Z f (Ðult) = | : f(t)e^* dt (21-48) 
ae 


F,(@) = £f(t) = | " f(De-"" dt (21-49) 


where the subscripts L and F are added for clarity and distinction. A comparison 
between these two transforms requires, first, that f(t) be causal, that is, 


f(t) =0 t «0 (21-50) 


because of the different lower limits on the two integrals. Our Laplace transform 
handles only causal functions, while the Fourier transform can handle also noncausal 
functions over the entire time axis, — oo < t < oo.1 

With Equation 21-50 in mind, we consider three cases: 

1. All the poles of F,(s) are inside the left half plane (LHP), o <0. Then 
Equation 21-49 is just a special case of Equation 21-48, with s = ja, 


F,(@) = F | (21-51) 


s=jo 


+ An interesting historical vignette: In 1807, Fourier presented his studies on heat flow, including his 
trigonometric series, to the prestigious Institut de France. One of the examiners appointed to review his 
paper was Laplace. Another examiner, Lagrange, objected to the acceptance of Fourier’s work. Undaunted, 
Fourier had it published elsewhere in 1822. 

Here is a lesson in tenacity (Fourier) and fallibility (Lagrange) among giants. 


{ There is also a two-sided (bilateral) Laplace transform, defined for all t, — oo < t < oo. Our usual 
Laplace transform is one-sided (unilateral), for 07 < t < oo. 


Probs. 21-13 
through 21-17 
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The requirement for causality, again, is the lower limit on the integral in Equation 
21-48 by comparison with Equation 21-49. The restriction on the poles of F,(s) 
guarantees that f(t) is absolutely integrable 


[iro dt < oo (21-52) 
0 


and, consequently, the Fourier integral exists. 


EXAMPLE 21-12 


For 
f= e^" ui) a0 
we have 
E B 1 
is) = s+a 
Solution. Therefore 
y H 1 B 1 
KO — abo joa a 


As mentioned, the Fourier transform is defined for — oo < t < oo and therefore 
it can handle also noncausal functions 


f()20 t«0 (21-53) 


In fact, this is one of its strengths, as we saw in Section 21-4. To relate F,(@) to F,(s) 
here, we write such a noncausal function as 


SO = fi Dult)  fxt)u(t) (21-54) 


where f,(— t)u( —t) is the negative-time part of f(t) and f;(t)u(t) is its positive-time 
(causal) part. See Figure 21-12. 

The Fourier transform of fi(—t)u(—t) is obtained by, first, “flipping” this 
function over to the positive time axis. Then we take the usual Laplace transform of 


this reflected function and set s = — jc. That is, 
F f(t) = LUA (QUOI. = -jo + Lf). jo (21-55) 
f(t) fi (-)u(-2) fy (t) u(t) 
t= t + t 


Figure 21-12 Decomposition of f(t) into its negative-time and positive-time parts. 
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EXAMPLE 21-13 
See Example 21-8 and Figure 21-7, where 
fi — Dw(—1t) = —e"w(—t) 
f,(t)u(t) = e "u(t) a0 
fi(t)u(t) = —e “u(t) 


"PPS QI —j20 
@) = = —— —3À 
E SHa le-w S-cta|-j oc +a? 


as before. We actually derived this result in Example 21-8 by a direct evaluation of the Fourier 
integral. Here we illustrated the application of Equation 21-55. s" 


2. If F,(s) has poles inside the LHP (c < 0) as well as simple poles on the jo axis 
(c — 0), we can write 
" K, 
F,(s) = F,(s) + Y ——— (21-56) 
p5-— 9, 


where F,(s) has only poles inside the LHP, and the summation accounts for the 
simple poles on the jc axis. To get a "feel" for this case, consider a preliminary 
example. 


EXAMPLE 21-14 
For 
f(t) = eult) 


we have 


F(s) = 


S — JOo 
Solution. On the other hand, the Fourier transform of u(t) is, as in Example 21-7, 
1 
Fult) = — + nó(o) (21-57) 
jo 
and, using the frequency shifting property of Table 21-1, we obtain 


F (@) = Fe u(t) = - 


1 
[mma Ta + nó(o — Wo) B 


Comparing F,(s) and F,(@), we reach the following result here 


F (o) x F (8) ],= jo + 2 1K ,0(@ TT Wp) (21-58) 


The first term is in accordance with Equation 21-51, and the second one has the 
Fourier transform of terms like K ,el?rtu(t). This, in turn, is found in Table 21-1, with 
one significant change: There, the time function is e/?»* for —oo < t < oo, but here 
e?»'y(t) is causal, 0 < t < oo. Therefore, instead of 2z, we multiply only by z. 


Prob. 21-18 
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EXAMPLE 21-15 


For u(t), the unit step function, we have 


1 
F(s) = " 


Solution. Equation 21-58 then yields immediately 


1 1 
F ,(@) = J + nó(o — 0) m + nó(o) 


s=jo 


as obtained earlier. m 


3. If F,(s) has poles in the right half plane (RHP), o > 0, then the Fourier 
transform of f(t) does not exist because that integral does not converge. 


EXAMPLE 21-16 
Consider 


f (t) = e“u(t) a0 
Solution. If we set up its Fourier integral 


oO 
| go" 9 dps? 
0 
it fails to converge: At the upper limit, even though |e /^'| = 1, the term e^ becomes 
unbounded (it “blows up"). 

The Laplace transform, on the other hand, exists 


oo oo 


ete (9 tjo dt -| ga 7 tg 7 jot dt 
0- 


Fut) = | 


0- 


and the integral converges for o > a. Therefore 


F,(s) = 


o>a 
S—a 


The Laplace transform has a “built-in” convergence factor, e ^', which the Fourier 
transform lacks. gm 


These three cases, 1, 2, and 3 are shown in Figure 21-13. 
By way of a summary, let us repeat several differences between the two 
transforms: 


1. The Laplace transform is useful for causal functions and initial conditions. 
The Fourier transform can handle noncausal functions (initial conditions are 
meaningless in such cases). 

2. The steady-state response obtained by the Fourier transform is also available 
as the zero-state response to a periodic, causal input using the Laplace 
transform. 


Prob. 21-19 


Probs. 21-20, 
21-21, 21-22 
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r ^ 


YY Wy 
(b) (c) 


Figure 21-13 From F,(s) to F,(q@): (a) F,(s) has poles only inside LHP. Use Equation 21-51. 
(b) F,(s) has also simple poles on the jc axis. Use Equation 21-58. (c) F,(s) has poles inside 
RHP. No F,(o). 


3. The Fourier transform is based on the frequency contents of waveforms. The 
Laplace transform masks this physical aspect, but yields the network 
function H(jo) = H(s) with s — jo, so essential in the Fourier transform 
analysis. 

4. The Fourier transform contains important information about the energy 
spectrum of signals—a feature totally unavailable in the Laplace transform. 


PROBLEMS 


21-1 Calculate the Fourier transform, and plot the two continuous spectra, for 


A 0-t-«a 
0 elsewhere 


f= 


Compare with Example 21-1 and with Problem 20-2. 


21-2 Calculate the Fourier transform of 
ft)5e*""" a>0 -wK<t<o 


Plot f(t), |F(@)|, and o(q@). Next, let a ^ 0. What happens to f(t) and to F(@)? Hint: 
First calculate the area under F(o). 


21-3 Prove Equation 21-25 in detail. 
21-4 Prove Equation 21-26 in detail. 
21-5 Calculate 


f(t) = *-!2nó(o — wo) 
21-6 From your result in Problem 21-5, find F cos ot and F sin wot. Hint: Use Euler's 


identities for cos Wot, sin Wot, and e*/°. Plot both Fourier transforms, in magnitude 
and phase. 
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21-7 Calculate the Fourier transform of the triangular pulse shown. Relate it and its 


transform to Problem 21-1. 


g(t) 


Aa 


Problem 21-7 


21-8 Prove 


' 1 
F| | fc ax | ss F(œ) 
if 


[| f(t) dt =0 


21-9 Prove the scaling property of the Fourier transform 


1 w 
F f (at) = — 1B 


la| Xa 


Hint: In setting up the integral, let at — x. 


21-10 Let the triangular pulse of Problem 21-7 (A = 2, a = 1) be a current source exciting a 


parallel RC circuit, with R = 1 Q, C = 4 F, and with zero initial conditions. Calculate 
and plot the magnitude and phase spectra of the voltage v(t) across C. 


21-11 Let the triangular pulse of Problem 21-7 be a voltage source (A = 2, a = 1) exciting a 


series RC circuit, R = 1 OQ, C = 0.1 F, with zero initial state. Calculate and plot the 
magnitude and phase spectra of the capacitor's voltage v,(t). 


21-12 Let the input to an ideal lowpass filter be periodic, 


oo 


e()m + col" 


E= —oo 


Calculate the response by considering, first, the response to e/"?*' for nw, < c, and for 
nO > w,. Then use superposition. Your answer should make sense intuitively —state it 
in words. 


21-13 Prove that if f(t) is real (the usual case), then 


F(—q@) = F*(o) 


Hint: Write Equation 21-15 with e /^' = cos wt — j sin wt, and separate F(c) into its 
rectangular form 


F(o) = R(@) + jX(o) 
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21-14 


21-15 
21-16 
21-17 


21-18 
21-19 


21-20 


*21-21 


*21-22 


Prove that for a periodic f(t), Parseval’s theorem (Equation 21-43) has the form 


1 T oo 
F| Yora= Y lal 


See also Problem 20-14. Interpret this result in terms of energy per period and energy 
per harmonic. 

Calculate the energy density spectrum of the impulse function ó(t). 

Calculate the energy density spectrum of the triangular pulse in Problem 21-7. 

The input e(t) to an ideal lowpass filter, with K = 1, w, = 20 rad/s, is given by 


e(t) = 100e7 u(t) 


(a) Plot | E(c»)|? for this input. 

(b) Plot |R(q@)|? for the output. 

(c) Using Parseval’s theorem, calculate the percentage of the total input energy 
available at the output. 


Prove Equation 21-55. 


Given 


F,(s) = 
io) s? +1 
Find F,(o). Plot carefully the time function. 


From your table of the Laplace transform, obtain the Fourier transform of each 
function: 


(a) f(t) =e “cos Btu(t) a0 

(b) f(t) =e " sin Bt u(t) a>0O 

(c) f(t) = cos ft u(t) 

(d) fH=fe ^ut a> Ono l 23 ee 


It is claimed that 
F,(s) = L f(ty(t) = 7[f(t)e "ut)] 


Derive this relationship and, based on the convergence of the Fourier integral, state the 
limitations on the location of the poles of F,(s). 


Extend Equation 21-58 to multiple poles on the jœ axis. Specifically, start with 


F,(s) = f(t) = teut) 


(s — jog)" 
and use the frequency differentiation property in Table 21-1 to get 


1 


F A(@) = jnó'(o — Wo) -+ (jo — jo) 


where 0’ is the first derivative of 6. 


B A A a. 
‘ss 


Appendix A 


Matrices and Determinants 


A-1 DEFINITIONS 


A matrix is a rectangular array of scalars, called elements. These scalars may be real numbers, 
complex numbers, or functions of some parameter. Square brackets are used around a matrix. 


EXAMPLE A-1 


s+4 


Here matrix A is real (its elements are real); matrix B is complex, and in matrix C the elements are functions 
of s. B 


The order of a matrix is m x n (“m by n"), where m is its number of rows and n the 
number of columns. So, the previous matrices are of order (2 x 3), (2 x 2), and (3 x 1), 
respectively. A shorthand notation for a matrix is 


š <i<m A1 
= [aij] 1«jzn (A-1) 
where a;; is the ijth element of A, located in row i and column j. 
A square matrix has an equal number of rows and columns 
m=n (A-2) 
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A column matrix (also called a column vector) has m rows and one column 
i=! (A-3) 
A row matrix (a row vector) has one row and n columns 
m= 1 (A-4) 
A diagonal matrix is square, with all the elements off the main diagonal being zero 
dj; — 0 ix j (A-5) 


where the main diagonal is a,,, à55,..., „n, from the upper left to the lower right. 
The unit matrix (also called the identity matrix) is a diagonal matrix with 1’s on its main 
diagonal. It is usually denoted by U 


U-[u] w-1 (A-6) 


It plays the same role in matrix algebra as the scalar 1 in scalar algebra. 
The zero matrix (null matrix) has all its elements zero 


0 = [0,3] (A-7) 


The transpose of a matrix, denoted by a superscript T, is obtained by interchanging rows 
and columns 


L<is 
AT-[m] oe (A-8) 


EXAMPLE A-2 


The transposes of the matrices given in Example A-1 are, respectively, 


—1 1 
AT = 2,3 l 
0 —6 


A-2 BASIC OPERATIONS 


Two matrices A and B are equal if and only if they are of the same order and every a;; is equal to 
the corresponding b;; 


-b 1xixzxm A-9 
dij = Oi; (ejan (A-9) 


A matrix is symmetric if it is equal to its transpose 


A — AT (A-10) 
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that is, it must be square, and its off diagonal elements must be equal 


1xixzm A-11 
di; = dii l<j<n (A-11) 
Matrices can be added (or subtracted) only if they have the same order; then their sum (or 
difference) is done element by element, that is 


A+tB=C (A-12) 
means 
di; + bij = cij (A-13) 
In particular 
A—A=0 (A-14) 
the zero matrix. The commutative law is valid for addition 
A+B=B+A (A-15) 
and so is the associative law 
A+(B+C)=(A+B)+C (A-16) 


A matrix A, when multiplied by a scalar «, yields the matrix 


where every element of A is multiplied by o. 
The product of two matrices, AB, is defined only if A is of order (m x r) and B of order 
(r x n); that is, the number of columns of A must equal the number of rows of B. Such matrices 
are called conformable or compatible. Then the product AB is a matrix C, of order m x n, with its 
elements given by 
k=r i 


l1<i<m 
= x Dus ue e A-18 
Cij 2. tubi 1xjzn ( ) 


In words, we multiply the elements of row i of A by the corresponding elements of column j of B, 
then add these products to get the ijth element of C. 


EXAMPLE A-3 


The matrix equation Ax — B reads fully 
âi 015 4434] *1 bi, 
dj 422 d54|| X2 |=] 551 
43; 432 433] L*3 bs, 


d11X, + 412X2 + 413X3 = bi, 


and when multiplied out gives 
d5,X, t 422X2 + d53X3 = b21 
d31X, + 432X2 + d33X3 = b31 = 
In general, the commutative law of multiplication does not hold 
AB z BA (A-19) 


since the product BA may not even be defined! Even if it is defined, it may not be equal to the 
product AB. 
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EXAMPLE A-4 


In Example A-3, the product xA is not defined, because the number of columns of x is not equal to the 
number of rows of A. 9i 


EXAMPLE A-5 
Let 


Then 


but 


T 1 —2T]1 -1 1 —9 AB " 
, ls «| oaii al” 
For this reason, we must be careful in stating the order of multiplication. We say that, in the 


product AB, matrix A premultiplies B, or, alternately, matrix A is postmultiplied by B. The 
distributive law is valid in multiplication 


(A + B)C = AC + BC (A-20) 
and so is the associative law 
(AB)C = A(BC) = ABC (A-21) 


provided the order of multiplication is preserved in each case. 
The unit matrix commutes in multiplication 


UA - AU- A (A-22) 


where the order of U is (n x n), the same as that of A. 
Positive integer powers of a square matrix are defined by 


A? — AA (A-23) 
AF a AIA (A-24) 

Also 
A? = U (A-25) 


Often, it is convenient to partition a matrix into submatrices. 


EXAMPLE A-6 


The matrix 


may be partitioned as follows: 


> 

I 
[- 7563] 
ua 
w c 


1 ; 
4 = [A ' Ay] 
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where A,, is the (1, 1) submatrix, taken as a single element in A, occupying the first row and column; the 
submatrix A,, is in the (1, 2) position. Del 


Partitioning is not unique, and may be chosen for convenience. However, in a product, 
any partitioning must be done so that the submatrices remain compatible. 
EXAMPLE A-7 
Let A of the previous example be postmultiplied by B, given as 


—3 
B= 1 
—1 


i 201 | -7 
Let I 4 


Now, if A is partitioned as before (two columns), then B must be partitioned to have two rows, that is 


Then 


—3 


and the product AB is, in partitioned form, 

Bi; 

B;,; 
2 0p -3 1 i —7 

7|-1 3] 1|*]2E-H7| 4 


The inverse of a square matrix A is denoted by A ^! and satisfies the relation 


AA“! =A A =U (A-26) 


AB = [A;, : ^] ] = A,,B,, + A,B; 


as before. 


(Just as a mnemonic, remember that for a scalar a we have aa” ! = a^ ‘a = 1, provided a z 0). If 
A has an inverse, we call A nonsingular. Otherwise, matrix A is singular. The inverse of A exists if 
and only if its determinant is nonzero 


det A #0 (A-27) 


The determinant of a square matrix can be evaluated by familiar methods to be reviewed soon. 
It is important to remember that a matrix has no value—it is just an array of elements. The 
determinant of a square matrix, on the other hand, has a value. 


EXAMPLE A-8 


The matrix 


is nonsingular because its determinant is nonzero 


a 
det A =|, {|= - 02) =6 


Therefore, A has an inverse (yet to be found). 
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The matrix 


is singular and has no inverse because 


EE 
detB=| | ,|=(2)2)—-(-1-4) =0 


The standard notation for a determinant is two vertical lines (square brackets are for a matrix). Wu 


A-3 DETERMINANTS 


The determinant of a (1 x 1) matrix is the element itself, that is, if 


A — [a] (A-28) 
then 
det A =a (A-29) 
The determinant of a (2 x 2) matrix 
is ES "n (A-30) 
Qo; 055 | 
is given by 
det A = 441422 — 412421 (A-31) 


and it follows the general procedure for evaluating a determinant of order (n x n), to be 
discussed below. 


The determinant of a submatrix of A, obtained by deleting from A the ith row and the jth 
column, is called the minor of the element a;; or, briefly, the ijth minor; it is denoted by m;;. 


EXAMPLE A-9 
In Example A-8, the four minors in A are 


m;,-—4 m2 =2 mz, = —1 M2 = 1 E 


The cofactor c;; is a “signed” minor given by 


EXAMPLE A-10 
The four cofactors in Example A-9 are 
€, =(-1)'*'4=4 C,, = (—1) *?2 = —2 
C2, =(-17*(-D=1  ce,-(-1?*^1-1 a 


The recursive rule for evaluating the determinant of a square (n x n) matrix A is 


det A = } ajc, anyi=1,2,...,n (A-33) 


j=1 
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This is called the expansion of the determinant about the ith row. Alternately, we can expand the 
determinant of A about the jth column to get 


i=1 
EXAMPLE A-11 


Expand det A from Example A-8 about the second row, according to Equation A-33. With i = 2, we have 
there 
det A = 2c,, + 4c4, = 2(—- 1? * ( - 1) + 4( —1)? *?*(1) = 6 


Or, if we want, we may expand about the first column, with j — 1 in Equation A-34, as follows: 


det A = 1c,, 264, = 1(—1) * (4) + 2(—1)?* (—1) = 6 E 


EXAMPLE A-12 


Evaluate 
] —2 3 
det A =| 0 4 —2 
6 —1 -1 
Since the expansion can be done about any one row or one column, it is convenient to choose a row or a 


column with as many zeros in it as possible. Here the first column has a zero, and expanding about this 
column yields 


det A = 1c,, + 0c,, + 6c3, = 1(—1)! +! 1 1 


zi 


3 
im de BL e) ee 54 E 


6( — = To | 
+ 6(—1) > 


The expansion of an (n x n) determinant (Equation A-33 or A-34) is in terms of 
(n — 1) x (n — 1) determinants; therefore, it is recursive, as illustrated in Example A-12 above. 
Some useful properties of determinants are: 


1. det A? = det A (A-35) 
2. If all the elements of a row (or of a column) in A are zero then 
det A = 0 (A-36) 
and matrix A is singular then. 
3. If a single row (or column) of A is multiplied by a scalar «, then the determinant of the 
new matrix is multiplied by o. This is distinct from multiplying the matrix A by o, in 


accordance with Equation A-17. In fact, a matrix multiplied by a scalar has every 
element multiplied by this scalar. Consequently, we have 


det (xA) = a" det A (A-37) 


4. The value det A remains unchanged if a kth row is multiplied by a, then added to 
another row. 


EXAMPLE A-13 


In Example A-12, multiply the first row by —6 and add to the third row. The result is 


] —2 3 
det A=|0 4 —2|-21 
0 


hi 2 
11 —19 
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This property is useful in generating zeros in a particular row in order to expand the 
determinant about that row later. The same property holds if *column" is substituted for 


ce 29 


row. 


A-4 CRAMER'S RULE 
Consider the system of n linear algebraic equations with n unknowns 


41X1 + a12X2 + ese + AinXn = b, 
d51X4, t d55X2 + ` + 5, X, = b2 


(A-38) 


FARRER ERROR EERE TREE EEE EEE E ESET SHEESH EEEEE EEE EEE EEEEE SEES ES 


or, in matrix form, 
Ax =B (A-39) 


Example A-3 is such a system with n = 3. Such a system has a solution provided det A # 0, that 
is, if matrix A is nonsingular. Then any unknown x, is found as 
~ det A 


X, k —1,2,...,n (A-40) 


where N, is the determinant of A with the kth column replaced by the column matrix B. 
Equation A-40 is commonly called Cramer's rule for solving the system. 


EXAMPLE A-14 


The solution for the system 


2 3 -—4][x, 12 
4 —1 3 X5 = —1 
3 1 [IL Xs 6 
is, according to Cramer's rule, 
| Bi Fd 
$e. =l 3 
"p LM 
aco 3p 
4 —1 3 
3 2 1 
31 17} ad 
4;-1: 3 
3 |: 6 è 1 
aek E 3 -1]* 
4 -1 3 
3 2 1 
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and 

) Ba} 

4 —1 i "I 

DESAI 

a op WEE. 

4 —1 3 

3 2 l 
Here we have shown the column matrix B in dotted lines just for emphasis. m 


Note that in Cramer's rule the denominator is the same for all the unknowns and needs to 
be evaluated only once. The numerators are different and unique for each unknown. 


EXAMPLE A-15 


Solve the system 


S++ 2+ — Pies 
1 1 |l 42 P 0 
e 4 4- — 
S S 
Solution. We have 
1 
216 ae 
S 
1 
0 4+- 
i S — 40s — 10 
sti 1 | 4s7+9s+6 
has = 
S S 
1 1 
ee 4+- 
S S 


1 


: 0 
: 2 M. —10 : 
2" 4s74+9s+6 4s7+95+6 


The denominator in Cramer’s rule, det A, is called the characteristic determinant if it is a 


number, as in Example A-14; it is the characteristic polynomial if it is a polynomial in some 
parameter, as in Example A-15. 


EXAMPLE A-16 
The system 
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cannot be solved for the i's in terms of the v's because the coefficient matrix 


nra 


is singular, det R = 0. We also say then that the original system of equations cannot be inverted. ia 


A-5 MATRIX INVERSION 


With Equation A-39, let us write the relationship that defines the inverse of A, A ^ !, that is 
AA nU (A-41) 
and consider it as n systems of n linear equations, with the unknowns being the elements of A~ +. 
Cramer's rule yields then 
es 


- Jt Į 
Pij = det A en 


where p;; is the ijth element of A^! and c is the cofactor of a in the matrix A. Note the reversed 
order of the subscripts in c,;. In other words, we form, first, the adjoint matrix of A as follows 


Adj A = [c;;]* (A-43) 
that is, every element of A is replaced by its cofactor, and the resulting matrix is transposed. 


Then the inverse of A is given by 


1 
A`! = Adj A A-44 
det A J ( ) 


and this inverse exists only if det A z 0. 


EXAMPLE A-17 
For the (2 x 2) matrix 


and provided det A # 0, the inverse is 


Tm" 1 a>» 2 " 
0411055 — 412421 | — 421 41 
With A ^! found, the system of equations 
Ax — B (A-39) 

can be solved (inverted) formally: We premultiply Equation A-39 by A ^! 

A lAx—A'!B (A-45) 
that is, 

Ux =A 'B (A-46) 


or, finally, 
x—A !B (A-47) 
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EXAMPLE A-18 


For the matrix A in Example A-14, we have 


—1 3 ^ 4 3 A 
am de 3p "RP eae 
3 —4 T 2 —4 M 
"uet ca. "ea d 
3 —4 . 2 —4 ~ 
"ecc a ce A | Saal a 
and | 
det A — —43 
Therefore, the inverse of A is 
7 
43 
—7 —11 5 
A`! = ; ae eee ee 
al | 43 
11 5 —14 
—11 
43 
As a check, we calculate 
T 11 —5 
43 43 43 
2 3 —4 
E —5 —14 22 
AAs) = c SHS =I 312 
43 43 43 
3 2 1 
—11 -—5 14 
43 43 43 
The solution to Example A-14 by matrix inversion is 
7 11 —5 
G-a- 4 
X; 
i —5 —14 22 
x = X5 =A B= — — = 
43 43 43 
X3 
—11 -—5 14 
43 43 43 


as before. 


4 
C13 = 3 
2 
Cag = m= 3 
2 
633 = 4 
11 —5 
43 43 
—14 22 
43: 43 
—5 14 
43 43 
1 0 
0 0 
0 1 
12 1 
—1 2 
6 —1 
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The two methods, Cramer’s rule and matrix inversion, are totally equivalent for the 
solution of Ax = B. Your particular choice may depend on taste, dexterity, and availability of 


computing facilities. 


A useful property of the inverse is the following: Let A and B be nonsingular, each of 


order (n x n). Then 


(AB)! = B^!A^! 


(A-48) 
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that is, the inverse of a product is the product of the inverses in opposite order. The proof is 
quite simple, because 


(AB(B^!A^!) = A(BB~1)A~! -AUA^! = AA! =U (A-49) 


showing that the inverse of AB is, indeed, B^ !A ' +. 


A-6 GAUSS-JORDAN ELIMINATION 


Matrix inversion or Cramer's rule, while totally correct, are not very efficient for solving large 
systems. Instead, we resort to any one of several equivalent methods. 

An effective algorithm to solve numerically the system Ax — B is based on the properties 
of determinants studied earlier. It can be summarized as follows: Use suitable multiples of the 
kth equation and add them to the (k + 1)st, (k + 2)nd, ..., nth equation in order to eliminate x, 
from them. Do so in n cycles, starting with k — 1 and ending with k — n. An example will 
illustrate it. 


EXAMPLE A-19 
Take again the system in Example A-14. 
2x, + 3x, — 4x3 = 12 
4x, — X3 + 3x3 = —1 
3x, T2x,T X426 


and perform on it the following cycles: 
First cycle (k — 1): Divide the first equation by 2, getting 


X1 + L353$ — 2x3 = 6 


and call it the “slave equation” for this cycle, because it will do all the work. Multiply it by —4 and add to 
the second equation, to get 


0- x bac Txa + 11x; = —25 


the idea being to eliminate x, from the second equation. Next, multiply the slave equation by —3 and add 
to the third one, to eliminate x, from it: 


0-x, — 2,9265 + TX = —12 


If there were more equations, we'd continue in this fashion to eliminate x, from each one, with the help of 
the slave equation. At the end of the first cycle, then, we have the new equivalent system 


x, + 15x,— 2x4,-6 
— 7x, + lix}, = —25 
= 2.5X + 1x3 = —12 
Second cycle (k = 2): Divide the (new) second equation by —7 to get the second slave equation 


x — 1.571x, = 3.571 


and use it to eliminate x, from all the next equations, here the third one. Specifically, multiply this slave 
equation by 2.5 and add to the third equation of the first cycle to get 


3.073x, = —3.073 


If there were more equations, we'd continue to eliminate x, from each one, using the slave equation of this 
cycle. 
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Third cycle (k — 3): Divide the new third equation by 3.073, to get the new slave equation for this 
cycle 
X3 = —1 


which is here the answer for x3. 
Now use back substitution. With x4 known, go back to the slave equation of cycle 2, to get x; 


x, — 1.571(—1) = 3.571 
X5 = 2 
With x4 and x, known, go to the first slave equation to get x, 
x, + (1.5)(2) — 2(—1) = 6 
$342] E 


The essence of this method, called the Gauss elimination, is to reduce the original system 
of equations 


Ax — B (A-50) 
to an equivalent system of equations, having the same solution, but of the form 
Tx = Ê (A-51) 
where T is a triangular matrix, that is 
| fij fiy c ban 
0 1 [54 PUT lon 
2=10 0. 1. e- d, (A-52) 
o -U D. ru - 1 


Here, in the kth row, the kth element is 1, being the coefficient of x, in the kth slave equation. 
The *'s are the results of the various operations done on the original a’s. Similarly, the new 
matrix B is the result of these operations on the original b’s in B. 

A variation on this approach is the Gauss-Jordan elimination method, where the kth slave 
equation is used to eliminate x, from all the other (n — 1) equations, not just from the equations 
below the kth one. Here the final result is 


12.0 D «9 
0 1 0 0 
D. 4 1 O|x=B (A-53) 
g^ 1 
that is, 
Ux =x=B (A-54) 


and all the solutions are immediately ready without the need of back substitutions, x, = by. 


Appendix B 


Complex Numbers 


B-1 RECTANGULAR, EXPONENTIAL, AND POLAR FORMS 


While the origin of imaginary numbers was in the search of solutions to equations like 
x7+1=0 (B-1) 


they soon found wide applications in other disciplines, including engineering in general and 
electrical network analysis in particular. 
We denote the solution to Equation B-1 by j, wheret 


P=-1 j= /-1 (B-2) 


A complex number is given in general as 


c=a+ jb (B-3) 
where a is the real part of c, and written as 

Re {cl =a (B-4) 
and b is the imaginary part of c, 

Im (c) = b (B-5) 


It is important to recognize that the imaginary part of c is b, not jb. In other words, the j in jb 
simply identifies b as the imaginary (jmaginary?) part. 

The expression in Equation B-3 is known as the rectangular form of the complex number 
c, and is shown in Figure B-1. The complex plane has the real axis and the imaginary axis. 
Along the real axis, we go a units, and along the imaginary axis, b units. The coordinates (a, b) 
define the complex number c. Alternately, the directed line from the origin to c is the complex 
number c. 


T In mathematics, the letter i is used. To avoid confusion with the notation for current, electrical 
engineers (and others) use the letter j. 
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Imaginary 


Real 


Figure B-1 Rectangular form. 


683 


The geometry of c in the complex plane is extremely useful—and easy. We cannot 


overemphasize the importance of such a quick sketch; it can save serious mistakes. 


An alternate way to specify the complex number c is by its distance r from the origin and 
by the angle 0 formed by r with the positive real axis. See Figure B-2. The angle 0 is considered 
positive in the usual mathematical sense, counterclockwise from the positive real axis; it is 


negative clockwise. 
From the geometry of Figures B-1 and B-2 we have 


r= +./a* 4 b? 


distance being always a positive number, and 


b 
0-—tan !— 
a 


The number r is also called the magnitude of c, denoted as |c|. We have also 
a = r cos 0 = |c| cos 0 
b =r sin 0 = |c| sin 0 
As a result, we have 
c =a + jb = r(cos 0 + j sin 0) 
Because of Euler's identity 
e*? = cos 0 + j sin 0 
the complex number in Equation B-10 can be written as 


e qe? = |cle” 


(B-6) 


(B-7) 


(B-8) 
(B-9) 


(B-10) 


(B-11) 


(B-12) 


which is its exponential form. A convenient shorthand notation for the exponential form is 


Figure B-2 Exponential and polar forms. 


(B-12) 


684 B/COMPLEX NUMBERS 


(read as *r at 0 degrees"), called the polar form of c. We must stress that the polar form is just a 
notation for the exponential form. All mathematical operations with c will obey the usual rules 
when c is written in exponential form. 

While Equations B-6 to B-10 are nice and simple, don't memorize them! Better yet, don't 
use them blindly. The reason? Those familiar quadrants in the plane. As shown in Figure B-3, 
the angle 0 falls in one of four quadrants, depending on the individual signs of a and b. Always 
draw a picture! 


a «O0 | a0 


Figure B-3 Quandrants and tangents. 


EXAMPLE B-1 


Show the following complex numbers in the complex plane, and convert them into their polar form: 


(3) cz = —6 + j8 (4) c4 = —6 — j8 


(1) Here 
F, =/6" +S = 10 


0, = tan^! : = 53.13 
as shown in Figure B-4 (a). Therefore, 
c, = 10/53.13° 
(2) r, = 10 and 0, = tan” '(8) = —53.13°, from Figure B-4(b). Therefore, 
€; = 10/— 53.13? 
(3) r4 = 10 and 0, = 180° — tan ! 8 = 126.87", from Figure B-4(c). Therefore, 
c, = 10/126.87° 
(4) r, = 10 and 0, = —180° + tan~! 8 = —126.87° 
C4 = 10/—126.87° 


The point worth repeating is: A simple sketch on paper or in your mind’s eyes is essential. It gives you the 
assurance that your calculator is right—don’t ever relegate your thinking to it! 
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Figure B-4 Example B-1. A 


EXAMPLE B-2 


Without any calculator, decide if the following conversions are reasonable. The left side is given correctly: 


(a) 3/—35° = 246 + j1.72 
(b) —4 + j6 = 7.2/56.3° 

(c) 10/214° = —5.6 — j8.3 
(d) 3/78° = 1.1 + j5.175 


In (a), the given angle is in the fourth quadrant. There, the imaginary part must be negative. 
Therefore, the rectangular form is wrong. (In fact, the correct one is 2.46 — j1.72.) 

In (b), the given rectangular form is in the second quadrant, where 90? < 0 < 180°. Obviously, while 
the magnitude r seems reasonable, the angle is wrong. (The correct calculated angle is 180° — 56.3° = 
123.7.) 

In (c), the angle puts the complex number in the third quadrant. Both real and imaginary parts must 
be negative, as they are. However, a little thought (still no calculator, just a picture!) tells us that 


tan ! ud > 45° 
5.6 
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since tan; ! 1 = 45°. But the given angle shows that we have 214^ — 180° = 34°. So the answer in 
rectangular form is wrong. The correct answer is —8.3 — j5.6, with the real and imaginary parts 
switched —a common mistake, sometimes even with a calculator. Here, we were able to spot it by 


inspection. 

In (d), the imaginary part is greater than the magnitude r—an impossibility according to 
Pythagoras. [The angle just happens to be correct, since 78° = tan” !(5.175/1.1).] a 
EXAMPLE B-3 


Find the rectangular form of the complex number 


c = 2/tan !( — 0.7) 


This is an ill-posed problem, because the angle is ambiguous. It can be in the second quadrant 


0.7 
tan"! " a 180° — 35° = 145° 


or in the fourth quadrant 
—0.7 
tan! D mn -—— E 
The conjugate of a complex number c = a + jb = re? is 
c* = a — jb = re” (B-13) 
and is formed by changing the sign of the imaginary part of c, or by changing the sign of the 
angle 0 of c. In graphical form, c* is the reflection of c about the real axis. See Figure B-5. 


(a) 


Figure B-5 Complex conjugate numbers. 


Important relations among c and c* are 
6600-24 = 2 Re {ce} = 2 Re {c*} (B-14) 
c — c* = j2b = j2 Im {c} = —j2 Im {c*} (B-15) 

The magnitude of c is the same as of c* 
le| =|" =r (B-16) 


and 
cc* =r? (B-17) 
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These equations are not to be memorized. When needed, derive them quickly with the help of a 
sketch. 
In particular, if c = 1e? = 1/0, then Equation B-14 yields 


cos 0 = 1(e + e^ 7^) (B-18) 
and Equation B-15 gives 


uy as (e — e) (B-19) 
2j 


These two relations are sometimes also called Euler's equalities, together with Equation B-11. 


OA =e” OB - e^? = AC 
1e? + e-i®)= 2(0A + AC)= 0C = OD = cos 0 


+ (el? — e-i?) = 2(0A — OB)= 3BA = DA =j sin 0 


Re 


Figure B-6 Geometry of Euler’s equalities. 
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Two complex numbers are equal if, and only if, their real parts are equal and their imaginary 
parts are equal; that is, given c, = a, + jb, and c, = a, + jb,, then the equality 


C= €; (B-20) 
implies 
a,=a, and b,=b, (B-21) 


Alternately, in polar form, the equality of complex numbers means that their magnitudes are 
equal and their angles are equal; that is, with 


¢,=r,e" =e, mre (B-22) 
the equality of Equation B-20 implies 
r,=r, and 0,=80, (B-23) 


Addition (or subtraction) of complex numbers must be done in rectangular form. Then, if 
€, =a,+ jb, and c, =a, + jb,, their sum is 


C1 T C5 = (a, T a>) + (b, + b) (B-24) 
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and their difference is 
Cy — Cy = (d; — a5) + j(b, — b;) (B-25) 


In words, real parts are added (or subtracted) to yield the resulting real part, and imaginary 
parts are added (subtracted) to yield the resulting imaginary part. 


EXAMPLE B-4 
Given 
€, = 2.2/20° 
C, = 1.29 — j1.25 
c, = 0.6/ — 110? 
Calculate 


C4 — 0C, — C3 + C3 
First, we must convert c, and c, into their rectangular form. We get (check it!) 
c, = 2.07 + j0.75 
cz = —0.21 — j0.56 
We have then 
C4 = 2.07 + j0.75 — (1.29 — j1.25) + (—0.21 — j0.56) = 0.57 + j1.44 
or, when converted into its polar form, 
c4 = 1.55/68.4° El 
The graphical methods of addition and subtraction are simple, quick, and reasonably 


accurate with the help of only a ruler (to measure lengths) and a protractor (to measure angles). 
These methods are invaluable in many areas of electrical engineering. 


Im 
Scale: 1 inch = 1 unit 
c 
: NC 
S 
SS 
N 
N. 
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/ €3 
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C2 


Figure B-7 Graphical addition. 
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To add graphically complex numbers, we follow the rule of *head-to-tail": From the tip 
of the first complex number (the head of the arrow), draw the second complex number; from the 
tip of that one, draw the third one, etc. Their sum is the complex number whose tail is at the tail 
of the first one and whose head is at the head of the last one. In Figure B-7, we show this 
construction for c4 = c, + c; + c4. From it, with a ruler and a protractor, we read directly, 
cs = 3.3/ — 18.5?. This method is recognized as a simple extension of the parallelogram addition 
of vectors in mechanics and physics. 

Graphical subtraction of two complex numbers follows a similar procedure if we 
recognize that 


Cg = C4 = Cg Jj (—c4) (B-26) 


Therefore, to subtract c; from cg, we reverse c; and add to c, by the head-to-tail method. This 
result is shown in Figure B-8(a). From it, we see that (cg — c7) is a complex number directed 
from c; to cg, as shown in the simplified construction of Figure B-8(b). 


C7 


Cg ^ C7 


(a) (b) 


Figure B-8 Graphical subtraction. 


Multiplication or division of complex numbers may be done either in rectangular or in 
polar form, unlike addition or subtraction, which must be done in rectangular form. For 
multiplication (or division), the polar form is much easier. 


EXAMPLE B-5 


In the previous example, calculate the product c,c3. 


In polar form, we have 


cz, = (1.8/—44*(0.6/— 110°) 


Remember that this notation really stands for the exponential form. The usual rules of exponents in 
multiplication yield 


cc, = (1.8e7744)(0.6e 7119) = (1.8(0.6)e/74* ^ 1109 = 108277154" 
that is, 
Ppi = 1.08/—154° 
which, when converted into rectangular form, gives 


C,C3 = —0.97 — j0.47 
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Alternately, the product can be done in rectangular form as 


cc, = (1.29 — j1.25( —0.21 — j0.56) = (1.29( — 0.21) + (1.29) —j0.56) 
+ (j1.25)(0.21) — (1.25)(0.56) = —0.97 — j0.46 


correct to two significant figures. Here we used the equality (—j)(—j) = —1, a common one in such 
calculations. s 


We see that, in polar form, magnitudes are multiplied to give the resulting magnitude, 
while angles are added to give the resulting angle. In polar and exponential form 


(r,/0,)(72/02) = reer, e: = rr, 91*99 = p. p,/0, + 0; (B-27) 


Division in polar form is equally easy. Here, again, we use the usual rules of exponents 


01 
rı/0ı E ne e. T1 $01 —02) E 0, — 0, (B-28) 


showing that we must divide the magnitudes and subtract the angles. 


EXAMPLE B-6 


From the previous example, calculate c;/c4. In polar form we write 


C5 1.8/ — 44? 
— = ——— = 3/66? = 1.22 + j2.74 
c, sii» - e bis 
where the answer in polar form was converted into its rectangular form in the last step. ia 


Division in rectangular form requires, first, that we multiply numerator and denominator 
by the conjugate of the denominator— a valid operation, multiplying a given ratio by 1. Thus 


OPE. MILL (B-29) 


Cy E. Cj lea} 


The idea here is to get a real number, |c3|*, in the denominator of the answer, as illustrated in the 
following example. 


EXAMPLE B-7 


From Example B-4, we use this approach to get 


c, 129—j125  129—j125 —0.21 + j0.56 


c, —021—j0.56 —0.21 — j0.56 —0.21 + j0.56 
|. (1.29) —0.21) + (1.29)(j0.56) + (j1.25)(0.21) + (1.25)(0.56) 
- (—0.21)? + (0.56)? 


0.43 + j0.98 
^. 06 


as before. E 


= 1.21 + j2.73 
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A few useful relations here are listed now:t 


1 
<= —j (B-30) 
J 
(—j(+J)) = 1 (B-31) 
e? = j (B-32) 
e i = —j (B-33) 
et = —11 (B-34) 
gtis = et ce oes pti e, ] k = 0, 1, 2, 3, ... (B-35) 
To raise a complex number to an integer power, use the polar form 
gr em (rely mrt =r /k0 (B-36) 
EXAMPLE B-8 
Given 


1 v3 


eee a 


calculate c? and c^ 3. Give the answers in rectangular form. 


We convert c into its polar form 
c = 1/120" 
Therefore 
c? = (1/120°)* = 1/240" 
In rectangular form, it is 


J3 


1 
ia a 
Similarly, 
c^? = (1/120*)7? = 1/—360° = 1/0° 
that is, 
c?-14 0 


in rectangular form. (Note: This particular complex number, c = 1/120°, is very useful in the studies of 
electric power systems.) a 


The same approach holds for fractional powers, that is, roots of complex numbers. Let us 
illustrate with an example. 


EXAMPLE B-9 
Find the five roots of the equation 


x5+2=0 


t Remember that j = 0 + jl. 


1A fondly remembered professor used to extol the sheer beauty of this equation which combines 
transcendental numbers (e and z), the unit imaginary number (j), and the unit real number (1) in such an 
elegant fashion. 
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We know that there are five roots, in accordance with the fundamental theorem of algebra which states that 
an nth-order polynomial equation has n roots. 


Write the equation as 


x> = —2 
x 2 (—2)!/5 


We express —2 in its exponential form, adding multiples of 360° to the angle: 
—2 = 29/180" — 25/(180** 360) _ 55/1180** 720") _ ,., 


Therefore, 


x, = (2e/180)1/5 = 21/59/36 = | 149/36? 

x4 = (2e/5*0)i5 = 21/59/108* — 1 149/108? 

X4 = (2e/900*)1/5 = 51/59/180* — 1 149/180? = — 1.149 
Xa, = EF HUS = 21/5pj252° — 1.149/252° 

x ms (2017020219 = 21/5 pj324° = 1.149/324° 


If we attempt to continue and add another 360°, we get back to x, 
Xe = (2ei198OV1/5 — 21/59/396* — 21/5e)36 = x. 


These five roots are shown in Figure B-9. 


Im 
Re 
r= V2 
Figure B-9 The five roots of x? + 2 = 0. 3 


Exponentiation with complex numbers is defined as follows: 
e * JD — efe = e%(cos b + j sin b) (B-37) 
where the last equality follows Euler's identity, Equation B-11. 


t Note: 0 = 0 + 360° = 0 + 720? = 0 + 1080? = --- (in degrees) 
0 — 0 + 2n = 0 + 4n = 0 + 6r = --- (in radians) 
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EXAMPLE B-10 
Calculate the real part of the complex number 
c = 100e 0 *4Y 


where t is time, a real number. 


We have 
c = 100e~ *(cos 4t + j sin 4t) 
and therefore 
Re{c} = 100e^?' cos 4t 
Similarly, 
Im{c} = 100e~ sin 4t 


Such functions of time are very common in circuit analysis. 8 


EXAMPLE B-11 


Just for the fun of it, let us calculate j’. 


From Equation B-32, we have 
j= ell? = giSnI2 =... = giln/2+2kn) km REX... 
since we can add multiples of 2z to the angle of a complex number. Therefore, 
j = (ei?) = e"? = e7™2 = 0.20788 
or 
fp = (ey = eP5x/2 = e~ 54/2 = 3.8820 x 107^ 
or, in general, the real number 


pase @2+2 = = 0, +1, +2... a 


In summary, complex numbers obey the same laws of algebra as do real numbers. 
Furthermore, complex numbers reduce to real numbers when their imaginary part vanishes, 
Im{c} = 0. 

In conclusion, here are a few practical suggestions for working with complex numbers: 


1. Don’t memorize. 

2. Draw a sketch. 

3. Don’t rely blindly on your calculator. Always think! 

4. Convert every complex number into its other form, rectangular to polar and polar to 
rectangular. Then you'll have it when needed in either form. 


Appendix C 


Scaling 


“Why are we dealing, throughout this book (and, in fact, in most other books, articles, etc.) with 
such ‘unrealistic’ values as R = 1 Q, C = 0.5 F, L = 2 H, t = 1, 2, 3 s, œ = 1 rad/s?” The answer 
to this justified question is found in scaling (or normalization). Just think of scaled distances on a 
map, making it easy to draw the maps and to calculate real (unscaled) distances. Or think of a 
scale model of a newly designed airplane being tested in a wind tunnel to calculate and evaluate 
many variables and parameters of the real, unscaled airplane. 

In circuit analysis and circuit design, we often have a very wide range of numbers, such as 
10 kQ, 20 pF (= 20 x 10^ !? F), 100 ns (= 1077 s, 5 MHz (= 5 x 10° Hz), etc. Scaling is 
useful for several reasons. For one, it reduces human error in computations, or possible over- or 
underflow in machine calculations. In circuit design, normalized (scaled) configurations of 
prototype filters, with their element values, are readily available; for a particular problem, such 
a filter is easily unscaled to provide the final answer. 

Two common scalings are for magnitude and for frequency, so that, for instance, a scaled 
resistor is 1 Q and a scaled radian frequency is 1 rad/s. Let k,, a positive constant, be the 
magnitude scaling factor; then the normalized (scaled) magnitude of an impedance is 


Zoa (C-1) 


where the subscript m reminds us of magnitude scaling. Letters without subscripts indicate here 
the actual, unscaled values. Specifically, for a resistor, we have 


Z = - C-2 
"T (C-2) 
for an inductor we have 
wL 
CE x (C-3) 
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and for a capacitor 


1 
Z = 
"Cka 


(C-4) 


Here we are dealing with magnitudes of impedances in the sinusoidal steady-state case; hence 
the j is missing. Similar results hold for the generalized (Laplace transform) impedances. 
For the magnitude-scaled elements, the impedances are 


1 


(C-5) 


respectively. Comparing these equations, we get the relationships between actual and 
magnitude-scaled element values: 


R-k,R, (C-6) 

L-k,L, (C-7) 
C, 

=" (C-8) 


Equations C-1, C-6, C-7, and C-8 are the basis for magnitude scaling and unscaling. If k,, > 1, 
magnitude is scaled down, and if k,, « 1, it is scaled up, according to Equation C-1. 
Next, let us scale the frequency by a positive constant k ,, such that the scaled frequency 


f, is 


f 
f, pem k. (C-9) 
f 
and the scaled radian frequency is 
i. ad iei (C-10) 
ky 
Similarly, the complex (Laplace transform) frequency is scaled 
S 
= — C-11 
Sf k, ( ) 


Here, again, the subscript f denotes frequency-scaled variables. 
If frequency scaling is not to affect the magnitude of impedances, we must have for a 
resistor 


Z,-R (C-12) 


since resistance is frequency-independent. For an inductor, we have 


Z, em us (eet (C-13) 
k, 


and for a capacitor 


Z, m —. (C-14) 
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These frequency-scaled impedances are, respectively, 


1 
Therefore, frequency-scaled and actual element values are related by 
R=R, (C-16) 
L 

à 
-—L C-17 
7 (C-17) 

C; 
C = — (C-18) 

ky 


For both magnitude and frequency scalings, we combine these results as follows 


R= k,Ray (C-19) 
k 
L=- Laf (C-20) 
Ky á 
1 
G — kk, b as f (C-21) 


where the subscripts m, f indicate magnitude and frequency scalings. 


EXAMPLE C-1 


In Figure C-1(a) we have a real, unscaled network with its element values. The driving-point impedance of 
this network is given as 


1 
Z(s) = 100 + 


1 
1.6 x 1079s + 


16 x 1076s 


which is rather clumsy and prone to errors. After clearing fractions (correctly!), we get 


zi, 256 * 10-1352 + 16 x 1075s + 100 
m 256 x 10-352 + 1 


which is hardly an improvement. On the other hand, if we choose 


100 Q 1 Q 


16 uH 1.6 nF 1H lF 


(a) (b) 
Figure C-1 Example C-1. 
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we get the scaled network in Figure C-1(b). Verify all these scaled element values, according to Equations 
C-19, C-20, and C-21. For this scaled network, we write neatly 


What a relief! 


EXAMPLE C-2 


A certain filter is designed using magnitude and frequency scalings. The scaled cutoff frequency is 
0, = 1 rad/s. The filter’s structure and element values were obtained from standard tables, as shown in 
Figure C-2(a). The actual (unscaled) filter, we are told, must be terminated in a resistor of 600 O, and the 
actual cutoff frequency is 1 MHz. (By the way, this is a common way to select these scale factors in circuit 
design.) Thus, 


km = 600 k,=2n x 10° 


and the actual, unscaled filter is shown in Figure C-2(b). 


1.24 0.12 m 
+ 4 i 480p | - 4 
(2. B, F) 
(a) (b) 
Figure C-2 Example C-2. T 


Scaling of time is not independent of frequency scaling. In fact, if we write a typical 
sinusoidal voltage as 


w 
v(t) = V, cos ot = V, cos (c. rt) (C-22) 
f 
we recognize that the scaled frequency 
W 
Or —— (C-23) 
k, 
must be accompanied by the inverse scaling of time 


This reciprocal relation is also obvious intuitively: A compressed time means an expanded 
frequency, and vice versa. The same holds true for the generalized (Laplace transform) 
frequency since, in that case, we have 


eg 5 = eT Gk — ort; (C-25) 
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Finally, it can be shown that an entire network function whose units are ohms (such as a 
driving-point or a transfer impedance) is affected by magnitude scaling of all its elements as 
follows: 


Z(sy) 


k (C-26) 


Z (Sy) = 


m 


as in Example C-1. On the other hand, a dimensionless network function (such as a voltage 
transfer function or a current transfer function) is not affected by the magnitude scaling of the 
elements in the network; that is, for a voltage transfer function we have 


G, (sy) = G(s p) (C-27) 
and for a current transfer function we have 

XmlS r) = asy) (C-28) 
In both Equations C-26 and C-27, frequency scaling is done independently of magnitude 


scaling. 


EXAMPLE C-3 


In the network shown in Figure C-3, the output current is 


I NN I 
eu (5) = 1/R + 1/Ls + Cs in(S) 
with the current transfer function 
1/R 
a(s) = / 


1/R + 1/Ls + Cs 
Apply to this network magnitude and frequency scalings to get 


1/kmRm, ; IU/R,, ; 
apr) ine nn i - 
1 1 1 1 
FN Ins) (sky) 
S 


showing how k,, does no‘ affect a dimensionless network function. 


Figure C-3 Example C-3. E 


In summary: Scaling reduces the complexity of calculations, improves accuracy, saves 
time, and allows us to use available normalized tables for circuits. These reasons are more than 
sufficient to justify the wide use of scaling, both in analysis and in design. We've done it 
throughout this book. 


Appendix D 


Selected Hints and Answers 


CHAPTER 1 


1-2 (a) Lumped valid 
(d) Distributed 
1-3 2.56 x 1071! cjm? 
1-5 3.75 kV 
1-10 6.242 x 10!? eV ( 
1-14 Receives power 0 < t < 2/200, 1/100 < t < 37/200, etc. 


CHAPTER 2 
2-1 0.0220 


2-5 (b) i 


2-6 a <0 

dv 
2-5 14,26934À 
2-11 v, = —5.66 V 
2-12 i, = 18.57 A 


2-15 | — nj 
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2-18 i, = 60 sin t — 36 
2-23 ip = 0 


CHAPTER 3 


3-2 30 (5 the sum of all incidences) 

3-7 (2) Not necessarily; see Figure 3-6(a) 

3-8 (c) $520 

3-10 v, = $3 V 

3-16 i, — 15 A 

3-17 Three node equations, two loop equations, i, = 2 A 
3-20 Source delivers 2.95 W 


CHAPTER 4 


4-1 (b) 3.8340 
4-2 Check dimensions (units)! 
REEL 
2 
4-8 —R,, negative resistor 
4-14 2.542 Q 
4-17 For 5V, R = 4900 
4-21 R, = 1000 V 
4-26 i, = 12 mA 


CHAPTER 5 


5-2 (a) Nonlinear (r4 +r) Ame, +e,) +b 
5-4 vo = —24V 

5-5 v, = —0.64 V 

5-7 i, =2.57A 

5-8 p= p, p; because v = const. 

5-9 p,,= 130 W delivering 

5-10 i, =i, 205A i, — 0.2A 

5-11 i, = —0.028 i; = —0.113 i; = — 0.0083 
5-12 v, — 0.536 v, — 0.893 v, = 0.536 
5-13 v, = —8 v, = —4.67 

5-14 v, = 18 Ry, = 3 
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R,R 
5-16 R, = = 


4 
5-17 v, = — 4.667 V 
5-19 a = —2 R= —R,5 negative resistance converter 
5-24 Ry = (R,|R3) + (R;|| R4) 


5-25 R0 DO uU 
R > oo Sp20 
but p> 0 ..plot must be 
3600R dpg 
= ——— —— = R = 
5-27 pn (R+ 6)? aR 0 60 
Vin 
5-28 p = — 
P= JR 
0.083 0.024 
5-31 H = | 0.16 0.02 
0.02 0.087 
5-33 R e Lp tos kikar, kir, 
o.c. —k;r, A 


5-35 Uo = it Ui 


s x p ag. i 
bs ATA is singular 
vı] [6 0 i, 

s» [2 lb as]. 

5.42 i| [0 0 v 
6:1] [11 OL 94 


4 
[s anle pile obli] 
i total C D | C D II =i, total 


5-48 Vin = 1 v, see Equation 5-58 


11 R, 
: F21 
5-49 i, = 
4 T; + R, 
fà wall fa 
5-50 R,. =| ° 
- r,—aur, r, t r(1—a) 


CHAPTER 6 
q 
62 d= 0 t<0 
AT dde *.. dO 
t = 4 for max q t 
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6-4 I i(x)dx = ia i(x) dx + | wo dx = q(tg) — q(— 00) + J ico dx 


to 
Assume q( — oo) = 0 (reasonable!) to get Equation 6-7 
6-5 v(t) = 100e ?' 
6-8 p = (377)(50) sin 754t 
6-9 p(a) = —p(b) 
1 1 
6-10 Parallel C=) C; Series "m Y a 


6-11 t = 2 for i,,,, 
v(t) = 0.2te '(2 — t) 


l 2 2 
— 2K [fs — fi] 
6-16 (b) M = 2.2 H 


6-14 Spring J 


t1 


E ot, ONE ToC 

me IE" dt 

T sir or ef) 
Wa= = 3/2? —(3 

CHAPTER 7 


1 t 
7-1 vv; + —— | vx) dx 


TS vof) 126 79 

7-8 i(02i-2*x10 *e* 

7-9 v,=0 zero input t — 0.65s 
7-10 t=1.5s 

7-11 vr | =| R(i,)? dt = --- 


0 
7-14 Mx- —Dx Newton's law 
^". MP + Dv =0 <= MID 
Analogous to C? + Gv = 0 in RC circuit 
7-16 Tangent intersects asymptote at t = 1. 
7-18 (a1) v = 02e ! ^t — 12e ^ 
(a5) vy = Kæ physically impossible for t — oo 
7-19 i, = —9e 7/3 4 5 
7-20 i, = i[(1— e 2/97 
7-21 i,(0.1) = 0.236 = initial value for b 
7-22 s*+2s+1=0 5,=5s,=-1 
iy = K,e' + K,te' 
js de eto 
T23 i= Bp 
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7-24 i, = 5[1 — e 0/972] 


1 
7-26 (c) Area merei = C for any e 


Area = | ic(t) dt = q(t) = finite 
0 


7-31 (a) i(0*) 20 — v,(0) 20 — v0) 20 
(b) v,,(0*) = —24 V 


1 
7-33 v(0*) = ; c QR + 1) 


CHAPTER 8 
8-1 g= Ke °” 0 + 30B = K, 
"B= Ka = KK 
"AU ag. mo 
8-2 (d) v,(o0) = v,(0) since iQ, — 0 Up =0 


(f) woo) = $3 —we= | TUN 


0 
8-3 (a) No current Uc, (t) = vc,(t) = 2 
8-6 A-—C.1 (coulombs) 
8-10 ¢ = 2: R -2 Je 
R y G 


cr 


8-11 o? +œ? — o a circle of radius = c 
8-13 (c) C > z F 
8-14 No, because if K, = 0 then i, = K,e °”, a first-order circuit??? 
8-16 Find first the maximum of each i,(t), with t,,,, then iz(tmax) etc. 
8-17 i,(0 ) = 10 v(0-) =0 
8-18 i (0 )=6 ve(07) = +6 (depends on your reference) 
8-19 v(07) = —10 i (07)=0 
8-20 (b) Decays faster than (a) 
(c) Critically damped 
(£) Oscillates faster than (e) 
8-21 v.(0 )=0 i(07)=2 
After t = 0 convert current source and R into a Thévenin circuit. Then use Section 8-5. 
8-22 i,(0*) = —12A v{0*)=0 
8-23 4.9 joules 


di 
8-24 0.3 F +vc=0 zero input! 
dv 
i — 0.1 E Live 


etc. 
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8-25 All transient 
8-31 One node equation 


CHAPTER 9 


9-5 1320 Hz 

9-6 i lags behind v by 45° 

9-9 Divide and multiply by ,/ A? + B? 
9-12 KCL at the inverting terminals 

9-16 ./24 = ./25-1=--- 

9-17 (5) I; = 10.6/ — 120° 

9-20 Different w’s. Phasors require one o 
9-22 V, = 21/—110.4? 

9-24 (b) I = 0.0007/ — 56° 

9-26 f(t) = 24.64 cos (377t + 150°) 


9-28 0.06(j50)V.. + Vc + AV, = 80/40? 


3 
(2 x 1075)(j50) 
etc. 
9-29 Resistor 
9-30 v, = —20i, as shown 
9-33 i, = 4.2 cos (2n10*t — 120°) 
9-39 v,(t) = 2.546 cos (377t — 28.83?) 
9-40 vo = AV,, sin 100t integrator 
9-44 If |V,| = |Vc| they cancel in KVL. No unique solution. |V,| = |V,| is arbitrary 
9-45 No, everything is in phase 
9-51 Wrong dimensions (units) 
9-53 V, = —3.33 Y = 0.474/71.6° 
— 1 + 9,/joC, 
Im 


9-62 Superposition! one circuit with œ = 50 (current source only), the other with œ = 100 
(voltage source only) 


CHAPTER 10 
10-1 (b) ip = Bte ^ critically damped, resonant 
G 1 1 
10-2 G? + B? = —. Circle centered at | —, 0], r = — 
R 2R 2R 
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10-8 v, 7 f(R)! 
10-13 |H| = 1, all-pass filter 


CHAPTER 11 


11-1 (d) Z = 0.632/71.56° 0.316 lagging 
11-3 (d) Series R = 0.40 X, =0.70 
11-5 P = 180 watts 

11-7 cos0 «0 delivering power 


Fa 
11-8 Vor = = 


st 2 


11-10 5.84 W 
11-13 cos 0, = 0.981 leading 
11-14 L — 6.35 mH 


11-16 P,=66kW Q,=39kVAR 
wanted: P,=66kW Q, = 134 KVAR 
C — 1.678 mF 


11-17 (a) Qc = 0.662 MVAR (b) Qc = 0.605 MVAR 


11-20 R, = Rp, 
[Vol? 
10 


11-22 P, = 


CHAPTER 12 


12-1 (b) No state variables, i,, = i, i-i, 
12-5 a=a,a, 


1 i 
Remember that — corresponds to integration 
jæ 


12-16 5.4 percent regulation 

12-18 (a) P, =W, — (b) P, = IL, ^r 
12-19 n = 91.6 percent 

12-20 n,a = 91.9 percent 


eq? 


CHAPTER 13 


13-2. v¢(t) = 1204/2 cos (377t + 180°) 
13-3 Y v = 0 around this loop! 
13-6 Icy = 21/1172? 


since |V,| z 0 
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13-7 Y I= 0 across this cut set in all cases 

13-8 Ic, = 14.7/173.1° 

13-10 I,, = 25.48/—23.1° 

13-11 V,, leads V 44 by 30° 

13-12 Start with the given I, , and try two possibilities of decomposing it into (p, + La). 


13-16 Two loop equations or, better yet, one node equation at N, with n as reference. 
V = 103.5/15.6" ete. 


13-18 I, = 266A 


13-19 (a) C 2 0.58uF — 13.8 kV 
(b C=1.76uF  8kV 


13-20 By power triangles 


13-25 Q, = /3(W, — W;) 
13-29 0.866 


CHAPTER 14 
14-1 (d) f,(t) = 100 sin 377t[u(t) — u(t — d5)] 
14-6 i()-wt)  v(0- = (Lu(t)) = Ló(t) 


14-7 Area = 1 independent of c 
14-9 tan ! 2— 6344? 
14-10 K(t — a)*u(t — a) the unit parabola 
14-11 (c) 0 
s 


14-12 (a) v(0) is finite, no impulse, $(0*) — (07) = | v(t) dt — 


- 
14-14 (d) Yes, c > —a 

(e Yes c > 0 

(h) No. There is no c 
14-19 s, — — 39.875 s, = —0.125 


14-24 (a) v(t) =e ‘cos ./14tu(t) 
(b) i(t) = 2e ?' sin 4tu(t) 


2 
14-27 ft sin fit u(t) = TETE Ps + BP 
ô 
14-28 Ab sin bt u(t) = t cos bt u(t) 
ô b s? — b? 


abs? +b? (s 4b» 
3! 6 3 
4-2 30 —4t n,-—at = do AS dee 
notnm) | Were eser um 


s=0 
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CHAPTER 15 


15-1 


15-2 
15-3 
15-7 
15-9 


—S$ —1 
28 3s 4 2s +3844 
essen snas messa mmu 


(d) 1,(s) = 


Zero-state Zero-input 
8s? + 20s + 16=0 


2s? + 7s? + 125 + 15 2 0 
s=0 
Z(s)=R always 


15-14 [J(s)] = [amperes ][seconds] = [coulombs] 


Ai 


lay 


15217 Y,, == = A = loop impedance determinant 


Vp A 


15-18 R=0 —> i(t) = C, Vo ô(t) 


15-19 V, = 


—4 
s$?--s-4-2 


15-20 (b) 3ó'(t) — 30ó(t) + 300e^ '?'u(t) 
15-22 See below. In (d), the factor (s + 2) cancels 


15-25 


1 1 
(sci G+ 


15-33 (a) — 3 (b) Not applicable (c) 1 (d) NA 
15-34 Check first the locations of poles of sF(s) (Routh!) 
15-35 f(0*)20 FO =) f"(0*) = —6 

15-22 


C 


604.8 G 6O OO O OG 


e 


aa € Q 


subroutine pfexp (n,p,m,coef,c) 


partial fraction expansion 


This subroutine was designed to perform partial fraction 
expansion of proper fractions. It will accommodate 
any number of poles and multiplicities and is bounded 
only by the dimension statement. The calling sequence 
is: 
call pfexp (n,p,m,coeff,c) 
where 
n — the number of distinct poles 
p — a one-dimensional array containing 
the poles 
m — a one-dimensional array containing 
the multiplicities 
(note that there is a one to one 
correspondence between the arrays 
p and m. Thus m(1) is the multiplicity 
of the pole p(1).) 
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coef — a one-dimensional array containing 
the coefficients of the numerator 
polynomial. For n distinct poles 
there must be n coefficients. They 
must be specified from order zero 
to order (n — 1). For example, if the 
numerator for a polynomial of n — 5 is 
(Ss«4) + (2%(s**3)) — 6s -- 12 
then coef(1) — 12,coef(2) 2 — 6,coef(3) — 0, 
coef(4) = 2,coef(5) = 1. 

c — a (6 x n) array used for output from 
the subroutine. The row designates the 
order of the constant and the column 
designates the particular pole. For 
example, if c(3,6) 2 4.33 and the sixth 
pole is —2, then the expansion includes 

4.33/((s + 2)**3) 


Oo € O C O C O O O OÓ OC O.6 a O G 


dimension a(6,6),c(6,6),p(6),m(6),coef(6) 
c zero fill the work array 
do 10i— 1,6 
do 10j—1,6 
c(i,j) — 0.0 
10 a(i,j)=0.0 
c compute first order coefficients 
do 20 jj=1,n 
hold = 1.0 
cnumer = 0.0 
s—p(jj) 
do 15i=1,n 
if(jj.ne.i)hold = hold«(s — p(1)) 
if(s.ne.0.0)cnumer = cnumer + coef(i)*(s**(i — 1)) 
15 continue 
c(1,jj) 2 cnumer/hold 
20 continue 
set order pointer: korder 
do 900 korder — 2,6 
c set pole pointer: npole 
do 800 npole- 1,n 
c if multiplicity of npole < korder try next pole 
ifí(m(npole).It.korder) go to 800 
if multiplicity of npole not « korder then 
(1) shift npole column of the coefficient array of 
output values down one element 
(2) calculate contribution of npole with all other terms 
and add contributions to corresponding locations in 
the coefficient array of output values 
do 50 iwork = 1,5 
iw —7 — iwork 
jwziw—1 
a(iw,npole) = c(jw,npole) 


e 


€ € € €) CO a 
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50 c(iw,npole) 2 c(jw,npole) 
a(1,npole) =0.0 
c(1,npole) =0.0 
do 700 jpole = 1,n 
if (jpole.eq.npole)go to 700 
kwork — korder 
a(kwork,jpole) — 0.0 

200 continue 
if (c(kwork,jpole).ne.0.0)go to 300 
kwork —kwork — 1 
if(kwork.eq.0) go to 700 
go to 200 

300 khold=kwork 

400 con-c(kwork,jpole) 

500 al-con/(p(npole) — p(jpole)) 
b — con/(p(jpole) — p(npole)) 
a(kwork,jpole) = a(kwork,jpole) + b 
if(kwork.eq.1)go to 600 
kwork =kwork — 1 
con=al 
go to 500 

600 a(1,npole)=a(1,npole)+al 
khold=khold — 1 
if(khold.eq.0)go to 700 
kwork = khold 
go to 400 

700 continue 


c replace coefficient array for output values with work array 
do 7501— 1,6 
do 750 j=1,n 
c(ij) — (1j) 
750 a(i,j)=0.0 
800 continue 
900 continue 
c print the coefficient array of output values in matrix form 
write(6,955) 
955 format(0, coefficient array for partial fraction expansion’) 
do 9501— 1,6 
950 write(6,960)(c(i,j),j = 1,n) 
960 format(6f 10.3) 
return 
end 


CHAPTER 16 


1.8s? + 10 
4.765? + 12s? + 24s 
16-7 k= 2 — 6s? + 20s? + 21s + 66 20 


16-1 Y,(s)— 
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16-9 (a) i,(t) = K,u(t) + K,e 9*' cos(3.8t + K4) 
1 1 
16-10 I(s) = — > — 
6-10 I(s) LL tu(t) resonance at dc 


16-12 s; , = —0.02 + j2 
No resonance with s = j2 of source 


S 1 
TEET dd es aS ULLA 
fe) — l 
METTE Í et 
1 


1 
(b) H() = — = Yp 
S sin t 
aim s +1 


16-14 Within the arbitrary multipliers 


16-15 (c) iut) = 4 e814 cos v7 t+ EN sin v7 t 
4 JJ 4 
16-16 (a) h(t) = 2.36(t) + --- 
(b) No 
(c) A(t) = 1.26(t) + --- 


1 
16-17 Experiment yields R,(s) — H(s)-— 


-SR (s) = H(s) 
. SRA(s) — r ) = H(s) 
=0 


get a rt) = h(t) 


16-18 All zero-input, all steady state 

16-19 (d) r(t) = 10 sin 4tu(t) 1-Q resistor 

16-25 

c this program performs the numerical convolution of two functions, 

h and x, defined in the function statements at the end of the program. 
the program assumes the functions to equal 0 for t < 0, therefore the 
convolution begins for t > 0. the user should define the desired functions 
properly, using fortran 77 statements. 


the program also requires that the user input two variables when 
prompted: 
1) the sampling interval, t; and 
2) the number of intervals over which the convolution 
should take place, k. 


o0 000 0 
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c 


30 


40 


Qo aa O O a a G 


program convolution 


integer 1,k,n 
real y,t,sum,h,x 
common t 


print«,enter an integer value for k. 
readx,k 

print«,'enter a value for t. 

read+,t 

print 

prints, t=’,t 

print 


perform the convolution 


do 401=1,k 
sum = 0 
do 30 n= 1,1—1 
sum = sum + 2xh(n)«x(l — n) 
continue 
y —t«(sum + h(0)«x(I) + h(1)«x(0))/2.0 
print«,y(^L't) — y 
continue 
end 


function h(arg) 
common t 
integer arg 

h—exp( —2«argst) 
return 
end 


function x(arg) 
common t 
integer arg 

x=10 
return 
end 
this program performs the numerical convolution of two functions, 
x and h. the program assumes the functions to equal 0 for 
t<0, therefore the convolution begins for t>0. 
the functions must be given at equally spaced intervals, where t is 
the spacing. these data must be stored in a file called convol.dat. 
the format is one data entry per line. if the convolution is to take 
place over k intervals, x(0),x(1t),x(2t),....x(kt),h(0),h(1t),h(2t).... 
h(kt) must be given in that order in the file. 
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the program also requires that the user input 2 variables when 
prompted: 
1) the sampling interval, t; and 
2) the number of intervals over which the convolution 
should take place, k. 


O OG Q a © 


program convolution 


integer Lk,n,j 
real y,t,sum,h(0:20),x(0:20) 


print*,enter an integer value for k. 
readx,k 

print«,'enter a value for t.’ 

readx,t 

prints 

print*, t — "t 

prints 


open(unit = 15,file=’convol.dat’,status — ’old’) 
rewind(unit = 15) 
c read in the data 


do 10 j=0,k 
read(15,*)x(j) 
10 continue 
do 20 j=0,k 
read(15,«)h( j) 
20 continue 


c perform the convolution 


do 401=1,k 
sum = 0 
do 30n=1,1-1 
sum = sum + 2«h(n)«x(l — n) 
30 continue 
y — t«(sum + h(0)«x(1) + h(1)«x(0))/2.0 
print«,y( t) 2 y 
40 continue 
end 
16-26 e(t -x) 


Future 


Present 


YE =F 
16-31 Ya =| aT fe el 
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Zj1£, 

A, + zy, 

16-34 The A-Y equivalence! 


16-33 G = — 


CHAPTER 17 


17-1 G : jo 
(s) ^ TRC jo + IJRC 
o=o b= 0 
ore Gesi d= 


17-2m=n |H|=|K| à 
17-4 All-pass 
17-6 (b) |H|=1 

0 = 0° —360* 


17-8 «= +20 log |jæ| = +20 log o dB 
0 = £90 
S 
(s + 100)(s + 10*) 
at o — 10 a=0 ..|H(j10)| = 1 


10 0 
3 dud A E eS 
A02 + 10^. /10? + 108 10^ 


17-12 (a) H(s) = K 
SK-10 
17-13 


i 
x 


17-15 


1 
s5 + 3.236s* + 5.2365? + 5.236s? + 3.236s + 1 


All poles (for all n) are located on the unit circle 


1717 n-5 H(s)= 
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17-18 Can't do because of —s 
17-19 (b) 


CHAPTER 18 


18-1 ¢<1 complex conjugate 
C1 real, distinct 
"ELM real, multiple 
¢=0 pure imaginary 
18-2 (c) h(t) = Fu(t) + Ge ' + Ke ?' 
18-4 Unstable 


18-7 

this program generates the routh array for a given polynomial. 

the program asks for the order of the polynomial and then requires 
that the coefficients be entered when prompted in descending order, 
i.e. first enter the coefficient of the highest power, then the 
coefficient of the next highest power, etc. until the coefficient of 

the constant term is entered. note: a coefficient for each power 
must be entered. 


€) © O-O a € 'Q 


program routharray 


integer order, horder,q,x,i,j,k,z,r,current,],b,m,h 
real routh(21,11),sum 

print», enter order’ 

read(*,«)order 

data routh/231«0.0/ 

horder = order + 1 

l= nint(float(horder/2.0)) 


c lis the length of rows 1 and 2 of the routh array. 


q=l— 1 
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c 


18 


20 


22 


q is the length of the row to be generated. 


x=1 
iz1 
j- -1 


m-(- 1)««order 
if (m.lt.0) then 
fel 
else 
fz2 
endif 


horder, as a row name, refers to the first row of the routh array. 


order, as a row name, refers to the second row of the routh array. 


read in the given polynomial. 


do 15 k- 1l 
b=2 
if ((r.eq.2).and.(k.eq.l)) b=1 
do 18 z=1,b 
print«,’enter coefficient 
read(*,*)routh(horder,i) 
x—j*x 
horder — horder 4- x 
continue 
i=i+1 
continue 
horder = order + 1 
print*,(routh(horder,j), = 1,q + 1) 
print» 
sum =0 
do 20 j2 1l 
sum — sum + routh(order, j) 
continue 
h= order 


check to see if every other power of the given polynomial is missing. 
if it is, replace the zero row with the derivative of the row above it. 


if(sum.eq.0.0) then 
do 22 j2: 1l 
routh(order,j) ^ routh(horder,j)«h 
h=h—2 
continue 
endif 
print*,(routh(order,j),j = 1,q+ 1) 
if(routh(order,1).eq.0) routh(order,1) = 0.000001 
current = horder — 2 
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C current, as a row name, refers to the row of the routh array currently 
C being generated. 


c generate the elements of the routh array. 


do 80 w=1,order — 1 
do 30 j=1,q 
routh(current,j) =(routh(current + 1,1)*rough(current + 2,j+ 1) — 
1 routh(current + 2,1)*routh(current + 1,j 4- 1))/routh(current + 1,1) 
30 continue 
sum —0 
do 35 j=1,q 
sum — sum 4- routh(current,j) 
35 continue 


c check to see if an auxiliary polynomial is generated. 


if (sum.eq.0) then 
print«,'the degree of the auxiliary polynomial is ’,current 
print«,'the coefficients in descending order with every other’ 
print*, power missing are ' 
print«,(routh(current + 1,j),j = 1,1) 
go to 100 
elseif (routh(current,1).eq.0) then 
routh(current,1) — 0.000001 
endif 
prints 
print«,(routh(current,j),j = 1,q) 
current = current — 1 
r=r+1 
if(mod(r,3).eq.0)then 
q=q-1 
r=r+1 
endif 
80 continue 
100 end 


18-8 (a) 0<K<0O.1 

(b K=01 w= ,/10 
18-13 Avoid sinusoids at œ = 0, 1, 2, 3 
18-14 K > —19 


CHAPTER 19 


19-3 “> or C is a proper tree 


19-4. x(t) = A(t)x(t) + B(De(t) 
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19-5 (c) n=3 (e) n=4 

19-6 Formulation does not require initial conditions. Solution does. 
19-10 a< 0 (real, of course) 

dxg 
UG "9 | .Xyq = Ke 


By integrating factor 


at 


19-11 


e "X — ae “x = e" “be(t) 


d 

—at = =g 
di [e “x(t)] = e^" be(t) 
Integrate both sides, etc. 


x(t) = Ke" + e"'be(t) 


19-12 s, >= —5 +/5.92 
60 
s? + 10s + 60 


19-13 I (s) = by node analysis 


19-15 


19-16 An ellipse 


CHAPTER 20 


20-1 cos? t = [1(e* + e 7)? =- = 44+ $ cos 2t 
20-3 Half-wave rectified 


A 
t) = — + — SIN Wot — — 
fe n 2 : T n=2,4,6,... n= i 


20-4 Full-wave rectified 
2A 4A & cos nost 
fbr. 2 eI 
= s] 
44 j30 
Z 
Vv, = MA J 


20-7 V—ZI I for œ = 0, Wo, 20$, 30$ 


20-8 


156 
Ug(t) = EC + 39.2 cos(377t + 112.3?) — 3.16 cos(754t — 171.7) + --: 


20-10 c, is pure imaginary since f(t) is odd Co —0 
20-13 L, M, C but no R since P,, = 0 


2A = cos NW ot 
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1 


20-20 |c,| remains unchanged 
0, has —not, added to it 


0.632 
20-21 c, = ———— 
1 + j2xn 
CHAPTER 21 


2a 


TL 909-0 


Area — | F(o) do = 2n 


Asa-0 f(t) 51 and F(o)  2nó(o) 
21-5 4 !2nó(o — o) = e^t 


d 
21-7 = = f(t) of Problem 21-1 


i F(o) 
joG(o) = F(o) .. Go) = —— 
jo 


21-8 ro =| f" Foe = | E f(t) dt 


.. the term zF(0)ó(o) = 0 
21-12 eineot =" K ein@ott — to) if nO < o, 
^0 if nog o, 
+N 
CIK Y c,einoot-to) 
n=-N 


where N is the largest harmonic contained in the passband No, < o, < (N + 1)wo 


21-17 F(@) = m 
HUP X300 
1 oo 
Energy input = = | |F|?dm = --- = 500 J 


1 10 
Energy output = — | |G| do = --- = 250 J 
2n J-10 


Index 


A 


AC source, 16 

Active network, 568, 576 

Adder circuit, 92 

Admittance, 264, 462 
driving-point, 488 

All-capacitive loop, 198, 591 

All-day efficiency, 373 

All-inductive cut set, 199, 591 

AM band, 251, 294 

Ammeter, 96 

Ampere, 13 

Amplitude, 217, 623 

Amplitude spectrum, 647 

AM signal, 654 

Apparent power, 339 

Asymptotic stability, 567 

Attenuation, 638 

Average power, 28, 324, 629 


Balanced bridge, 48 
Balanced load, 380 

power, 397, 405 
Balanced source, 376 
Band elimination filter, 318 
Bandpass filter, 550 
Bandstop filter, 550 
Bandwidth, 312, 658 
Basic units. See Units 


BIBO stability, 569 

Bilateral element, 25 

Binary transform, 255 

Bode plot, 541 
break frequency, 543 
corner frequency, 543 
first-order factor, 543 
second-order factor, 545 

Bounded-input bounded-output stability, 

569 

Bounded response, 562 

Break frequency, 543 

Bridged ladder, 79 

Buffer, 92, 560 

Butterworth response, 553, 560 


C 


Capacitive circuit, 282 
Capacitor, 153 
capacitance, 155 
charge-voltage relation, 154 
energy, 159 
linear and constant, 153 
lossless, 329 
memory, 158 
open circuit, 194 
power, 159 
voltage state variable, 585 
Cascade filters, 560 
Causal function, 661 
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720 


Causal system, 508, 530 
Chain parameters, 140, 151 


Characteristic equation, 179, 453, 458, 595, 


597 


Characteristic polynomial, 458, 498, 677 


loop impedance matrix, 499 


Characteristic value, 179, 568, 605 


locus, 241 

time response, 243 
Charge, 153 

conservation of, 427 

discontinuity, 158 

state variable, 585 
Circuit, 10 
Coefficient of coupling, 353 
Column vector, 670 
Common-base transistor, 148 


Common-emitter circuit, 152, 304 


Complement of subgraph, 53 
Complex frequency, 429 
Complex number, 682 
conjugate, 686 
conversions, 684 
Euler’s identity, 683 
exponential form, 683 
graphical operations, 688 
magnitude, 683 
operations, 687 
polar form, 684 
powers, 691 
rectangular form, 682 
Complex power, 337, 339 
Conductance, 26, 76 
Conductor, 44 
Connected graph, 53 
Conservation of charge, 158, 427 
Conservation of energy, 20 
Conservation of flux, 165, 452 
Continued fraction, 79, 580 
Continuous charge, 158 
Continuous spectrum, 647 
Controlled source, 17 
state variable, 595 
superposition, 112 
Convolution, 433, 506, 508 
commutativity, 511 
folding, 514 
graphical, 512 
limits on integral, 515 
numerical, 512 
properties, 511 
reflection, 514 
state variable, 596 
superposition, 506 
Core losses, 364 
Corner frequency, 543 


Co-tree, 54, 586 
Coulomb, 11 


Cover-up method in partial fractions, 477 


Cramer’s rule, 676 


Critically damped response, 226, 453, 568 


Critical resistance, 222 
Current, 13 

divider, 81, 287 

source, 17 

state variable, 585 

transfer function, 496 
Cutoff frequency, 318, 536, 658 
Cut set, 31, 32, 58, 61, 411 

all-inductive, 591 

fundamental, 61, 586 
Cycle, 16, 218, 250, 614 
Cycles per second. See Hertz 


D 


Damped frequency, 226 
Damping factor, 222, 546, 581 
Datum, 36 

DC source, 16 

Decade, 541 

Decibel, 541 

Degree of node, 53 

Delta connection, 378 


Delta-wye transformation, 83, 303, 408 


Dependent source, 17 
loop analysis, 469 
node analysis, 470 
state variable, 595 
superposition, 112 

Determinant, 674 
characteristic, 677 
cofactor, 674 
Cramer's rule, 676 
expansion, 675 
minor, 674 
properties, 675 

Differential operator, 236, 245, 443 

Differentiator, 202 

Dimensions, 1 

Dirichlet's conditions, 617, 648 

Discrete amplitude spectrum, 635 

Discrete phase spectrum, 635 

Discrete power spectrum, 639 

Discrete spectra, 635 

Distributed element, 10 

Dot convention, 167, 352 

Doublet function, 424 

Driving-point admittance, 488, 495 

Driving-point function, 496, 567 

Driving-point impedance, 495 

Driving-point resistance, 126 


INDEX 


Duality, 34, 183, 295 
Dummy variable, 157, 234 
Dynamic element, 153 


E 


Effective value, 28, 333, 629 

half wave rectified, 348 
Eigenvalue. See Characteristic value 
Electric current. See Current 
Element 

ideal, 21 

lumped, 21 

passive, 26 
Elementary function, 507 
Energy, 20 
Energy density spectrum, 660 
Energy spectrum, 660 


Euler's identity, 216, 253, 453, 491, 627, 


665, 683, 687 
Even function, 622 
Exciting current, 365 
Exponential order, 430, 453 


F 
Farad, 155 
Filter, 318, 533, 550, 657 
active, 555 


attenuation, 318 
band elimination, 318 
bandwidth, 658 
Butterworth, 553 
cascade design, 560 
cutoff frequency, 658 
distortionless, 657 
highpass, 318 
ideal, 318, 550, 658 
ideal bandpass, 550 
ideal bandstop, 550 
ideal highpass, 550 
ideal lowpass, 550 
inverting op amp, 555 
lowpass, 658 
noninverting op amp, 556 
op amp, 555, 556 
passband, 318 
stopband, 318 
transition band, 550 
Final value theorem, 480 
First-order circuit, 253 
Flux, 161 
conservation, 164, 452 
continuity, 428 
state variable, 585 
transformer, 351 


FM band, 251, 294 
Fourier series, 615, 661 
coefficients, 617 
convergence, 616, 633 
cosine form, 623 
discrete spectra, 635 
error, 633 
exponential form, 626 
Fourier integral, 645 
mean square error, 633 
Parseval's theorem, 641 
phasors, 624 
power calculations, 629 
superposition, 624 
symmetric function, 622 
transform, 635 
Fourier transform, 643 
applications to circuits, 654 
causal function, 661 
convolution, 651 
Dirichlet conditions, 648 
energy spectrum, 660 
frequency differentiation, 651 
frequency shifting, 651 
integration, 651 
Laplace transform relation, 661 
linearity, 650 
modulation, 651 
network function, 665 
Parseval's theorem, 660 
phasors, 656 
properties, 650 
scaling, 651 
steady-state response, 664 
symmetry, 651 
tables, 651 
time shifting, 650 
Four-terminal network, 128 
Frequency, 21, 218, 250, 614 
complex, 429, 533 
cutoff, 318 
half-power, 322 
scaling, 448 
shifting, 446 
Frequency response, 306, 310, 533 
Bode plot, 541 
cutoff frequency, 536 
decade, 541 
graphical method, 540 
high-frequency response, 535, 537 
low-frequency asymptote, 534 
low-frequency response, 538 
octave, 542 
pole and zero lines, 540 
Frequency scaling, 694 
Full-wave rectified waveform, 615 
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722 


Function of exponential order, 430 
Fundamental cut set, 61, 586 
Fundamental frequency, 615 
Fundamental loop, 63, 69, 238, 586 


G 


Gain function, 541 
Gate function, 417 
Gauss elimination, 680 
Gauss-Jordan elimination, 680 
Generalized admittance, 462 
Generalized impedance, 462 
Generalized phasor, 533 
Generator, 374 
Graph, 50 
branches of, 52 
complement, 53 
connected, 53 
isomorphic, 52 
link, 54 
loop, 53 
nonplanar, 52 
oriented, 52 
path, 53 
planar, 52 
subgraph, 53 
tree, 54 
Graphical convolution, 512 


H 


Half-power frequency, 312, 322 
Half-wave rectified waveform, 615 
Harmonics, 616 


Helmholtz's theorem. See Thévenin's 


theorem 

Henry, 162 
Hertz, 21, 218, 250, 615 
High-frequency asymptote, 535 
Highpass filter, 318, 550 
Homogeneous equation, 176 
Homogeneous solution, 185, 503 
Hooke's law, 144 
Hurwitz polynomial, 570 
Hurwitz test, 579 

LC ladder network, 580 
Hybrid parameters, 137 


Ideal elements, 21 

Ideal filter, 318, 550, 658 
Ideal transformer, 355 
Impedance, 264, 462, 487 
Impedance triangle, 338 


Improper rational function, 473 


Impulse function, 158, 165, 197, 420, 


431 

sampling property, 424, 507 

strength, 422 
Impulse response, 503, 529 

stability, 562 

state, 596 
Incidence, 53 
Incidence matrix, 70 
Independent source, 17 
Inductance, 162 
Inductive circuit, 281 
Inductor, 161 

energy, 169 

inductance, 162 

initial conditions, 165 

lossless, 330 

mutual inductance, 166 

power, 169 

short circuit, 194 

v-i characteristics, 164 
Initial condition, 159, 196 
Initial condition source, 466 
Initial state, 177, 429, 587 
Initial value theorem, 480 
In-phase waveforms, 251 
Input, 10 
Input resistance, 126 
Instantaneous power, 324 
Insulator, 45 
Integral operator, 236, 245 


Integrating factor, 202, 612 


INDEX 


Integration dummy variable, 157, 234 


Integration operator, 443 
Integro-differential equations, 233 
Inverse chain parameters, 141 
Inverse hybrid parameters, 139 
Inverting amplifier, 90 

Inverting op amp filter, 555 
Isomorphic graphs, 52 


K 


KCL. See Kirchhoffs current law 


Kirchhoffs current law, 30 
cut set, 31 
Kirchhoffs voltage law, 33 
KVL. See Kirchhoffs voltage law 


L 


Ladder network, 78 
Lagging power factor, 330 
Lagging waveform, 251 
Laplace transform, 414 


INDEX 


admittances, 462 
bilateral, 661 
characteristic equation, 439, 453 
compared to classical solution, 439 
compared to phasor transform, 443 
convergence factor, 664 
convolution, 433, 511 
final value theorem, 480 
flow chart, 428 
Fourier transform relation, 661 
frequency differentiation, 449 
frequency scaling, 448 
frequency shifting, 446, 474 
generalized Ohm's law, 462 
impedances, 462 
independent parameter, 455 
initial conditions, 429 
initial condition source, 466 
initial value theorem, 480 
inversion, 473 
linearity, 433, 435 
loop analysis, 456 
lower limit on integral, 484 
multiplication by 4 449 
mutual inductance, 488 
network analysis, 456 
network function, 493, 665 
node analysis, 459 
Ohm’s law generalized, 462 
periodic function, 446 
poles, 475 
properties, 435, 443 
rational function, 459 
shifted function, 444 
state variable, 595, 598 
superposition, 467, 470 
table, 432, 433 
table of integrals, 455 
time derivatives, 436, 441 
time integrals, 443 
time scaling, 448 
total response, 459 
transform circuit diagram, 466 
uniqueness, 429 
unit step, 415 
zero-input response, 438, 459 
zeros, 474 
zero-state response, 438, 458, 664 
LC circuit, 215 
step response, 218 
Leading power factor, 330 
Leading waveform, 251 
Left half plane (LHP), 565, 566 


L'Hópital's rule, 3, 9, 453, 481, 565, 628, 


649 
LHP. See Left half plane 


Linear dependence, 70 
Linear element, 101 
Linear independence, 61 
Linearity, 101. See also Superposition 
Laplace transform, 435 
Linear resistor, 25 
Linear transform, 297 
Line current, 383 
Line-to-line voltage. See Line voltage 
Line voltage, 385 
Link, 54, 586 
Logarithmic gain function, 541 
Logarithmic scale, 541 
Logarithmic transform, 256 
Loop, 34, 53 
all-capacitive, 591 
analysis, 39, 108 
current, 39, 40 
fundamental, 63, 69, 586 
impedance matrix, 275 
matrix, 72 
resistance matrix, 41 
Loop analysis 
Laplace transform, 456 
loop impedance matrix, 468 
phasor, 275 
Loop impedance matrix, 468, 488 
characteristic polynomial, 499 
Lossless element, 329 
Low-frequency asymptote, 534 
Lowpass filter, 550, 658 
impulse response, 659 
periodic input, 666 
Lumped element, 10, 13, 21 


Magnetic flux, 161 
Magnetizing current, 364 
Magnitude response, 534 
Magnitude spectrum, 647 
Magnitude scaling, 694 
Mathematical switch, 416 
Matrix, 669, 817 

adjoint, 678 

algebra, 670 

column, 670 

compatible, 671 

conformable, 671 

diagonal, 670 

differential equation, 214, 587 

exponential function, 599 

fundamental loop, 72 

incidence, 70 

inversion, 678 
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Matrix (Continued) 
loop resistance, 41 
node conductance, 39 
nonsingular, 673 
null, 670 
order, 669 
partitioning, 673 
postmultiplication, 672 
premultiplication, 672 
row, 670 
singular, 673 
square, 669 
symmetric, 670 
transpose, 670 
unit, 670 
zero, 670 
Maximum power transfer, 122, 344 
Mean square error, 633 
Memory element, 157 
Memoryless element, 157 
Mho, 26 
Model, 21 
Multiple pole, 476 
Multiple zero, 476 
Mutual admittance, 470 
Mutual conductance, 113 
Mutual impedance, 468 
Mutual inductance, 166 
coefficient of coupling, 167, 353 
dot convention, 167, 352 
Mutual resistance, 110 


Natural frequency, 179, 222, 307, 568, 597 
network function, 501 
pole, 501 
resonance, 307, 502 
Natural response, 179 
Negative resistor, 45, 581 
Negative sequence, 377 
Network, 10 
admittance matrix, 272 
design, 465 
order of, 175 
state of, 583 
Network function, 124, 493, 533 
admittance, 496 
characteristic polynomial, 498 
classification, 496 
current transfer, 126, 496 
impedance, 496 
matrix, 126, 606 
natural frequencies, 501 
phasor, 314, 494 


INDEX 


rational function, 494 

resistive, 124, 494 

resonance, 315 

state variables, 603 

total response, 505 

voltage transfer, 496 

zero-input response, 505 

zero-state response, 493, 505 
Network identification, 608 
Neutral line, 383 
Neutral point, 378 
Node, 30 

admittance matrix, 470 

conductance matrix, 39 

current summation, 30 

datum, 36 

degree of, 53 

incidence, 53 

reference, 36 

voltage, 35 
Node analysis, 35, 57, 108 

Laplace transform, 459 

mutual inductance, 372 

phasor, 272 
Nonanticipatory system, 507 
Noninverting amplifier, 91 
Noninverting op amp filter, 556 
Nonlinear network, 590 
Nonlinear resistor, 641 
Nonperiodic function, 645 
Nonplanar graph, 52, 69 
Normalization, 694 
Norton's impedance, 292 
Norton's theorem, 119, 287, 518 

state variables, 596 
Numerical convolution, 512 


(0) 


Octave, 294, 542 
Odd function, 622 
Ohmmeter, 98 
Ohm's law, 24, 462 
generalized, 462 
phasors, 264, 267 
One-line diagram, 412 
Op amp. See Operational amplifier 
Open circuit, 18 
Open-circuit resistance parameters, 128 
Operating point, 144 
Operational amplifier, 86 
adder, 104 
buffer, 92, 560 
closed-loop gain, 90 
dependent source, 87 


INDEX 


differentiator, 202 

ideal, 88 

integrator, 174 

inverting, 90, 125 

model, 86 

noninverting, 91, 125 

open-loop gain, 86 

summer, 92, 104 

voltage follower, 92, 560 
Order of network, 175, 588, 597 
Oriented graph, 52 
Orthogonal functions, 617 
Output, 10 
Overdamped response, 224, 453, 568, 

602 


P 


Parallel connection, 75, 463 
admittances, 281 
Parametric plot, 6 
Parseval's theorem, 641, 660 
Partial fractions, 473 
algebraic recursive method, 479 
cover-up method, 477 
multiple poles, 478, 491 
recursive algebraic method, 479 
simple poles, 476 
Particular solution, 185, 191 
Passband, 318, 536 
Passive element, 26 
Passivity, 567 
Path, 53 
Perfect transformer, 355 
Period, 218, 250, 614 
Periodic function, 250, 614 
average value, 618 
cycle, 614 
dc value, 618 
effective value, 333, 629 
frequency, 614 
Laplace transform, 446 
power calculations, 629 
symmetry, 622 
Phase, 623 
Phase angle, 251 
Phase current, 383 
Phase response, 534 
Phase spectrum, 647 
Phase voltage, 385 
Phasor 
diagram, 277 
Fourier series, 624 
generalized, 533 
loop analysis, 275 


network function, 314, 494 
node analysis, 272 
Norton's theorem, 287 
Ohm’s law, 264 
superposition, 624 
Thévenin's theorem, 287 
Phasor diagram, 264 
three-phase circuits, 376 
Phasor network equations, 261 
linearity, 297 
superposition, 305 
Phasor transform, 257, 429 
compared to Laplace transform, 
443 
Pi-delta equivalence, 83 
Planar graph, 52 
natural frequency, 501 
stability, 566 
Pole line, 540 
Pole of a function, 475 
Polyphase circuits, 374 
Port, 127 
Positive sequence, 376 
Potential difference. See Voltage 
Power, 18 
apparent, 339 
average, 28, 324 
balanced load, 397 
birds enjoying, 343 
complex, 337, 339 
convention, 19 
factor, 327 
factor correction, 342, 412 
factor in capacitive circuit, 
331 
factor in inductive circuit, 330 
factor lagging, 330 
factor leading, 330 
instantaneous, 324 
maximum transfer, 344 
measurement, 402 
reactive, 337 
real, 339 
sinusoidal, 324 
three-phase circuits, 397, 401 
triangle, 339 
Pressure coil, 402 
Primary winding, 353 
Proper rational function, 473 
Proper tree, 62, 584 


Q 


Q factor, 241, 312 
Quadrant symmetry, 575 
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R S 
Radian frequency, 218, 615 Sampling property, 424, 507 
Ramp function, 425, 451 Sawtooth waveform, 154, 451, 615 
Rational function, 458, 494 Scaled values, 36 
improper, 473 Scaling, 694 
proper, 473 driving-point function, 698 
RC circuit, 174 frequency, 694 
total response, 185 magnitude, 694 
zero-input response, 176 transfer function, 698 
Reactance, 268 Secondary winding, 353 
Reactive power, 337 Second-order circuits, 211 
Real power, 339 Self-admittance, 470 
Reciprocal network, 42 Self-conductance, 113 
Reciprocity, 42, 44 Self-impedance, 468 
Rectangular waveform, 154 Self-resistance, 110 
Rectified sinusoid, 154 Semiconductor, 45 
Reference Separation of variables, 202 
associated, 19 Series connection, 74, 463 
for current, 13 impedances, 281 
for voltage, 15 Settling time, 241 
Residue, 476 Shifted Laplace transform, 444 
Resistance, 24 Shifted step function, 416 
Resistivity, 44 Short circuit, 18 
Resistor, 24 Short-circuit conductance parameters, 
bilateral, 25 133 
equivalent, 80 SI base units, 12 
linear, 25 Siemens, 26 
negative, 45 Sifting property. See Sampling property 
nonlinear, 641 Signum function, 652 
parallel connection, 75 Simple pole, 476 
power in, 26 Simple zero, 476 
series connection, 74 Single-phase circuit, 375, 384 
time-varying, 25 Singly terminated two-port network, 143 
Resonance, 306, 315, 502, 569 Sinusoidal admittance, 264 
energy, 313 Sinusoidal amplitude, 217 
parallel RLC circuit, 322 Sinusoidal cycle, 218 
series RLC, 308 Sinusoidal impedance, 264 
waveforms in phase, 311 Sinusoidal period, 218 
Resonant frequency, 307 Sinusoidal power, 324 
RHP. See Right half plane Sinusoidal source, 16 
Right half plane (RHP), 563, Sinusoidal steady state, 249 
565 SI prefixes, 11 
RL circuit, 174 SI units, 1, 11 
zero-input response, 182 Small-signal analysis, 144 
RLC parallel circuit, 220 Small-signal model, 47 
RLC series circuit, 230 Source, 16 
RMS value, 28, 630. See also Effective controlled, 17 
value dependent, 17 
Root locus plot, 578 independent, 17 
Rotor, 374 transformation, 120, 293, 304 
Routh array. See Routh test Square pulse, 643 
Routh test, 571 Square waveform, 154, 615 


Row vector, 670 Stability, 562 
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active network, 568, 576, 582 
asymptotic, 567 
BIBO, 569 
characteristic value, 568 
flip-flop circuit, 567 
Hurwitz polynomial, 570 
Hurwitz test, 579 
impulse response, 562 
natural frequency, 568 
oscillator circuit, 567 
passive network, 567 
pole location, 563 
poles of H(s), 566 
resonance, 569 
root locus, 578 
Routh test, 571 
tests, 570 
zero-input, 602 
zero-input response, 567 

State, 177, 583 

State space, 600 

State trajectory, 600 

State variables, 177, 212, 583 
all-capacitive loop, 591 
all-inductive cut set, 591 
analysis, 583 
capacitive charge, 585 
capacitive voltage, 585 
characteristic equation, 595 
characteristic value, 605 
classical solution, 612 
controlled sources, 595 
convolution, 596 
co-tree, 586 
dependent sources, 595 
equations, 239, 584 
equivalence to sources, 593 
fundamental cut set, 586 
fundamental loop, 586 
impulse response, 596 
inductive current, 585 
inductive flux, 585 
initial state, 587 
input-output relation, 605 
Laplace transform solution, 595, 598 
linear time-varying, 610 
matrix equation, 214 
matrix exponential function, 599 
network function, 603 
network identification, 608 
nonlinear network, 590 
normal state equation, 587 
numerical calculations, 608 
order of network, 588 


output equation, 588 
proper tree, 584 
space, 600 
stability, 602 
standard state equation, 587 
superposition, 588, 593 
time-varying linear, 610 
trajectory, 600 
transformer, 371 
vector, 117, 602 
zero-input response, 596 
zero-state response, 596, 603 
State vector, 214 
Static element, 157 
Stator, 374 
Steady state, 187, 188 
Steady-state solution, 498, 506 
Step function, 415, 431 
Step response, 190, 529 
Stopband, 536 
Stopband filter, 318 
Strength of impulse, 422 
Summing circuit, 92 
Superposition, 101, 187 
convolution, 506 
dependent sources, 112 
filter output, 666 
Fourier series, 624 
loop analysis, 108, 467 
node analysis, 112, 470 
phasors, 305, 624 
state variables, 588, 593 
transformer analysis, 353 
Susceptance, 269 
Synthesis of networks, 465, 608 


T 


Tertiary winding, 353 
Thévenin's impedance, 292 


Thévenin's theorem, 114, 287, 518 


dependent sources, 115 
maximum power, 345 


maximum power transfer, 122 


observer network, 114, 118 
proof, 149 
resistance, 116 
state variables, 596 
v-1 characteristics, 121 
voltage, 118 

Three-phase circuits, 374 
balanced load, 380 
balanced source, 376 
delta connection, 378 
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Three-phase circuits (Continued) 
delta-delta system, 393 
delta-Y system, 391 
double subscript notation, 380 
generator, 374 
line currents, 383 
line voltages, 385 
negative sequence, 377 
neutral line, 383 
neutral point, 378 
one-line diagram, 412 
phase currents, 383 
phase impedance, 382 
phase voltages, 385 
positive sequence, 376 
power, 397 
power factor correction, 412 
power measurement, 402 
power triangle, 401 
RMS values, 387 
single-phase circuit, 384 
transmission line, 380 
two-wattmeter measurement, 404 
unbalanced, 394 
unbalanced load, 380 
unbalanced sequence, 378 
wye connection, 378 
Y-delta system, 388 
Y-Y system, 381 

Time constant, 180, 183, 203 

Time scaling, 448 

Time-varying element, 610 

Topology, 50 

Trajectory, 600 
numerical calculations, 608 

Transfer function, 496 

Transform, 255 
binary, 256 
circuit diagram, 466 
diagram, 466 
Fourier series, 635 
Laplace, 414 
logarithmic, 256 
phasor, 257 

Transformer, 351 
all-day efficiency, 373 
core losses, 364 
coupling device, 360 
efficiency, 368 
energy in, 354 
equivalent circuit, 365, 372 
exciting current, 365 
flux, 351 
ideal, 355 
magnetizing current, 364 
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maximum power transfer, 358 
open-circuit test, 373 
passive, 355 
perfect, 355 
phasor analysis, 359 
phasor diagram, 366 
power in, 354 
primary winding, 353 
referred quantities, 358, 361 
regulation, 368 
secondary winding, 353 
short-circuit test, 373 
state equations, 371 
tertiary winding, 353 
turns ratio, 356 
voltage regulation, 368 
Transient, 180, 188 
Transient solution, 498, 506 
Transition band, 550 
Transmission line, 299, 380 
Transmission parameters. See Chain 
parameters 
Tree, 54 
branch, 54 
complement, 54 
proper, 62, 584 
Triangular waveform, 154 
Turns ratio, 356 
Two-port network, 127, 523 
chain parameters, 140, 525 
hybrid parameters, 137, 525 
informal method of calculation, 132 
inverse chain parameters, 141, 526 
inverse hybrid parameters, 139, 525 
open-circuit parameters, 525 
open-circuit resistance parameters, 128 
short-circuit conductance parameters, 
133 
short-circuit parameters, 525 
table of parameters, 142, 526 
transmission parameters, 525 
Two-wattmeter power measurement, 404, 
413 


U 


Unbalanced load, 380 

Unbalanced sequence, 378 

Unbalanced system, 394 

Underdamped response, 226, 453, 
568 

Unit doublet function, 424 

Unit impulse function, 420 

Unit ramp function, 425, 451 

Units, 1, 10 
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Unit step function, 189, 207, 415 
Unit step response, 529 


V 


VA. See Volt ampere 
VAR. See Volt ampere reactive 
V-I relations (table), 170 
Voltage, 14 
divider, 81, 124, 287 
double subscript notation, 22, 380 
follower, 92, 560 
mutually induced, 167 
regulation, 368 
source, 16 
transfer function, 496 
triangle, 338 
Volt ampere, 339 
Volt ampere reactive, 339 
Voltmeter, 97 


Ww 


Wattmeter, 402 
Wavelength, 21, 294 
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Waveshaping circuit, 153 
Weber, 162 

Wheatstone bridge, 48 
Window panes, 41 

Wye connection, 378 


Y 


Y connection. See Wye connection 


Z 


Zero-input response, 176, 187, 596 
Laplace transform, 438 
network function, 505 
RC circuit, 176 
stability, 567 

Zero line, 540 

Zero of a function, 474 

Zero-state response, 187, 596 
convolution, 509 
Laplace transform, 438 
network function, 505 


Table 14-2 The Laplace Transform 


Definition: F(s) = Vf(t)u(t) = E f(t)e —*' dt 
= 


Functions 
f(t) F(s) 
ó(t) 1 
1 
u(t) : 
1 
tu(t) 5 
A 
A, constant Z 
n! 
FD n0,1,2,... FIT 
—at t l 
, i ) s+a 
sti n! 
t^e wt) (s Je a" 
p 
sin ftu(t) Sp 
tu(t : 
cos fitu(t) s? + BP 
e " sin fitu(t) SET Minen 
(s + ay + f? 
Me sta 
e " cos Btu(t) (say 4 B 
sinh fitu(t) PA S 
s? i p? 
S 
cosh fitu(t) P E. 


Table 14-2 (Continued) 


Time domain 


af,(t) + bf(t) 
4r) 

dt 
d^f (t) 

dt? 


df (t) 
dt" 


| "faye 
3 


f(t — a)u(t — a) 
e *ft 


| f(0-f(t + T) 


f (at) 


tf (t) 


fi)» fot) = E (A) fa(t — 2) då 


= | fe — Dfa) d 


Operations 


s domain 


aF ,(s) + bF(s) 


sF(s) — f(0 ) 


s*F(s) — f (07) — f'(07) 


s"F(s) — s'^'f(07) — s" *f'(07) 
— e. —f"(97) 


1 
— F(s) 
S 


e “F(s) a0 
F(s + a) 


F 


F (s) = [foe dt 
0 


1 S 
AG) a>0 
a \a 

- F(s) 

ds r 


F ,(s)F(s) 


Comments 


Linearity 


Differentiation 
in 
the 
time domain 


Integration in 
the t domain 


Time shifting 


Frequency shifting 


Periodic function 


Time scaling 
Frequency scaling 


Multiplication by t 


Convolution in the 
time domain 
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